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1 Introduction
In this work we investigate the decay and blow-up properties of the nonlinear viscoelastic
wave equation of the form:

Uy — AU+ fotg(t —0)Au(t)dt — Auy + uy = ululP™2, in Q x (0,00),
u(x,t) =0, on Q2 x (0, 00), (1.1)

u(x, 0) = ug(x), 1 (x,0) = 11 (x), in Q,

where Q2 C R” is bounded domains with smooth boundary 0€2. Problems of this type have
been investigated by many authors, and some results in connection with existence and
nonexistence have been established. For example, Berrimi and Messaoudi [1] studied the
following viscoelastic equation:

Uy — Au+ fotg(t —1)Au(t)dr = ulul”, in Q x (0,00),
u(x, t) =0, on 92 x (0, 00),

u(x, 0) = uo(x), 1 (x,0) = 11 (x), in Q,

where y > 0. The authors established the local existence and global existence theorems and
showed that the solution energy exponentially or polynomially decays. Later, Messaoudi
[17] improved the results of [1], he established a general decay result. Inspired by the ideas
of Messaoudi [17] and [18], Han and Wang [10] investigated a nonlinear viscoelastic equa-
tion with the dispersive term Au, by modifying the perturbed energy functional; they also
obtained that the solution energy is general decay. Recently, Guesmia et al. [8] combined
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the techniques given in [17] with the character of Kirchhoff equation and obtained the
optimal decay rate estimate of solution energy. For the case of wave equation with non-
linear boundary damping and source terms, Vitillaro [21] established the local and global
existence of solutions under reasonable conditions on the initial data. In [3], Cavalcanti et
al. obtained both well-posedness and the optimal decay rate estimate for solutions.

In article [6], Gazzola and Squassina discussed the following viscoelastic equation with
strong damping term Au;:

Uy — Au— wAuy + iy = ulul?’~2,  in Q x (0, 00),
u(x, t) =0, on 3Q x (0, 00), (1.2)

u(x,0) = up(x), uy(x,0) = up(x), in <,

where p > 2, o, it > 0. The authors established the global existence theorem and proved
that the global solution is uniformly bounded. They also constructed the finite time blow-
up of solutions for low initial energy or arbitrarily high initial energy. When the linear
damping term is replaced by nonlinear damping term in equation (1.2), Chen and Liu [5]
obtained a global existence theorem, uniform decay rate estimate, and exponential growth
for the solutions.

In paper [2], Cavalcanti et al. dealt with the following problem:

|ue|Puuy — Au— Aug + fotg(t - 7)Au(t)dt —yAu; =0, in Q x (0,00),
u(x,t) =0, on 42 x (0, 00), (1.3)

u(x, 0) = uo(x), us(x,0) = 11 (x), in @,

under reasonable conditions on g and y, the authors established the global existence result
for y > 0and the exponential decay result for y > 0. Cavalcanti et al. [4] discussed equation
(1.3) for p > 0, y > 0 and obtained that the energy decays to zero with the decay rate which
is dominated by the solutions of the ODE quantifying the conduct of g(¢).

For the finite time blow-up, Messaoudi [15] studied the following problem:

Uy — Au+ fotg(t— ) Au(t)dt + au,|u, "% = bulul’~2, in Q x (0, 00),
u(x,t) =0, on 2 x (0, 00), (1.4)

u(x,0) = up(x), 1 (x,0) = u (x), in Q.

He showed that the solution blows up in finite time when the initial energy is negative and
p > m and the solution exists globally for 1 > p. In [16], Messaoudi extended the blow-up
result to certain situations in which the initial energy is positive. Later, Song [19] proved
the finite time blow-up of solutions whose initial data have arbitrarily high initial energy.
It is worth mentioning some other literatures concerning existence and nonexistence of
wave equation, namely [7, 9, 11, 13, 14, 20] and the references therein.

Atthe present time, less results are investigated for the wave equation with strong damp-
ing term and many problems are unsolved (see [6]). So, in this paper, we study a nonlinear
viscoelastic wave equation with strong damping. We first show a local existence theorem.
Then, we prove the global existence of solutions and establish a general decay rate es-
timate. Finally, we show the finite time blow-up result for some solutions with negative
initial energy and positive initial energy.
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This article is organized as follows. In Sect. 2, we give some preliminaries. In Sect. 3, we
prove the local existence and uniqueness of solutions for problem (1.1). Then, the general
decay of the solutions is considered in Sect. 4. In the last section, we discuss the blow-up
phenomenon for the equation.

2 Preliminaries
We begin with some materials needed in the proof of the main results. We first recall the

following assumptions as in [17]:

(H1) g:R, — R, is a nonincreasing and bounded C! function satisfying
g(0) >0, 1—/ glt)ydr =1>0.
0
(H2) There exists a positive differentiable function & (¢) such that

gt) <-&@)g(t), t=0,

and

'E’(t)

0 <k, £E(@)>0,&()<0, Vt>0, /Omg(t)dt:wo.

(H3) For the nonlinear term, we let
2n . .
2<p§—2, ifn>3; 2<p<oo, ifn=1,2.
n —

Remark 2.1 Since £ is a nonincreasing function, then &(¢) < £(0) = M.

We will use the embedding H} (Q2) < L*(Q2) for2 < s < 2n/(n-2)ifn>3ors>2ifn=1,2;
and L"(2) < L*(2) for s < r, and we will use the same embedding constant denoted by C,
such that

llulls < Cill Vi llalls < Cllaell - (2.1)

For our aim, we use the following functionals:

I(t) = I(u(t)) = (1 - /(; g(t)dr) [ Vu(t) ||§ +(g o Vu)(e) - ||u(t) i,
1 ¢ 2 1 1
)= (u®) = 5 (1 . /O 2(2) dr) [vut]; + e o V0 - [uol, 2.2)

E(6) = E(ule) w6) = 0) + 5 ol

where

(@ov)(t) = /O gt =) () - v(v) | de.
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Lemma 2.2 If (H1), (H2), (H3) hold and (uo, u1) € Hy (2) x L*(R2), u is the solution of (1.1),

then the energy functional E(t) satisfies
4 1 / 1 2 2 2
E(f)= E(g o Vu)(t) - Eg(t)HVu(t) |5 = IVaells = llellz < O

forvte [0, T].

Proof Multiplying (1.1) by u, and integrating over 2, we obtain

d[1 1 1
—{—/ |ut|2dx+—/ |Vu|2dx——/ |u|de}
dt |2 Q 2 Q pPJa
t
—/ g(t—t)/ Vut(t)-VM(T)dxd‘C=—/ |Vut|2dx—/ |u,|? dx.
0 Q Q Q
For the last term on the left-hand side of (2.4), we get
t
/g(t—r)/Vut(t)-Vu(r)dxdr
0 Q
t
:/ g(t—t)/ Vut(t)~[Vu(r)—Vu(t)]dxd7:
0 Q

N /0 tg(t—z’) /Q V() - Vult) dede

:_%/Otg(t—r)(%/ﬂWu(f)—Vu(t)Fdx) dr
t d1l 2
+/(; g(r)<$§/s;|Vu(t)| dx) dr
1dJ[ [*
:"EEUO g(t_f)/Q|W(r)-W(t)|2dxdr}

1d[ (!
+§E[f0 g(r)/ﬂ‘Vu(t)fdxdt]

+ %/Otg'(t—r)/QWM(t)—Vu(t)|2dxdt

1
() / Vu(e)| dx.
2 Q
Inserting (2.5) into (2.4), we obtain

d([1 1 1
—{—f |ut|2dx+—/ |Vu|2dx——/ |u|pdx}
dat (2 Jg 2 Ja pJa

1d

(2.3)

(2.4)

t 1 d t
_5%[/0 g(t)dt||Vu(t)||§:|+§E[/o g(t—r)/ﬂ|Vu(T)—Vu(t)|2dxdf]

1 1
:—/QIVutIde—/Qlut|2dx+ E(g/ovu)(t)—Eg(t)”Vu(t)HiS()‘

(2.6)

O
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Lemma 2.3 If (H3) holds, then there exists a positive constant C > 1 such that
lully, < C(IVuls +llulb), 2<s<p, (27)
for any u being a solution of (1.1) on [0, T].

Proof 1If || ul|, <1, then llaelly, < ||u||127 < C||Vul|? by using Sobolev embedding theorem:s. If

llzll > 1, then llzelly, < ||u||§. Therefore (2.7) follows. O
We set
H(t) := —-E(¢),

and use C to denote a general positive constant depending on €2 only. As a result of (2.2)
and (2.7), we have the following.

Corollary 2.4 Let the assumption of the above lemma hold. Then we have the following:
leelly = C(H@) + lluell; + 11Vull3 + (g 0 Vu)(®)),  VE€[0,T], (2.8)
foranyu e H}(Q) and 2 <s<p.

Proof Using (H1) and (2.2) leads to

;Hu(t) I/ < B0+ Sl + %(1 - /0 mg(r)dr) IVul} + 5(go V(o)

1 1 0 1
<H@E)+ Sl + 5 (1 - / g() dr) IVull; + 5 (g0 Vu)(o)- (29)
0
Finally, a combination of (2.7) and (2.9) gives the needed result. O

3 Local existence
In this section, the aim is to establish the local existence result for (1.1). For this goal, we
first discuss a related linear problem. Then, by using the contraction mapping theorem, we

obtain the existence of solutions to the nonlinear problem. For v given, the related linear
problem is of the form:

Uy — A+ fotg(t — ) Au(t)dt = Au; +u, = vv|P2, in Q x (0,00),
u(x, t) =0, on 9 x (0, 00), (3.1)

u(x,0) = up(x), u:(x,0) = 11 (x), in Q.

Similar to the proof in [12], we can get the following lemma.
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Lemma 3.1 Suppose v € C([0,T1; C°(2)) and uo, uy € C§°(S2), then problem (3.1) has a
unique solution u satisfying

u € L®((0, T); Hy () N H*(R2)),
u, € L((0, T); Hy (), (3.2)

uy € L((0, T);L*(Q)).

Next, we prove the existence of solutions to equation (3.1) when the initial data is less

regular.

Lemma 3.2 If (H3) holds, then given any (uo,u1) € Hi(RQ) x L*(Q) and v € C([0, T];
H}(R)), problem (3.1) has a unique weak solution

ueC([0, T Hy(R),  u, € C([0, TLX(R)). (3.3)

Proof We approximate uy, u; by sequences (ug,), (#1,) in C3°(£2), and v by a sequence (v,,)
in C([0, T']; C3°(€2)). Then from Lemma 3.1 we can obtain a solution (i) satisfying:

Upse — AUy + fotg(t D) AU (T) AT — Atk + thyy = Vu|vu|P2,  in Q x (0, 00),
u,(x,t) =0, on 92 x (0,00), (3.4)

Mn(xr 0) = ”()n(x)7 Mnt(x: 0) = uln(x)’ in €,
and satisfying (3.2). Now we prove that the sequence (u,,) is Cauchy in
W= {u:u e C([0, T); Hy () N C* ([0, TT;L*(R)), ue € C([0, TL* ()},

with the defined norm

1 T T
||u||%V::0I;léXT§(”Mt”§+l||vu||%)+/0 IIVbtt||§61f+/0 el < M. (3.5)

For this purpose, we let U = u,, — u,y, V = v, — vy, then U satisfies

Uy~ AU + [ gt —1)AU(x)dT — AU, + U,
= Vu|VnlP 2 =V |y P2, x€Q,t>0,
Ux,t)=0, x€dQ,t>0,
U(x,0) = Up(x) = uoy — Uow' Ui(x,0) = Ur(x) = w1y — U1y, %€ Q.

(3.6)

Multiplying (3.6) by U, and integrating over (0, £) x €2, we obtain
1 2 ' o] L[t ' 2
3 Iz +(1- | gm)dz JIVUI; | - 3 (@ oVU)(r)dr+ | VU lde
0 0 0
1 1 t 9 t )
+=(go VU)() + —/ /g(t)|VL[(t)| dxdt +/ U113 dx
2 2Jo Ja 0

1 t
= 5(||L11||§+ IVUlI3) +/ /(Vn|vn|p‘2—vn/|vn/ P2 U, dxdr. (3.7)
0 Q
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We estimate the second term on the right-hand side of (3.7) as follows:

—2 -2
/ (Vn|Vn |P - Vn’|Vn’ |p )Ut dx
Q

-2 -2
= CIUIV 20, (Ilvnllﬁ(p_z) + IIVn/Ili(,,_z))

< CIUNNV VLIVl + 19v 1157, (3.8)

where C is a constant. Using (H1), (H2) and the following fact:

1 [t 1 1 !
_5/0 (g/oVL[)(r)dT+E(goVU)(t)+§/(; ng(t)|VLl(r)|2dxerO,

by estimating (3.7), we obtain

1 t t
§[||ut||§+l||vun§]+/ ||vu¢||%dr+/ U113 dv
0 0
t
(113 + IVUs|I3) + C f UV V I (IVValls ™ + Vv I 2) de
0

t
< (I3 + IVULI3) + r/ U2V V|2 d, (3.9)
0

where I' > 0 is a constant depending on ,, y and the radius of the ball in C([0, T1; H} (2))
containing (v,,) and (v,y). By employing Gronwall’s and Young’s inequalities to the second

term of (3.9), we can get
1L < T(ILLS + IVUII) + T TV (13- (3.10)

Since (u0,) is Cauchy in H} (), (#1,) is Cauchy in L2(2), and (v,) is Cauchy in C([0, T];
H}(R2)), we obtain that («,) is Cauchy in W, then u, converges to a limit « in W. Now,
we prove that the limit u is a weak solution of (3.1). Multiplying equation (3.4) by 0 €
Hj () N L*(R2), we obtain

d t
—(Mnt;9)+/ Vu,,Vde—/ /g(t—r)Vu,,-V@drdx+/ Viu,: V0 dx
dt Q 0 Ja Q

+/ u,,t@dx:/ [V,e|P~2v,,0 dx. (3.11)
Q Q

When 7 — 00, we know that (Vu,, V0) — (Vu, V0), [, [valP~2v,0 dx — [, [vIP~>v6 dx in
C[0, T], and fot Jog(t—1)Vu, - Vodrdx — fot Jog(t—1)Vu-Vodrdx, [, Vi, V0 dx —
Jo VuVOdx, [quubdx — [ou0dx in L'(0,T), then (3.11) proves that nlirlgo(unt,e) =
(u4,0) is an absolutely continuous function, so u is a weak solution. To show the uniqueness

property, we let v, v? and u!, u? be the corresponding solution of (3.1). Take U = u! — u?,



Li and He Boundary Value Problems (2018) 2018:153 Page 8 of 22

we have
1 1 t L
5 (1Ll + LIV U3) - 5/ (¢’ o VU)(x)dr +/ VU3 dr
0 0
1 1 t 9 t )
+=(go VU)(¢t) + = g@)|VUE)| dxdr + | IUL)5dT
2 2Jo Ja 0
t
= f / (v |p_2 —v2|v2|p_2)utdxdt. (3.12)
0 Ja
Assume v! =12, then (3.12) proves that I/ = 0 and the solution is unique. O

Next, we state and prove the local existence result theorem.

Theorem 3.3 Ifuy € H}(RQ), u; € L*() and H(3) holds, then equation (1.1) has a unique
weak solution u € W for T small enough.

Proof For M > 0 large and T > 0, we define a class of functions Z(M, T') consisting of all
functions w in W satisfying the initial data of (1.1) and ||w|w < M2. We also define the
map f from Z(M, T) into W by u := f(w).

We will show that f is a contraction from Z(M, T') into itself. Multiplying (3.1) by %, and
integrating over (0, £) x €2, we obtain

lully < Cllualls + IV uoll3) + CMP ™' T |lullw, (3.13)

where C is independent of M. Choosing M large enough and T small enough, we get u
satisfying ||lu|lw < M?, i.e., u € Z(M, T). This proves that f maps Z(M, T) into itself.

Next, we prove that f is a contraction. For this aim, welet = u —# and V = v—v, where
u =f(v) and u = f(v), then U satisfies

Uy — AU + [y g(t - T)AU(T) dv — AU, + U,

=yvP 2 —pplP2, xeQ,t>0,

(3.14)
Ux,t)=0, x€d,t>0,
U(x,0) = Uy(x,0)=0, xe.
Similar to the proof of (3.9), we get
1 2 2 ! 2 ! 2
E(Hut”z +UVull3) + | IVU N dT + | U5 de
0 0
t
<C / IV VI (I VIS + V915 ) de. (3.15)
0
Thus we get
IUllw < CTMP* ||Vl (3.16)

We let T small enough such that CTMP~2 < % Then from (3.16) we can get that f is a
contraction in Z(M, T). By using the contraction mapping principle, we can obtain that
there exists a unique u satisfying u = f (). Then it is the solution of (1.1). O
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4 Decay of global solution
In this section we state and prove the general decay result for global solutions. Firstly, we
establish the global existence theorem.

Lemma 4.1 If (H1), (H2), (H3) hold and (uo, u1) € Hy (Q2) x L*(RQ) such that

ct( 2
ﬁ=<‘”

1 \lp-2)

then I(u(t)) > 0 for Vt > 0. Here C, is given in (2.1).

(p-2)/2
E(O)) <1, I(ug) >0, (4.1)

Proof For I(uo) > 0, then there is T, < T such that I(u(t)) > 0 for V¢ € [0, T),,). So, we get

J(t) = ;<1 - /0 g(‘r)dr) | vu@|; + %(go Vu)(t) —;Hu(t)nz

_r=2( [ 2, P2, 1
= (1 /Og(t)dr)HVu(t)||2+ o (g Vu)(t)+p1(u(t))
> %{(1—/0}(1)6171) ||W(t)||§+(gow)(t)}, Vvt € [0, Tp). (4.2)

By using (H1), (2.2), (2.3), and (4.2), we arrive at

¢ 2
1vuo|? < (1 _ /0 g(f)df) |vuo]; < 250

< ——E(), Vtel0,T,). (4.3)
By combining (H1), (2.1), (4.1) with (4.3), we get
|u@)|; < 2| vuls;

cy 2 2
< & vaoly v

o[ v
=T lp-2)
< Bl vuto):

< (1—/0 g(t)dr) HVu(t)”; (4.4)

(p-2)12 ,
E(O)] 1vuo)|’

Therefore,

1(t) = (1 —/0 g(s) ds) || Vu(t)”i +(goVu)(t) - ||u(t) ||£ >0

for Vt € [0, T},,). Repeating the process and using the fact that

CI: Zp (p-2)/2
t—1>1}lm7<l(p—2)E(0)> =p<L
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T, is extended to T. O

Theorem 4.2 If (o, u1) € H)(2) x L*(2) and satisfies (4.1), and suppose (H1), (H2), (H3)
hold, then the solution is global and bounded.

Proof The aim is to show that
[vuol, + |uol,
is bounded independently of ¢. For this goal, we use Lemma 4.1 and (2.2) to obtain
1 2
EQ) = E@) =)&) + 5 Ju®;

p-2 f . X
= g{(l - fo &) ds) [vu], + @o Vu)(t)} # 1) + 5 Juo]

-2 t 1
- 22 { (1 - [ ds) Va2 + @o Vu)(t)} TR (4.5)
P 0 2
since I(u(t)) > 0 and (g o Vu)(¢) are positive. Therefore
2 2
[Vu@]; + [«®], < CE©O),
where C is a positive constant. g
For establishing the general decay rate estimate, we use the following functional:
F(t) .= E(t) + 61V (£) + e2P(2), (4.6)
where €; and €, are positive constants and
W(t) :=&(¢) / uu; dx,
Q
t
D(t):=£(t) / (Au—uy) / gt- r)(u(t) - u(r)) dt dx.
Q 0
Lemma 4.3 For €, and €, small enough, we have
o1 F(£) < E(t) < anF(2) (4.7)

holds, where a1 and o, are positive constants.

Proof By straightforward computations, we obtain
€ 5 € 2 €2 2
FO <20+ 60 [ wPdvs Fe [l e Fe) [ ds
2 Q 2 Q 2 Q
+ %cﬁu —DE(t)(g o Vi) + %é(t)[ IVul? dx + %2(1 —DE(8)(g 0 Vir)
Q

<E@®)+ %(61 + 62)5(1,‘)/Q e | dx + %(ele + osz)é(t)/Q |Vu|? dx
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+ 2(C2+ 1)1 - DE@ o Vi (o)

1
< [1+@1+egAﬂnwn§+§U+(Q(ﬁ+egAquMﬁ

N |

1 1
o3+ 2@ yma-peo e - uol;

1
< —E(@).
23}
Similarly, we have

FO) 2 E©) - 561+ 2)50) /Q el - (61C? + )80 fﬂ Vul dx

- %(cg +1)(1 - DE(B)(g o Vu)(2)

1 1 1 e +e
> [-M(elcfwz)]nwn%(— 1 ZM)llutH%

2 2 2 2
Eo2me e a-n o v - Luw|?
2 2 * p p
1
> —E(¢)
(2%
for €; and €, small enough. O

Lemma 4.4 If (H1), (H2) hold and u is the solution of (1.1), let (uo, u1) € H} (Q2) x L*(R2)

be given, then the functional

W (1) :=§(t)/ Ul dx (4.8)
Q
satisfies
1+k [ 1
() < <1+ 4; )s(z)uutn%{—§+E+(1+k)a€f}$(t)||vm|%

1-1
+ 7§00 Vi)©) + aE O Vil + E@lull. (4.9)
Proof Taking a time derivative of (4.8) and using equation (1.1), we have
W'(t) = S(t)/ |ut|2dx+é(t)/ utts dx + “g"(t)/ uu; dx
Q Q Q

=s(t)(||ut||%—||w||%+ /Q Vu(t) /O gt - )Vulr)dr dax

_/ VutVudx—/ U dx + ||u||1;> +$’(t)/ uu; dx. (4.10)
Q Q Q
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Now, we estimate the third term on the right-hand side of (4.10) as follows:
t
/ Vu(t)/ gt —t)Vu(r)dr dx
Q 0
1 , ., 1 ‘ ?
< - |Vu|"dx+ = gt - t)’Vu(r)| dr | dx
2 Ja 2 Ja\Jo
2

< %/QIVMFder %A(/Otg(t—t)(Wu(r)—Vu(t)| + |Vu(t)|)dr) dx. (4.11)

We then use Young’s inequality and (H1) to obtain, for Vn > 0,
¢ 2
f (/ gt - r)(’Vu(r) - Vu(t)| + |Vu(t)|)dt> dx
e \Jo

t 2 ; ,
5/9(/0 g(t"”v”(’)—w(f)\df) dx+/ﬂ</o g(t—f)|Vu(t)|dr> dx
- 0|Vulo) - Vuld)] - )| Vu®)| dr ) d
o (st [ )
¢ 2
=(L+n /Q(./o g(t—f)|Vu(t)|dt> dx
1 ¢ 2
A (1e3) L] se-nlvu - vuolar) s

1
< (1 + —)(1 —D(goVu)(t)+ (1 +n)(1 - Z)Zf |Vu(t)|2dx. (4.12)
n Q
By using Young’s and Poincaré’s inequalities and for Y > 0, we have
2, 1 2
Vu,Vudx < o||Vu s + —Vull3, (4.13)
Q 4o
1
/ wudx < aC2||Vull3 + — llu 3. (4.14)
Q 4o

Combining (4.10)—(4.14) yields

1
w'(f) < (1 +— +
4o

@)1 2
£ ‘E>E(t)llurllz

1 1 !
+ {_E + %(1 +0)1-0D%+ o + (1 + i((:)) )aCf}é(t)HVuH%
+5 (143 )a-DEOg e V(0 + £Vl + £, (@15
By choosing n = //(1 — /) and using (H2), we can get (4.9). O

Lemma 4.5 Assume that (H1), (H2) hold and (u, u1) € Hy () x L*(RQ) is given. If u is the
solution of (1.1), then the functional

D(t) :=£(t) /S;(Au —uy) /0 gt- r)(u(t) - u(r)) drdx (4.16)
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satisfies

-2
P'(t) < a{k F2(1- 0?43+ cf(l’—”(l(pzfz)E(O))p }g(t)nwng

o~ [ ewar ez a-reoiv

kK kC? 1 C?
+(1_1)<E+ 5 +%+28+§>$(t)(goVu)(t)

- g%(1 +CHE®)(g o Vu)(®). (4.17)

Proof By taking a time derivative of (4.16) and using equation (1.1), we arrive at

D'(t) = _g(t)/QVu/Otg(t—r)(Vu(t)—Vu(r)) dr dx
—S'(t)/gut/() g(t—r)(u(t)—u(t))dtdx
+$(t)/ Vu/tg(t—r)(Vu(t)—Vu(r))dr dx
Q 0
—S(t)/g/otg(t—r)Vu(r)dr fotg(t—r)(Vu(t)—Vu(f)) dt dx
+.§(t)/gut/0 g(t—t)(u(t)—u(t)) dr dx
- P2 t - - drtd.
%(t)/gulul /Og(t ) (u(t) - u(r)) dr dx
_£0) /Q Vu /0 (= ) (Vult) - V(o)) die dx
_g(t)/gut/(; g/(t—r)(u(t)—u(r))drdx
~ t ~ ~ t )
S(t)/QVu/O gt —1)Vu,dtdx E(t)/o g(o)dr|lu;

:§®<SU) £t

£(t) £(t)
+17+13+19—/tg(‘l:)dr||ut||§). (4.18)
0

11+‘

12 +[3 +14+I5 +I6

We will estimate I;, j = 1,...,9, on the right-hand side of (4.18). Using Young’s inequality,
Cauchy—Schwarz’s inequality, Poincaré’s inequality, (H1) and (H2), for V8 > 0, we have

2
dx

L < 8]9 |Vu|®dx + %/Q‘/Otg(t—r)(Vu(t)—Vu(t)) dt
1 t
58/Q|Vu|2dx+5/9g(t—r)/o gt —7)(Vult) - Vu(r))* dr dx

< 8||Vull? + 14—;l(go Vu)(t). (4.19)
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¢ 2
L, <$ gt - r)(u(t) - u(r)) dr
Q 0
2 1-1,
< Slluell; + KC*(g o Vu)(t). (4.20)
1 t >
I < 8/ |Vu|? dx + — gt —v)(Vu(t) - Vu(r)) dr| dx
Q 43 JalJo
, 1-1
< 8IVul + (g0 Vu () 4.21)

By taking n = 1 in (4.12), we can get I, as follows:

// (t-1t)Vu(r drfg(— )( (t)—Vu(t))dtdx
o
Q

<
=45 Jgo
+28(1 - 1)(g o Vau)(£)

2

/ gt —1)Vu(r) dr

gt =) (Vu(t) - Vu(r)) dt

g(t - r)|Vu(t) - Vu(r)| dr
0

dx +28(1 - l)zf |Vu|* dx
Q

< 28(1 = 0| Vull3 + <25 + 4—15)(1 —)(g o Vu)(t). (4.22)
t 2
Is < 5/Q|Mz|2dx+ %-/Q‘/O g(t—r)(u(t)—u(r))dr
< 8llugll3 + 14—;le(g o Vu)(t). (4.23)

With the help of the inequalities mentioned above and the Sobolev embedding theorem,
we infer that

1
1658/ |u|2(p‘1)dx+—/
Q 46 Jq

_ 1-1
< Sllul28)) + 5 Cilgo V(@)

2

/ e ) (ult) - u(v)) dr| dx
0

2p-1)

< 520D (z—pao))pznwnz vl go v (429)
= * l(p _ 2) 2 48 * : :

Similarly, using (H2), we obtain I7, I, Iy as follows:

2

I, <$ tg’(t—r)(Vu(t) —Vu(t)) drt| dx
Q 0

2 l s t/ _ _ 2
58/Q|Vu| dx + 8‘/Qg(t 7:)/0 g r)!Vu(t) Vu(r)| dr dx

< 5 val - £2 )(g Vu) (1) (4.25)
2
Igfaf A dx+% ’(t—r)(u(t)—u(r))dt dx
g( )

< 8lluell3 - Cz(g Vu)(t); (4.26)
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1 t 2
1955/ |Vu|2dx+—/ /g(t—r)Vutdr dx
Q 43 Jallo
1
= 8IVal3 + 5 (1= DIV l3. (4.27)
Combining (4.18)—(4.27), we get estimate (4.17). O

Theorem 4.6 Let (ug,u1) € HY () x L2(Q) be given, satisfying (4.1). If (H1), (H2), and
(H3) hold, then, for each t, > 0, there exist strictly positive constants K and A such that the
solution of (1.1) satisfies

ds
)

1
E(t) < Ke Mus0% w0 (4.28)

Proof For g is positive and continuous, g(0) > 0, then for V¢, > 0 we get
t to
/ g(t)dr > / g(t)dr =gy >0, Vt>1. (4.29)
0 0

Taking a time derivative of (4.6), using (2.3), (4.6), (4.9), (4.17), (4.29) and Remark 2.1, we
get, for Vt > t,

F(t) < —{Gz[go ~82+K)] - (1 ¥ 14+ak) }S(t)nutn%

- {€1|:£ _ 1 —(1+/<)aCf] —628[k+2(1—1)2+3

2 4o
2 p-2
e (2 op0) | fewrva
er(1-10) kK kC* 1 C?
+{ 2 +€2(1—l)<ﬁ+ r +%+28+§)}5(t)(goVu)(t)

1 0
+ (5 - ‘%(1 + Cf)62M> (g/ o VM)(t)

€
- (1 - M- (1 - 1)2M> IVuell3 + ext @llull, (430)

At this point we choose § small enough such that

g2-32+k 1
1+14—Lk g 2g0’

8Tk +2(1- 1% +3+ GV (ZEO)P?] 1

i < —go.
-2 —(1+kaC? 4

When § is fixed, we choose any two positive constants €; and €, satisfying

1 1
ZLgofz <e€1< Egofz (4.31)

will make

1+k
k1= €2[go — 8(2 + k)] —61<1 + ;) >0,
%%
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[ 1
Ko = 61|:E - E - (1 +k)OlC£i|

2 2p-1) 2p e
—628[k+2(1—l) +3+C2 (l(p——2)E(0)) ] > 0.

We then pick €; and €, small enough such that (4.7) and (4.31) remain valid and

K3 = (% - %(1 + Cf)ézM)

1-1 k  kC? 1 C?
—{61(21 )+62(1—1)( *+—+25+—*>}>o,

—+
45 45 28 28

1
Kg:=1—-€raM — E(l - 1)262M <0.

Hence
1 0
<§ - %(1 + Cf)eZM) (g o Vu)®)
1 k  kC? c
+ {61(21 ) +e(1 —l)<E + 48* + % +28 + 2—;)}5@)@0 Vu)(t)

< -3 (£)(g o Vu)(t). (4.32)
For £(¢) is nonincreasing. Therefore, by using (4.7) and (4.30), we arrive at
F(t) = -yE(E®) < —yea§ (OF@), Vi=to. (4.33)
By integration of (4.33), we get
F(t) < E(to)e 7 o f0% e > gy, (4.34)
Thus (4.7) and (4.34) yield
E(t) < apF(to)e "™ o 504 _ goJig 804 g oy (4.35)
g

Remark 4.7 We can obtain exponential decay if £(¢) = 4 and polynomial decay if £(¢) =
a(1 +t)”!, where a > 0 is a constant.

Remark 4.8 For the continuity and boundedness of E(¢) and &(¢), estimates of (4.34) are
also true for ¢ € [0, £y].

5 Blow-up phenomenon
In this section we state and prove the blow-up result.

Theorem 5.1 If (H1), (H2), (H3) hold, E(0) < 0 and [;° g(v)dv < 532351, then the so-

lution of (1.1) blows up in finite time.
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Proof For the definition of H(t), we have

1 1
H'(t) = =5 (¢' o Vu)(t) + g (@) [Va®) | + 1V a3 + e = 0
and
1
0<H(0) <H() < —|lully. (5.1)
p
Furthermore, we define

L) =H"™@¢) +e / uu; dx, (5.2)
Q

where € is a small constant and will be chosen later, 0 < « < "2;172.
By taking a time derivative of (5.2), we get

L'(t) = (1—a)H’“(t)H’(t)+e/ |ut|2dx+ef Utly dx
Q Q
= (1—a)H’“(t)H’(t)+e/ |ut|2dx—e/ |Vu|2dx—e/ usudx
Q Q Q

t
+e/ Vu/ g(t—r)Vu(r)drdx—e/ Vu-Vutdx+e/ |ul? dx. (5.3)
Q 0 Q Q

Using Young’s and Schwarz’s inequalities, we obtain
t
f Vu/ g(t—1)Vu(r)dr dx
Q 0

:/QVM/O g(t—r)(Vu(t)—Vu(t))dtdx+/§;Vu/0 gt —1t)Vu(t)dr dx

1 t t
z—snwng—ﬁ( / g(r)dr)(govw(t>+ ( / g(r)dr)||w||§, (5.4)
0 0
1
[ Vi Vids 1Vt - 1ol (55)
Q 4y
T I
/utudxz——nunz——nutnz, (5.6)
o 2 2

where § and y are positive constants.
Inserting (5.4), (5.5), and (5.6) into (5.3), we deduce

5_2
') > 1 -a)H(t)H'(t) +€ (1 - 7) llaells — v ell Va3

t 1 t
+e<—1—3+/0 g(t)dr—E)HVuH%—;—S/o ¢(v)dr(g o Viu)(t)

82
- Eellullg +€llull}. (5.7)

From (2.3), we know that

~Vu |5 = E'(£) = =H'(8). (5.8)
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If we set 82 = kH*(t), 6~ = k"L H%(¢t), where k > 0, then we have

82 , €
2 = SkHe(
5 €llull3 5 (®)

|3 (5.9)

Using (2.1) and (5.1), we obtain

1 o
H(O)l|ull3 < C(;) lae 27, (5.10)

wherewelet2§2+ap5p,then0<oz51%2.

Using Corollary 2.4 and (2.2), inserting (5.10) and (5.8) into (5.7), we obtain
1 o
L) = [1-a)H™ () - ye]H(t) + e (p - %C (—) )H(t)
p

_9 t 1 kC/1\*
+€ %(1—/g(t)dr>—8—g—7<;) }||V”||%
kC
5_5/ ()df_—( ) }@ovuxt)
2 1\*
+€ p; —ﬂH_a(t)—7(1—7> }”ut”%' (5.11)

By using the hypothesis in Theorem 5.1 and taking &, y and § suitable such that

+

m

p-2 t 1 kC/1\"

5 (1—/.g(1')d‘[)—5—@—7<;) >0,
§oa [ear=5(;) o

p+2 . 1

T_E(H (t)—7<;> > 0.

When k, y is fixed, we choose € small enough such that

(1-a)H™*(t)—ye >0, L(O):Hl’“(0)+e/ uouy dx > 0.
Q

Then we can deduce that
L'(t) = C[H(®) + w5 + [ Vull3 + (g o Vi) (8)].

By using Holder’s and Young’s inequalities, we get

/ uu; dx
Q

1/(1-a)
/(1-a) 1/(1-a)
< Nelly ™ e 15

1/(1- 1/(1-a)
< Clall )/ e 13
2
< C(Ilull} + luel3)

< C(H(®) + llucll3 + (g o Vu)(®) + [ Vull3), (5.12)
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2
1-2a

1/(1-«)
Ll/(l’“)(t) = (Hl"‘(t)+ef uutdx)
Q

1/(1-a)
/ Ui, dx )
Q

< C(H(®) + lluell3 + 1 Vull3 + (g o Vu)(2)). (5.13)

-2
where 2 <s:= <p,thenO0<a< 172—17. Hence

< 210 (H(t) +

Then we can get
L'(t) > AL (£), t>0.

Therefore

l-a

L) > (Lﬁ(o)+ -« kt>_T.
l-«o

So L(¢) tends to infinity when ¢ tends to (1 — a)/(arL T (0)). O
To get another blow-up result, we first give the following lemma.
Lemma 5.2 If (H1), (H2) hold, assume further that
2 11\

luolly > o =B, E©) <E=( - )BT

Then
P

llllp > %o, IVully >B§™, V=0,
where By = ll%for llall,, < Bl Vatllo.
Proof By using (2.2) and the hypothesis, we obtain

E© = 5w + %(1 _ /0 g(t)df> Va2 + Lo vaoro) - é Juto) !

1 ¢ 1
3(1- [ etode)vuel; - Juol;

l 1
2 1Vl - Zul;

v

v

> % u)] - 117 Juto)|”. (5.14)

We set h(&) = ?52 - P%é”, £ > 0. Then h(£) satisfies

o h(é)is strict(iy increasing on [0, A¢);
—2p
11

o /(&) takes its maximum value (5 - 1—7)3(‘)ﬁ at Ag;

e /(&) is strictly decreasing on (19, 00).
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Since Eq > E(0) > E(¢) > h(||u||,) for Yt > 0, there is no time ¢ such that ||u||, = Xo. By the

continuity, we obtain
%
|ut.6)],>%0=B5", Vvt=o0.
Then

1 1 5 5
Vit 0l, = g 0, > B0 > B

This completes the proof. O

Theorem 5.3 Ifthat (H1), (H2), and (H3) hold, suppose further that

o (p/2)-1
/0 glr)dr < pl2-1+(1/2p)’

lluoll, > o and E(0) < Eo. Then the solution of (1.1) blows up in finite time.

Proof Set G(t) = Ey + H(¢), then
’ 1., 1 2 2 2
G@=—5@oV@®+§ﬂﬂWMGWfWVmM+HmMZQ
from which we obtain

0<G(t) = Eg + H(2)

1 1\ 2%
= (— - —)B{)’Z +H(t)
2 p

1 1
s(———)wm@+Hm
2 p

= C(IVull; + H(?))-
By using Lemma 5.2, we have

0 < G(¢)
1 1 t
=Ey— 5””:”% -3 (1 —/0 g(f)df> ”V”(t)”i

1 1
_ 5(go Vu)(t) + ;Hu(t)”i

1 ¢ 1
<=3 (1 [ ear) [vuo ) Juol

1 1\ % 1/1\ % 1
=(3-3)8 -3() 87wl

1 p
< |,



Li and He Boundary Value Problems (2018) 2018:153 Page 21 of 22

Let

Q) = G *(#) + e/ Uiy dx,

Q

with € small to be chosen later and 0 < o < pz;pZ'

By the same computations as in the proof of Theorem 5.1, we can deduce that
Qt) = CIH@) + llugll3 + IVull3 + (g o Vi)(®) ]

Observing (5.13), we see that
1/(1-a)
Ql/(l"")(t) = (Gla(t)+e/ uutdx>
Q

1/(1-a)
/ uu; dx )
Q

< C(H() + luell3 + IV ull3 + (g 0 Vu)(2)). (5.15)

2o a0

Then we can obtain
Q1) =2QTe (), ¢>0. (5.16)

Therefore, we get

l-a

Q(t)z(Ql’”ﬂ(on - m)_T, £>0.
l-«o

So Q(¢) tends to infinity when ¢ tends to (1 — a)/(@rQ1% (0)). O
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