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1 Introduction
In this article, we investigate the positive solutions for fractional differential equations

with infinite-point boundary value conditions:

Dg+ M(t) + q(t)f(t, u(t)) =0, fe (0) +OO),
u(0)=0, i=0,1,2,...,n-3,
Dgu(+00) =0,

D§u(0) = Y_7°, fiu(E),

(1.1)

where 1 <n—-1<a <u n=[a] +1, D§, is the Riemann—Liouville fractional deriva-
tive, 0 <& <& < <§<---<+00,6;>0,i=0,1,2,...,n -3, f : [0,+00) x [0, +00) —
[0, +00).

Recently, many kinds of fractional differential equations have been generally studied, see
[1-15]. As everyone knows, fractional differential equations are used in many fields, for
instance, control theory, mechanics, polymer rheology and engineering, and so on, for the
details, see [16—21]. From the references, we can obtain that many authors have used the
cone expansion and cone compression fixed point theorem to prove their conclusions, see
(5, 22-26].
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In [4], the authors studied the following equations:

D§u(t) + f(&,u(t), D§. u(t)) =0, te(0,+00),
u(0) =0,

D% u(00) = [ gi(s)u(s)ds +a,

D%2u(0) = [ ga(s)uls)ds + b,

where 2 <a < 3, R* = [0,+00), f : R* x (R*)> — R*, f(t,u,v) # 0, disturbance parameters
a,b € R*, g1, € L'[0, 7) are nonnegative.
Li et al. in [7] investigated the following fractional:

DEu(t) +f (6 u() =0, te(0,1),
u(0) =0,
Df.u(1) = aDf. u(#),

where 1 <@ <2 and D§, is the Riemann-Liouville fractional derivative. The existence
results of positive solutions are gained by using fixed point theorems.
Liang and Zhang [23] considered the following fractional boundary value problem:

D§.u(t) + a(t)f (t,u(t)) =0, te(0,+00),
u(0) = 4/(0) =0,
D§u(+o0) = 3717 Biul&),

where 2 < « < 3, Dj. is the Riemann-Liouville fractional derivative, 0 < & <& < --- <
Emoa <+00, fi>0,i=1,2,...,m -2, satisfies 0 < 37> Bi£* < ['(a).

By using Banach contraction mapping principle, the writers gave some new results for
existence and uniqueness of positive solutions for the above problem in [12]. As far as we
can see, there are still very few papers (such as [22]) discussing the fractional coupled sys-
tems. To prove our conclusions, we put forward some necessary basic concepts in Sect. 2.
In Sect. 3, we obtain the positive solutions of BVP (1.1) by using the relevant fixed point
theorem. In Sect. 4, two examples are presented to verify our results.

2 Preliminaries and correlative lemmas
To prove our conclusion, we first introduce some basic concepts, see [5, 9].

Definition 2.1 ([9]) The Riemann-Liouville fractional integral of order « > 0 of a function
u:R* — Ris given by

I u(t) = ﬁfo (¢ = 8)* Yuls) ds.

Definition 2.2 ([9]) The Riemann-Liouville fractional derivative of order o > 0 of a func-
tion u : R* — R is given by

1 a\" [t
Dy u(t) = D"I[7% u(t) = m (E) /0 (t—5)""*u(s)ds,

where n = [a] + 1.
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Remark 2.1 ([1]) In this way, we need the following conclusions:

— I —a—
1 DGt = lfstfel 0, B> 0;

2. D4t*7=0,j=1,2,...,[a] + 1.

Lemma 2.1 ([9, 12]) For «a > 0, the equality D§, u(t) = 0 is well-founded if and only if

n
u(t) = Zcit"‘_i,
i=1

wherec; €R,i=1,2,...,n,n=[a] + 1.

Lemma 2.2 ([9, 12]) Ifu € C(R*) and D, u € L'(R"), then
I5. Dy u(t) = u(t) + 1t gt gt

wherec; €R,i=1,2,...,n,n=[a] +1.

Lemma 2.3 Let h € L'[0, +00), the following boundary value problem:

D§u(t) + h(t) =0, te(0,+00),
u(0)=0, i=0,1,2,...,n-3,
D3t u(+o00) =0,

DEu(0) = Y%, Bu(E),

(2.1)

wherel <n—-l<a<mn=[al+1,0<& <&y < <&<--<+00,6;>0,i=0,1,2,...,n—

3, satisfies 0 < > o) Bi&*~* < T'(), has a unique solution

u(t) :/ G(t,8)h(s) ds, (2.2)
0
where

G(t’ S) = Gl(t,S) + GZ(tv S); (23)

1 |t —(t-s5)21, 0<s<t<+oo,
Gi(t,8) = —— (2.4)

T(a) | -1, 0<t<s<+00,

Z?:ol ,Bita_2

Galt,s) = G1(&;, ). (2.5)

Ple-1) -7 B~
Proof From Lemma 2.2 and (2.1), we have
1 t
u(t) = ——— / (£ =) h(s)ds + c1t* L+ et 2 4+ - 4 ¢t
() Jo

From #/(0)=0,i=0,1,2,...,n—3, we know thatcs3=c4 =---=¢, = 0,

D&t u(t) = - /Oth(s) ds + c1 (o),
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and
t
Dgi2u(t) = —/ (t=s)h(s)ds + 1T (@)t + o (. = 1).
0
By the boundary conditions, we can get

-Jo “h(s)ds + 1T () =0,

el(@=1) =375 Bil—ri Jo (6 =) h(s)ds + 177" + 028772,
then
1 +00
= m/() h(s)ds,
and
. Y Bilg Jo sth(s) ds — == [5(5 — )% h(s) ds]
o Y
So
u(t) = —L ft(t—s)“lh(s) ds + 1 /+00 2 Lh(s)ds
- () Jo () Jo
. Y Bit Pl Jo o & h(s) ds — gy Jo' (6 = ) hs) ds]
- 1) =3 g
_ +00 ZZ}I ﬂitoz—Z +00 '
_ /0 Gt ds + o /0 G1 (& 5)h(s) ds

= /0+00 G1(t,8)h(s)ds + ‘/0+<>0 Go(t,8)h(s)ds

= /0+00 G(t,s)h(s)ds,
where G(t,s), G1(t,s), and G,(¢,s) are defined by (2.3)—(2.5). O
Lemma 2.4 The function G(t,s) defined by (2.3) satisfies

(1) Gi(t,s) > 0 is continuous for all t,s € R* x R*;
(2) 0< Gls) < Lforall t,s € R* x R*;

14201
Glts) _ L X i
(3)0§1+t”1 F—forﬂlltS€R+XR+L 1+W.

Proof (1) From (2.4), we know Gi(t,s) is continuous on [0,+00) X [0,+00), obviously
Gi(t,s) > 0fors>t.For 0 <s <t < +00, we have

O 4 f—s o-1
et (1) )=

By (2.4), we know Gi(¢,5) > 0, £,s € [0, +00).

(2) From (2.4), it is easy to show that 0 < Gl(”) <t

- @)’
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(3) From (2), we have

Gl(t,S) 1
o< —<——.
T 1+t T INa)

Furthermore, we have

0< Gl(gl”s) < 1 )
T 1+t T IMNa)

Therefore

- G(t,s)  Gi(ts) s Ga(t,s) - 1 . 1 % Bk 1L
Tl4tel 14l 14l T (@) T(e) T(e—-1) -0 BiE*? ')

and

Yo BiE?

ISRV =

Lemma 2.5 ([23], Leray—Schauder fixed point theorem) Let B be a bounded, nonempty,
convex, and closed subset of Banach space E, and let F : B— E be a completely continuous
operator with F(B) C B. Then F has a fixed point in B.

Lemma 2.6 ([9]) Letk > 1anddenote A(k) = min{4k2(11ka_1) , /<a—2(11+/<a—1
k € R*. Then functions G1, Gy, and G defined by (2.3)—(2.5) satisfy:

] } for a fixed number

Gl(t)s) 1 Gl(t)s)
P E=yE) a1y = Sup -1’
te[%,k] 1+¢ 4/( (1 + k ) te[0,+00) 1+¢

. Gz(t,s) . 1 Gz(t,s)
min +Su E—]
etbi T+ 6T = K2 kD) oy 14 671

G(t,s) k). sup G(t,s)

min .= —
te[ba 1+t tel0,+00) 1+ 247

where t,s € [0, +00).

Proof According to Lemma 3.3 in [17], (2.6) is established.
From the definition of G,, we have

GZ(trs) mi ta72 Z,ojl IBiGl(Ei!S)

min = mn .
el Ll el 1+2%70 T(a—1) - 375 gl

1

== . Z?jl ﬁiGl(Si:S)
T 14kl T(e-1)- Y7 BiEX?

. £ Y BGiEs)

) . sup . =

L+k* 0 oo L+2971 T(a—1) =37 BiEr 2
1 Ga(t,s)

- = . .

k4=2(1 + k«-1) te[O,POO) Lot

Thus, (2.6) holds. According to the definition of A(k), obviously (2.8) holds. (]

Page 5 of 13
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Lemma 2.7 ([25]) Let V ={u € E: |ull <[>0}, Vo ={; ) .y e V). If Vyy is equicontin-

41
uous in any finite subinterval of [0, +00) and equiconvergent at infinity, then V is relatively

compact on E.

Lemma 2.8 ([26], Guo—Krasnosel’skii’s fixed point theorem) Let E be a Banach space,
P C E be a cone, Q1, Q3 be two bounded open sets of E centered at the origin with Q1 C Q.
Suppose that A : PN (Q2\Q1) — P is a completely continuous operator such that either

1) N1Ax|| = x|, Vx € PN O and ||Ax|| < x|, Yx € PN 3Ry, or

(i) |JAx|| < |lxll, Vx € PN 0 and ||Ax|| > ||x||, Vx € PN IQ;
holds. Then A has at least one fixed point in PN (Q3\Q).

In this article, we use the following space E to study (1.1), which is denoted by

t
E= {ueC[O +00): S ()] <+oo},
tER+ 1+ ¢t*- 1
with the norm ||u|| = sup, - l‘fﬁf)‘l Obviously, (E, || - ||) is a Banach space.

LetP={uecE:u(t)>0,teR*},PCEisaconeofE.
Denote P, = {ueP:0<|ul <r}, 3P, ={x € P:|x||=r} and P, = {x € P: ||x|| < r} where
r>0.

3 Main results
Define an operator T : P — E as follows:

Tu(t) = /o G(t,s)q(s)f(s,u(s)) ds

Foranyu € P C E, t,s € [0, +00), we have

G(t,5)q(s)f (s, u(s)) < G(t,5)q(s)ei(s) < mq(S)w(S)

So, for any t, € [0, +00), we have |Tu(t) — Tu(ty)| — 0. Thus, Tu(t) = 0+oo G(t,8)q(s)f (s,
u(s)) ds is convergent, then 7' : P — E is well defined. Therefore, the solution of BVP (1.1)
is equivalent to the fixed point of operator 7.

If the following conditions are established, then f : [0,+00) X [0,+00) — [0, +00) is
known as an L!-Carathéodory function:

(1) for each u € [0, +00), t — f(t, u) is measurable on ¢ € [0, +00);

(2) fora.e. t €[0,+00), u > f(t,u) is continuous on u € [0, +00);

(3) for each r > 0, there exists ¢, € L1[0, +00) with ¢,(£) > 0 on ¢ € [0, +00) such that

[f(t, (1 + t"‘_l)u)| <@y (t), foralll|u| <r, anda.e.t € [0,+00).

Throughout this article, we hypothesize that the condition holds:
(H;) g € L}(R") is nonnegative and fooc q(s)¢,(s) ds < oo for any r > 0.
Denote

(¢, (1 +t* V) ')

0:limsupsupfi, P= ———.
f U0+ teR* u L[y q(s)ds
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Theorem 3.1 Assume that (Hy) holds, q(t)f(t,0) % 0 in any subinterval (0, +00), if f° < p,
then BVP (1.1) has at least one positive solution.

Proof Step 1: We show that T: P — P.

Obviously, Tu(t) is continuous with respect to ¢ € R*. For any u € P C E, there ex-
ists [ > 0 such that ||u|| </, f is an L'-Carathéodory function. Since sup, p+ lft(% < +00,
then

Tu(t) L

1+ t2-1 < () /0 q(s)¢i(s) ds < +o0.

So Tu € E. Because G, f, g are nonnegative, in that way Tu(¢) > 0, which signifies Tu € P
for any u € P.

Step 2: we prove that T is a continuous operator.

un(t) u(t)
Tree-T 7 Tpele

Then there exists » > 0 such that ||u,|| <7, ||«|| < r.Since f is an L'-Carathéodory function,
then

Let u,, u € P, n=1,2,..., such that ||u, — u|| — 0 as n — oo, that is,

f (s, un(s)) = f (s, u(s))| > 0, n— o0,

and

(o)~ o) = (5 (10 )2 ) (s () 120 )

< 2¢,(s).

By using the Lebesgue dominated convergence theorem, we get

/0 q(s)[f(s, u,,(s)) —f(s, u(s)) ’ds —0, n— oo.

So, we have

| Tu,, (2) — Tu(t)| '/*“ G(t,s)

o 1egel 1+l

4 (F (5, un(s)) ~£ (5, u(s))) ds

+00 G(t
= _/(; 1+ tots 1 (S) lf(S, Mn(S)) f(S, M(S)) |ds

L +00
W/o q6)|f (s, n()) =f (5, u(6)) |ds = 0, n— oo.

Hence, || Tu, — Tu|| — 0 as n — oo, thus T is a continuous operator.

Step 3: T is relatively compact.

Let B C P be a nonempty bounded closed subset, that is, there exists k > 0 such that
lz|| < k for all u € B, so there exists ¢; € L' (R*) such that

If (s, u(s))| = }f(s, (L+s*7) I f(ssz_l > ‘ < @(s).
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(1) For any u € B,

/o Gt,s) q(s)f(s, u(s)) ds

1+l

L +00
§ﬁaﬂ 4(5)gx(s) dis
< +00

Tu(t)
1+l

So, T(B) is uniformly bounded.

For notational convenience, denote

x(¢)
Vi= {ZIZZ Tta_l,xe T(B)}.

(2) For any A > 0, let I = [0, A] be a compact interval and t;,2, € I, £, > £3.

Tu(t Tu(t Gt Gi(t2,
) M£I</ Ws) _ GiltnS)| o et u(s)) ds
1+ 1+ o [1+4 1+t

DY t? 57"

1+281 B 1+t

"T-1)-22 pe
x / G1(&5)q(s)f (s, uls)) ds
0

+00
S\/\
0

+ /Jroo‘ Gl(tz,S) Gl(tZrS)
0

Gi(t1,s)  Gi(ta,s)

|

q(s)@x(s) ds

s)or(s)ds
1+ t‘f,l 1+ tg,l q( )fﬁk( )

ttlx—Z tz21—2
L+87 1457t

+ Z?:l Bi
T()(T(e—1) =Y BiEr?)

xﬁ 4(5)pi(s) ds.

On the other hand, we have

I

i
<
0

12}
,
51

N /Jroo‘ Gl(tl,S) _ Gl(thS)
t

|

/m‘ Gi(t1,8)  Gilt,s) ()0 (s) ds
0

Gy(t1,s)  Gi(ta,s)

T+l 14t
Gl (tl) S) Gl (t21 S)

T+t 148!

q(s)px(s) ds

q(s)@x(s) ds

q(s)gpi(s) ds

<o /0” @ —t5 Y+ (ka5 = (11 - S)(H)q(s) s

-1
1+

Dt - )+ (f—s)* !
+ (Dk/ — q(s)ds
f 1+t
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+00 ttl)(—l _ tg_l
+ (Dk/ ———q(s)ds
" 1+251

— 0 uniformly as t; — t,.

Similarly, we have

S)or(s)ds — 0 uniformly as t; — .
14 t‘lx_l 14 tg_l q( )‘Pk( ) Y 1 2

/+°o’ Gi(ta,s)  Giltz,s)
0

So, we have

TM(tl) TM(tz)

|

— 0 uniformly as #; — t,.

Therefore, V; is locally equicontinuous on R*.

(3) For any u € B, we have

+00

/ q(S)f(S» M(S)) ds < <,0/</ q(s)ds < +00
0 0

and

= / Gi(t, s)q(s)f(s, u(s)) ds
0

-1

= lim L /+00 q(s)f(s,u(s)) ds

t—oo 1 + -1

t
. a-1 a—1
+ tlinolo T /0 (t —(t—3s) )q(s)f(s, u(s)) ds
+00
< ok tlim / q(s)ds
— 00 t
) t (ta—l _ (t _s)a—l)
+ Qr tlggo A = — q(s)ds
=0

a—1 oa—1
since lim,_ oo &) _ 0 and lim,_ oo f:oo q(s)ds=0.

1421
Thus
. ’ Tu(t)
li
t—oo|1 + o1
= [151010 T /0 G(t, s)q(s)f(s, u(s)) ds

= lim % /+OO G1(t,9)q(s)f (s, u(s)) ds
0
) Zlo:ol ﬁita—Z +00 é_-ia—l
1
TR L e M- 1) - v BED) /0 [(a)

. Y Bit*? Si (& —s)t
-1
o (14 D) (o — 1) - 50 BiEe ) /0 I'(a)

q(s)f (s, uls)) ds

q(s)f (s, u(s)) ds

Page 9 of 13
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Zl 1/31%.& 1 +00
F(Ol)(F(a 1) -3 BES?) / q(s)pi(s) ds
Zl 1 :31 §i
- F(O[)(F(a — 1) z 1ﬁz€:a 2) / (pk(g)

< +00,

that is, for any ¢ > 0, there exists N > 0 such that, for all ¢;,¢, > N and Tu € P, we have

Tl/l(tz) Tu(tl)

L+ 1+4470

Hence, V; is equiconvergent at infinity. So T is a completely continuous operator.
Step 4: T(B) C B.
Because f 0 < p, there exists r; > 0 such that f(t(“+l)”)
Set B={u € P: ||u|| <n}, then, forany u € B,

<pu<pr,teR,andu € (0,rq].

S(suls)) =f(s, (1+s*7) 1 Z(SSJ_I) =pq _L:(;z_l <pri,

and
Tu(t) % G(t, s)
o=, Tepa ) ds
Lpry [+
=2 [ awas
=1T1.

So T(B) C B. According to Lemma 2.5, we get that BVP (1.1) has at least one positive

solution. O

Theorem 3.2 f is an L'-Carathéodory function. Let F(t,u) = f(t, (1 + t* Yu), ry > r, >0,

k > 1, (Hy) hold. Suppose that F satisfies one of the following conditions:

(A1) F(t, 1) = 2 forall (t,u) € [%,k] x [0,r1] and F(t, =) < 2 for all
(t,u) € [O +oo] x [0,75];

(A2) F(t, 1remt) <4 forall (¢t,u) € [0, +00] x [0,r1] and F(t, TreT) = 2 forall
(t,u) €[ ] x [0,7].

Then BVP (1.1) has at least one positive solution u* with ri < ||\u*|| < rs.

Proof Firstly, we assume that (A1) holds.

According to Theorem 3.1, T : P,,\P,, — P is a completely continuous operator. By
Lemma 2.8, the proof is as follows.

Step 1. Let u € 9P, £ € [0, +00), then T t‘?l < r1. We get the following conclusion by
using (A1):

o LEOL /Omtn[nnk O g1 (s.uts) s

mi a-1 1
te[L K] 1+t 11+t

Git,s)
> A(K) f s T (s ) ds
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> A(k) /+OO G(6,9) q(s)f(s,u(s )ds

1+ to 1
A (k) u(s)
= e DM@ Jy o ( T)ds
ry )\(k) k
24 ke Jy 1P
=T

which means
1 Tull = lull, wuecdP,.

Step 2. Let u € dP,,, t € [0,+00), then 1?;5)_1 <r,. Using (A1) again, we get

T1 e
|1( +MZX)1| =/ 1 (iasl (s)f (s, u(s)) ds

L +00 u(s)
< TOZ) /0 q(s)F(s, I Sa_l) ds

o L +00
< = —
- D TI'(a)

=T,

q(s)ds

which means
ITull < llull, u€ P,

Therefore, from Lemma 2.8(i), we get a positive solution u* with r; < ||u*| < r, of BVP
(1.1).

Similarly, condition (A2) has the same conclusion when it is established. O

4 Example
Example 4.1 Consider the problem

9 7
Dgu(t) +e ™ u*=0, te(0,+00),

u'(0)=0, i=0,1,2,...,n—3,

7 (4.1)
D, u(+00) =0,
5
Déu(O):le su u(l - z+1
Let o = %, qt) =e, ft,u) = e’t2 2 Bi = 2, xi; =1 — —=. It is easy to calculate that

> BiEF 2~ 1.643,T () =T'(3) ~ 11.6319, (@ —1) = 1“(2) ~ 3.3234, where ¢, (¢) = r*(1 +
7
t3)2et” e L(R*), we have f(£, (1 + £3)) < ¢,(¢) for u < rand ¢ € R*.
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Then
[ awosras <o
0
[e¢] i (X—Z
L=1+ 2 ﬁ’i‘o — ~1.9777,
Fla-1) =327 Bi;
__ @ sga1s
= L qs)ds ~ 7
£+ ) et (14 £hy?
f° = lim sup sup———————= = limsup sup ——————— =0 < p.
u—0" teR* u u—0" teR* u

According to Theorem 3.1, we get that (4.1) has a positive solution.

Example 4.2 Consider the following problem:

9
DZou(t) + (£°° + €*)71e™(1.302 x 107 + u(t) + sinu(t)) = 0,
¥(0)=0, i=0,1,2,...,n—-3,
7
Dg. u(+00) = 0,

5
Dg.u(0) = 375 Zu(l - 77),

(4.2)

where ¢ € (0,+00), @ = 3, I'(3) ~ 11.6319, I'(§) ~ 3.3234, i = 5, & =1 - = (i =
0,1,2,...,n—3),and Y} ) BiEF 2 ~ 1.643.
Let q(¢) =t %e™ and f (¢, u) = ﬁ(1.302 x 107 + u + sinu). Obviously, [ g(s)ds = 1.

So condition (H;) holds. Set k = 2. By calculation, we have L ~ 1.9777, A &~ 4.9783 x 1073,
d ~6.2653 x 107°, and D ~ 0.2008. Choose r; = % and r, = 8 x 107. Then we get

1
(&, ) = ——(1.302 x 107 + u + sinu
14215
P

> 1.2305 x 107 > % ~7.9804 x 10°
for all (t,u) € [%,2] x [0, %] and

1
ft,u) = —5(1.302 x 107 + u + sinu)

1+¢!

< 1.0209 x 10® < % ~ 3.9841 x 10®

for all (¢,u) € [0, +00] x [0,8 x 107].
So, according to Theorem 3.2, problem (4.2) has at least one solution.
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