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1 Introduction
In this paper, we study the existence of multiple positive radial solutions to the following

nonlocal boundary value system with boundary parameters on an exterior domain:

Au+ K (|x)fi(u(x), v(x)) =0, xe€ 2,

Av + Ky (|x)fa(u(x),v(x) =0, xe€ 2,

u(x) = 0, v(x) =0 as |x| — oo, (1)
u@) = fo, L(yv)dy=x  if x| = ro,

v(x) = [ b(yDu@)dy=n  if x| =ro,

where Q, = {x € (—00,00)N : |x| > r for ro > 0,N > 3}, A and u are positive parameters,
K; € C((ry, 00), (0,00)) is such that frzo r'K;(r) dr < oo for some v > 1, f; € C([0,00)?, [0, 00)),
and /; € L'((ry, 00)) are nonnegative functions satisfying 0 < wyr) > fr zo rl;(r)dr < 1 for
i =1,2, where wy is the surface area of the unit sphere in (—oo, co)",

Differential equations with integral boundary conditions arise in various areas of ap-
plied mathematics and physics like heat conduction, chemical engineering, underground
water flow, and thermo-elasticity and plasma phenomena. For integral boundary value
problems, we refer to [1, 5, 6, 8, 10—13], and the references therein.
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Note that the change of variables r = |x| and ¢ = (%)Z‘N transforms (1) into

u’(t) + a1 (6)fi (u(t),v(2)) =0, te(0,1),

V() + ay ()2 (u(2), v(¢)) =0, ¢£€(0,1),

u(0) = 0 = v(0), 2)
u(l) - [y @) ds = 4,

v(1) - [y @(u(s)ds = p,

1 2 —2(N-1) =
ﬂi(t)= (m) V(z)lf N-2 IQ(FQtN—Z),

1 —2(N- _
&) = WN(E)'{)Vt ¥ li(rot¥2),

where a; € C((0,1), [0,00)) are such that fol s%(1 = s)Pa;(s)ds < oo for some «, 8 € (0,1),
and nonnegative functions g; € L!(0,1) are such that 0 < fol sgi(s)ds < 1 for i =1,2. We
further assume that there exists a closed interval J C (0, 1) of positive measure such that
ai(t) >0 forall £ € J and i = 1,2. Note that the existence of positive solutions of system (2)
guarantees the existence of positive radial solutions of (1). Hence, to investigate solutions
of (1), we focus on system (2).

Such second-order ordinary differential systems with the coupled integral boundary
conditions were considered in [2, 3], and [4]. Most of those results are about the exis-
tence of a solution obtained mainly by using the fixed point theorem, the mixed monotone
method, and the monotone iterative method. In [4], the authors investigated the existence
and uniqueness of positive solutions by using the a priori estimate method and the max-
imum principle. To the best of our knowledge, the multiplicity of solutions of differential
systems with coupled integral boundary conditions has not been treated. In this paper,
we study the existence, nonexistence, and multiplicity of positive solutions to a nonlocal
boundary value system with integral boundary conditions when two positive multiparam-
eters vary on the boundary. We establish our results by sub- and supersolution arguments
and fixed point index theory.

In this paper, we assume the following hypotheses on f; for i = 1,2.

(H) fi:[0,00) x [0,00) — [0, 00) is continuous and increasing in [0, 00) X [0, co) for
i=1,2.

(H1) fio := limyguu0f2 =0 fori=1,2.

u+v

(H2) fip0 = limygp))— o0 2 = 00 for i = 1,2.

u+v
Here ||(, V)| = ||#t]loo + ||V]|co- Now we state our main result.

Theorem 1.1 There exists a continuous curve I' separating [0,00) x [0,00) \ {(0,0)} into
two disjoint sets ©1 and ©,, and there exists a subset ® C Oy such that (2) has at least two
positive solutions for (A, 1) € O, at least one positive solution for (A, 1) € (@1 \ ®)UT, and
no positive solution when (1, 1) € ©,. (See Figure 1.)

The structure of f; and f; near (0,0) and near oo, that is, conditions (H1) and (H2), plays
an important role in the construction of sub- and supersolutions when the parameters A

Page 2 of 16
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Figure 1 Separation of (A, ) € [0, 00)2 at which (2)
results in the existence, nonexistence and multiplicity

and u vary. Hence system (2) in which two parameters A and p involved with only the
boundary data is difficult for construction of sub- and supersolutions at the certain value
of (A, ). To overcome this issue, we manipulate (2) in such a way that the two parameters A
and p are related with f; and f (see (4) in Sect. 2). Here we also emphasize that we consider
the case where system (2) satisfies the condition f;(0,0) = 0 for i = 1,2 and the boundary
condition #(0) = 0 = v(0) at the same time. This is a challenging case since these conditions
do not allow us to construct a proper open set, which is very crucial for applying the fixed
point index theory. Hence we perturb the boundary values of the manipulated system (4)
so that the fixed point index argument works well (see (5) in Sect. 2).

The paper is organized as follows. In the next section, we present a system equivalent
to (2) and introduce the sub- and supersolution theorem and fixed point index. Section 3
is devoted to the proof of the main result, Theorem 1.1. In Appendix, we prove the sub-
and supersolution theorem for (2).

2 Preliminaries
Let p;,, and g,,, be the solutions, respectively, of the following problems:

p”(t) =0, te(0,1),
p(0) =0,
p(1) - [ a1()q(s)ds = 4,

and

q'(t) =0, te(0,1),
q(0) =0,
(1) - [y @()p(s)ds = p.

It is easy to see that

Pap(t) = ﬁ(l + o)L, Ouop(t) = ﬁ(dﬁ +u)t, tel0,1],
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where o = fol sg1(s)ds and oy = fol 5g2(s) ds. We denote

Piu(®) =(pr+ p1)t,  qou(8) = (P2 + pp)E, 3)
where p = ﬁ, p1 = #, and o, = 17252. Note that p, p;, and p, are positive con-

stants.

Now if (w1, w,) is a solution of the system

w1 (8) + ar(@O)fi(w1(€) + pau(8), w2(8) + 45, () =0, £ €(0,1),

wy(£) + ax () (w1 (8) + pau(8), wa(t) + 5, () =0, £€(0,1),

w1(0) = 0 = wy(0), (4)
wi(1) = [y gu(s)wa(s)ds =0,

wa(1) - [y ga(s)wi(s)ds =0,

then (w1 + py, ., W2 + q5,,,) is a solution of (2) since

(w1 + pau)’ () = wi(t) = —a1()fi(wr + poswa + @), £ €(0,1),
(w1 +p)(0) =0,
Wi +pa) (D) = [ @1 (8)(wals) + g (s)) ds + 2,

and, similarly, wy + ¢, ,, satisfies (2). Hence, instead of studying system (2), we consider
system (4) to get the existence and multiplicity of positive solutions of (2). However, for
system (4) satisfying the conditions f;(0,0) = 0 and w;(0) = 0, i = 1,2, there is an obstacle in
using a fixed point index argument. To solve this issue, we employ the perturbed boundary
condition.

For a while, let us consider the following problem with more general boundary condi-
tions for 0 < § < § for sufficiently small § (8 will be chosen in Lemma 3.3):

Wi (0) + a1 (A W1 () + P, wa(8) + 42, () =0, £€(0,1),
Wy (8) + arOfs(wi(£) + P (), wa0) + @3, () =0, £€(0,1),

w1(0) = § = w,(0), (5)
wi(1) ~ [y g1 (S)wa(s)ds = 6,

wa(1) - fiy @(s)wi(s)ds = 6.

We set up an operator equation for problem (5). We define

1
Ajs(wi, wo)(2) := 5[1 +(pv1 + plvz)t] + / Hy(t,8)ar(s)fi(wi + P Wa + @)
0
+ Ky (8, 8)ax (s)fa (W1 + piy, Wa + @) s,
1
By s (Wi, wo)(8) := 8[1 + (pvy + pov1)t] + / Ky(t,9)a1(s)fy (W1 + Prys W2 + Gop0)
0

+ Hi(t, s)ar(s)fo(W1 + pa, Wa + qp) ds,
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where

Hi(t,s) = G(t,s) + pztfol G(z,8)g1(7) dt,
Hs(t,s) = G(¢,s) + ,oltfol G(z,8)g (1) d,

1

1
K9 =pt [ Gron@dr,  Ka(ts)=pt [ Gl
0 0

. lsu ~9, 0
0

IA
IA
IA

s<t

1,
t(1-s), 1

IA
IA
IA

t<s

’

and

1 1
v = / gi(s)ds, vy = / £(s)ds.
0 0
Then (v1(t), va(2)) = (As, s (W1, wa)(£), B, 1,6 (w1, wo)(t)) is a solution of

V(@) + a1 ()fi(w1 () + piu (), wa(t) + q5,. () =0, t€(0,1),

vy (8) + ax(O)fo(wi(2) + o (), wa(t) + 4, () =0, t€(0,1),

v1(0) = 8 = v»(0), (6)
(1) - [y g1()vals)ds =3,

va(1) = [ @(s)vi(s)ds = 5.

Now we define

T (W1, w2) (8) = (As s (W1, w2) (2), By, s (wr, wa) ().

Let us denote X := C([0, 1], (—00,00)) x C([0,1],(-00,00)). Then T; ;5 : X — X is well
defined on X, where X is the usual Banach space with the norm ||(z, V)| = || #]l0o + [V]l00-
Notice that problem (5) is equivalent to

(Wi, wp) = Ty us(wi,wy) onX. (7)

LetP = {(u,v) € X : u(t) > 0,v(t) > 0 for all £ € [0,1]}. Then P is a cone in X. It is clear that
Tyus(P) CPand T, s is completely continuous on X by a standard argument.

Now, we introduce a theorem on sub- and supersolutions to system (5). First, we state
the following definition of subsolution and supersolution of system (5).

Definition 2.1 We say that (Y1, ¥») is a subsolution of problem (5) if (1, ¥2) € C*(0,1) x
C?%(0,1) satisfies

1) + ar ()i (Y1 (8) + o (£), Ya(t) + 45, () = 0, £ €(0,1),
2 (8) + ax(O)fa (Y1 (€) + pa,u(8), Y2 (t) + g3, () 2 0, £ €(0,1),
¥1(0) <6, ¥2(0) < 6,
V(1) - [y g1()vals)ds < 6,
¥2(1) ~ [y @(8) () ds < 6.
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We also say that (£1,&,) is a supersolution of problem (5) if (¢1,%,) € C*(0,1) x C2(0,1)
satisfies the reverse inequalities.

Theorem 2.1 Assume that there exist a subsolution (Y1,Y) and a supersolution (£1,¢2)
of problem (5) such that (y1(£), ¥2(2)) < (¢1(8), &2(8)) for all ¢ € [0,1]. Then (5) has at least
one solution (u,v) such that

(V1(8), ¥a () < (u(®), (1)) < (£2(8), 82(8))  forall £ € [0,1].
Proof See Appendix. O

To show the existence of a second positive solution of (4), we need the following lemmas
for the fixed point index argument in [7].

Lemma 2.1 Let X be a Banach space, let P be cone in X, and let Q be a bounded open set
inX.LetO € Q,andlet T : PNQ — P be condensing. Suppose that Tx # vx for all x € PN9Q
and allv > 1. Then

(T,PNQ,P)=1.
Lemma 2.2 Let X be a Banach space, and let P be a cone in X. For r > 0, define P, = {x €
P: x| < r}). Assume that T : P, — P is a compact map such that Tx # x for all x € P,. If
llxll < | Tx|| for all x € P, then

i(T,P,,P) = 0.
3 Existence of multiple positive solutions
We recall that J = [j,,j*] C (0, 1) is a closed interval of positive measure such that a;(¢) > 0
forallz € Jand i =1,2. Let y = min{j,, 1 — j*} > 0. Define the cone

K = {001, w2) € P i minwi(®) = y il for i = 1,2}.
Then we have the following:
Lemma 3.1 For a given cone P in X, we have

T;,u,s(P) C K. (8)
Proof For any (w1, wy) € P, we first find

Ajswi, wo) () < 8(1 + pvy + p1va)

1
+ / G(s,8)ar(s)i(w1 + P wa + q3,) ds
0

1 1
+ 01/ (/ G(r,s)gz(r)dr>a1(s)ﬁ(wl + Daps W + Q) ds
o \Jo

1 1
o / < / G(r,s)gxr)dr)az(syz(wl P Wy + ) ds
0 0
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for all ¢ € [0,1]. Thus we obtain

A5 us(wi, wa)|| < 8(1+ pvy + prva)

1
+ / G(s,8)ar(s)i(W1 + Paw Wa + @) ds + p1 My + pM,,  (9)
0

where

1 1
M = / (/ G(t,s)gz(t)dr)al(s)fl(wl + Do Wa + @) ds
0o \Jo

and

1 1
M, = / (/ G(t,s)gl(t)dr)az(s)fz(wl + Do Wa + o) ds.
o \Jo

Similarly, we have

| By (wr, wa) | o

<8(1+ pvy + pav1)
1
+ / G(s,8)az (S)fo(W1 + pap Wa + @) ds + paMy + pM;. (10)
0
Then by (9) we find that, for all £ € /,

Aps (Wi, wo)(t) = 8[1 + (pvy1 + pr1o)t]

1
+ / G(t,8)ar (S)fi(w1 + Pijs Wa + o) ds + tp1 My + tp My
0
t
= 8[1 + (pvy + plvg)t] + f (1= B)ar(s)fi(w1 + pos Wa + qi,) ds
0
1
+ / t(1 = s)ar ()i (W1 + Pi Wa + @) d5 + tp1 My + tp M)
t
t
> 8[1+ (ov1 + prva)ji] + (1 —j*)/ say($)fi (W1 + i, wa + o) ds
0
1
+ Ja / (1= 8)ai($)fi(w1 + pauws Wa + @) ds + j (o1 My + pMy)
t
> min{j,, 1 -} (3(1 + pV1 + p113)
t
+ / S(1=s)ar1(8)fi(w1 + P Wa + qou) ds
0
1
+ / S(1=s)ar(s)fi(w1 + po s Wa + @i, ) ds + pr M + ,oMg)
t

= min{j,, 1 -;*} (8(1 + PV + P1V2)
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1
+ / G(s,8)ar(s)fi(w1 + Pauw Wa + o) ds + p1 My + ,OMz)
0
=y ||AA,;L(W1rW2)||OO'

By the same argument, using (10), we also have that B; ,, s(w1, wo)(t) = ¥ |B;, (W1, w2) |l oo
forallt e]. O

As a consequence of the lemma, note that if (w;, w,) is a solution of (5), then by (7) we
have

in}twi(t) > y|willo fori=1,2. (11)
te

Lemma 3.2 Assume (H). If (5) has a positive solution at (A, 1), then (5) also has a positive
solution at (A, 1) for all (A, 1) < (k, f1).

Proof Let (wy,W,) be a positive solution of (5) at (1, 1), and let (A, 1) € [0,00)% \ {(0,0)}
with (&, 1) < (%, jz). Then (w1, w») is a supersolution of (5) at (1, 1) since Pip(t) < ps (0
and q,.,(t) < q;,;(t) for £ € (0,1) and f; is increasing for each i = 1,2. Clearly, (0,0) is a
subsolution of (5). Notice that (0, 0) is not a solution of (5) since f;(ps,.(£), g, (¢)) > O for
t €(0,1) and i = 1,2. Since (w1, ws) #(0,0) and (w1, w) > (0,0), by Theorem 2.1, (5) has a
positive solution at (A, ). O

Lemma 3.3 Assume (H) and (H1). Then there exists (A, i) > (0,0) such that (5) has a pos-
itive solution for all (A, 1) < (A, 0.

Proof Let (Y1, ¥2) be the unique solution of the following system:

1) +a1(t) =0 t€(0,1),
5 (t) +ax(t) =0 te(0,1),

¥1(0) = 0 = ¥,(0),
(1) = [ @i(s)¥a(s)ds =0,
¥a(1) = [y @2(s)¥1(s)ds = 0.

We recall that p; , (£) = (oA + pru)t and gy, (t) = (p2X + put)t and denote ¢y (£) = 1 + (pv; +
p1v2)t and ¢,(¢) = 1+ (pva + pav1)t. Thenlet o = |1 lloo + [¥2llco + 0 + p1 + P2+ P2 + P21 +
pv1 + p1vy + 2. By (H1) there exist A ~ 0, L &~ 0, and § ~ 0, sufficiently small, such that

AR+ i+ )Y lloo + 25,z (1) + 861 (1), K+ + 8)1V2lloo + g5, (1) + 5 (1))
< = (4 i+ Dl + 21,1 +51(1)
+ (ot i+ 8)[alloo + ;.7 (1) + 5¢2(1)). (12)

Now we define Z1(¢) = (A + L + 8) Y1 + 8¢1(t) and Zy(¢) = (x + [t + 8) W2 + 8¢(2). Then, from
(H) and (12) we have Z;(0) = 6,

Z () + a1 ()i (Z1(2) + p5, (0, Za(2) + g5,5(£))

=—(A+ i+ 8)ar () + an (DA (Z1(0) + p3 (1), Zo (D) + g5,,(0))



Ko and Lee Boundary Value Problems (2018) 2018:155 Page 9 of 16

<ar (G + i+ )Y lloe +p3,z (1) +51(1),

A+ 2+ 8)[Walloo + 5,5 (1) + 8¢2(1)) — (A + 2 + 5)}

< al(t)[é(d + 1+ 8) [V lloo + 5, (1) + 81 (1)

+<1+,:L+S>nwznw+q;,,l<n+5¢2u>>-aﬂzm]

<0,

and

1

1 ~ ~ ~
Z(1) - /0 01(9)Za(s) ds = 5, (1)~ 3 /0 G(S)pals)ds =5 > 5.

Similarly, we can show that Z, satisfies the same inequalities. This shows that (Z;,2Z,) is
a supersolution of (5) at (%, /). On the other hand, (0,0) is a strict subsolution such that
(0,0) < (Z1,2,) in [0,1]. Hence, by Theorem 2.1, (5) has a positive solution at (A, 1), and
then Lemma 3.2 completes the proof. d

Lemma 3.4 Assume (H2). There exists M > 0 such that ||(wy,wy)| < M for all possible

solutions (w1, w) of (5).

Proof As (w1, w,) is a solution of (5), we find

[willoo = w1(j)

= 8[1+ (pv1 + p112)js]

1 1
+/ (G(j*,S)+p1j*/ G(t,S)gz(t)dT>al(S)ﬁ(wl +Pa Wa + Q)
0 0

1
+ (pj* / G(r,S)gl(f)dr>ﬂz(S)fz(wl + Do W + Qo) ds
0

] ]
> / <pj*/ G(r,S)gl(t)dr>uz(S)fz(wl +ProWa + Qo) ds
j* j

I

j s
> pj*/ 21(s) </ (1 - 8)ax(T)fo(w1 + po Wa + o) dT
I J*

5

+ / s(1 = 1)ax(t)fo(wr + pap, wo + q,w)dt> ds

j* i
> ,0/*/ & (9)j(1-5) (f ar(T)o (W1 + pay, wa + qw)dr> ds
Jx J*

ok ik

] ]
zpjﬂl—j*)(f gl(s)ds)(f az(s)ds)/z(y||wl||oo,y||w;>||oo).
] I

Hence we obtain

Iwilloe + Iwalloo = ¥*pjs <f,i*g1(S) dS) <f,’ a3 (s) dS)/z(Vllwllloo, Y Iwallso),
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which implies that

s

j -1, o -1
(2pj)" (f’ gl(s)ds> (/’ az(s)ds) 2 L iwilleo, v lIwalloo) (13)
j j

= Yiwillee + v liwalleo

If |[w1]loc = 00, then (13) contradict to (H2). Similarly, we can show that ||w;|« is
bounded. O

Define S = {(A, 1) € [0,00)% \ {(0,0)} : (5) has a positive solution at (,)}. Then S # @
by Lemma 3.3.

Lemma 3.5 Assume (H) and (H2). Then (S, <) is bounded above.

Proof We claim that there exist A, it > 0 such that (5) has no solution for A > A or u > ji.
Suppose on the contrary that there exists a sequence (A, i) such that either A, — oo
or pu, — oo and (5) has a positive solution (wy,, wy,) at A = &, and u = w,,. Without loss
of generality, we assume that A, — c0. First, we observe from (H2) that there exists Ry,
sufficiently large such that

fl,v)>u+v forallu+v>Rp. (14)

Now we choose 1, sufficiently large such that

y(”WIVI”OO + ||W2n||oo) +]*(p + )02))‘;1 +j*(p1 + p)ﬂn > sz

Then, for such A,, from (14) it follows that

fZ(V [Winlleo + (0An + P14 ¥ [ Wanlloo + (02An + ,Ol/Ln)j*)

= V(”Wln”oo + ||W2n”oo) +Jx(p + p2)An + ju(01 + P) - (15)
Since wy, is a solution of (5), using (3), (11), and (15), we have

Winlloo = Wln(i*)

= 8[1+ (pv1 + p1v2)ji]

1
+ / Hy (s $)a1 ()i Win + Py Won + Dopin)
0

+ K1 (s $)a2(S)o(Win + Proposins Won + D) A4S

sk

Jj
Z/ K1 (s 8)az(8)fo (¥ 1Winlloo + Pasin Gs)s ¥ 1Wanlloo + @rpen (i) s
Jx

> (y(”wlnnoo + ||W2n||oo) +j*(l0 + 02)An

i

]
+ju(p1 + p)ﬂn) /

Jx

1
<pj* [ G(m)gl(r)dr)az(s)ds,

which implies that ||wy,| . — 00, a contradiction to Lemma 3.4. Hence, we conclude that
there exist A, it > 0 such that (5) has no solution for A > A or u > . O
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The following Lemmas 3.6, 3.7, and 3.8 can be proved by the same ideas as in Lemma 3.5,

Lemma 3.6, and Theorem 3.1 in [9], respectively.
Lemma 3.6 Assume (H) and (H2). Then every chain in S has a unique supremum in S.

Lemma 3.7 Assume (H) and (H2). Then there exists u* € [[i, it] such that (5) has a positive
solution at (0, ) for all 0 < . < u* and no solution at (0, ) for all > pw*. Similarly, there
exists \* € [A,A] such that (5) has a positive solution at (x,0) for all 0 < A < A* and no
solution at (A,0) for all . > \*.

Lemma 3.8 Assume (H1) and (H2). Then there exists a continuous curve U5 splitting
[0, 00)2\ {(0,0)} into two disjoint subsets Os | and Os 5 such that (5) has at least one positive
solution if (A, 1) € ®1 U T's and no positive solution if (A, 1) € Os 5.

Notice that by the sub- and supersolution theorem we can show that if 0 < § < 8, then
Bs51 Ul C O3, UT's. Let © = Us»0(®5,1 UTs). Then © C ©p,;. Now we prove our main
theorem, Theorem 1.1, by taking ®; = ©g;, ©®; = ®g,, and I' = Iy in Theorem 3.1.

Theorem 3.1 Assume (H), (H1), and (H2). Then there exists a continuous curve Iy split-
ting [0,00)% \ {(0,0)} into two disjoint subsets @1, O and a subset @ C O, such that
(4) has at least two positive solutions for (A, i) € ©, at least one positive solution for
(A, ) € (©g1 \ ®) UTy, and no positive solution for (A, u) € Og,.

Proof We prove that (4) has a positive second solution for (A, ) € ®. If (A, u) € O, then
there exists § > 0 such that (A, 1) € (®5; UT's). Now we let (w5 1, ws2) be a positive solution
of (5) at (A, ) and define Q = {(w1,w2) € X : —€ < w1 (t) < ws1(£), —€ < wr(£) < wso(t),t €
[0,1]}. Then 2 is a bounded open set in X such that 0 € Q2. Here we denote

(As (W1, w2) (), By (w1, wa)(8)) = (As o (Wi, w2)(2), By o (Wi, wa)(2))

and
T (Wi, wo)(8) := Ty, 0(wr, wo)(2).

Then T}, : KN Q — K is condensing. Let (wy, wy) € K N 8. Then there exists ¢, € [0, 1]
such that either wy(¢y) = ws1(fy) or wy(ty) = ws (o). Suppose that wi(¢y) = ws1(Zp). Then
by (H)
1
Ao, w2t = [ o, Jan 001+ s+ 01,
0
+ Ky (to, S)ax(s)fa (W1 + pap wa + @) ds
< 5[1 + (,0\)1 + ,01\)2)t0]
1
+ / Ha(to,8)ar(s)f1(Ws,1 + Pos Ws2 + Do)
0

+ Ki(to, S)as (s)fa(Ws 1 + P Ws2 + @) ds
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= ws,1(to)

= wi(to) < vwi(ty)

for all v > 1. Thus T, (wi,w2) # v(wy,wy) for all (w;,wp) € K N9IQ and v > 1. By
Lemma 2.1 we conclude

i(Th, KNQ,K) = 1.

Next, we denote « = miny,; Ki(t,s). By (H2) there exists Ry, > 0 sufficiently large such
that

fl,v)=nu+v) foru+v=>Ryg,

where 7 > 0 can be chosen such that nky f: as(s)ds > 1. Let R = max{M + 1, %sz}, where
M is defined in Lemma 3.4. Let Kr = {(wy, w3) € K : ||(w1, w2)|| < R}. Then, by Lemma 3.4,
(w1, wa) # T, (w1, wo) for (w1, wy) € 0K . Moreover, if (wy, we) € 9Kk, then

min(wi(6) + wa(t) = v (1wl + Walloc) = Ry,

which implies that fo(w1(t), wa(t)) > n(w1(¢) + wa(#)) for all ¢ € J. Finally, we find that, for
(le W2) S a’CRJ
1
A1, 02)G2) = [ Ha s i 01+ s
0
+ K1 (i, S)az(s)fa(W1 + P, Wa + @) ds

i

]
> K/ ar($)fo(W1 + P Wa + qo) ds
Jx

sk

J
> K1 / az(s)(w1(s) + wa(s)) ds

J*
7
ZK”V”(WLWZ)H[ a(s)ds
I
> ||(W11W2)||

Therefore || T, (wi, w2)ll = Ay, (Wi, wo)lle = Apu(wi, w2)(i) > (Wi, wo)ll, and by
Lemma 2.2 we find

i(TA,ﬂ) ICR: ’C) =0.
By the additivity of the fixed point index we obtain
0=i(Thu Kp, ) =i(T5,,, KN Q,K) + i(Th,,0, K \ KN Q,K).

Since i(T),,, KN, K) =1, we find i(T, ., Kr \ KN, ) = -1, which implies that T} , has
a fixed point on KL N © and on Ky \ K N Q. Hence the proof is completed. d

Now, we give a simple example for the main results.
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Example 3.2 Consider N = 3 and ry = 1 for system (1). Then Q. = {x € (—00,00)? : |x| >
1}. Let K;(r) = ™ for r € (1,00), where «; > 2 for i = 1,2. Then there exists v such that
1 < v <min{a;, @z} — 1, and hence we get that v —«; < =1 and floo r'Ki(r)dr = 100 r’Yidr <
oo for i = 1,2. Let [;(r) = ™% for r € (1,00), where B; > 4w + 2 (i = 1,2). It is easy to see
that ws [ rli(r)dr = 4 [ r'Pidr = % <1 as ws = 4. Now, if fi(u,v) = u® + v and
folu,v) = " = (u + v), then (H), (H1), and (H2) hold for f; and f,. Thus the conclusion of
Theorem 1.1 is valid. We note that, for the corresponding radial transformed problem (2)

of (1), the conclusion of Theorem 3.1 is also valid.

Appendix: sub- and supersolution theorem
In this subsection, we prove Theorem 2.1. We consider the system with more general
boundary conditions:

u"(t) + a1 (0)fi (u(t), v(£)) =0, £€(0,1),

V'(8) + ax () (u(t), V() =0, £€(0,1),

u(0) = a,v(0) = b, (16)
u(1) = [} gi(s)v(s)ds = A,

v(1) - fol g(s)u(s)ds =,

where A, i, a, and b are constants.

Definition 4.1 We say that (1, ) € C%(0,1) x C%(0,1) is a subsolution of problem (16)
if

1)+ aOAWLO, ¥2(0) 20, te(0,1),
1) + ;O 0, ¥2(0) 20, te(0,1),
¥1(0) < a,¥,(0) < b,

Vi) - [y @©)¥a(s)ds < A,

V(1) - [y @) ¥(s)ds < p.

We also say that (£1,%) € C2(0,1) x C2(0,1) is an supersolution of problem (16) if the
reverse inequalities are satisfied.

A theorem for sub- and supersolutions to problem (16) is as follows.

Theorem 4.1 Assume that fi(t,s) and f>(t,s) is quasimonotone increasing with respect to
s and t, respectively (i.e., fi(t,s1) < fi(t,s2) for s1 < sy and fo(t1,5) < folta,s) for t1 < t;) and
there exist a subsolution (Y1, V,) and a supersolution (¢1,¢;) of problem (16) such that
(Yr1(2), Y2 (8)) < (¢1(2), £2(2)) for all t € [0,1). Then problem (16) has at least one solution
(u,v) such that

(V1(®), ¥2(0) < (@), v(©)) < (¢1(2), &) forall £ € [0,1].

Page 13 0of 16
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Proof Define y; : [0,1] x (—o0,00) — [0,00) for i = 1,2 by

gi(®),  s=¢(2),
AU EER E Vi(t) <s < (1),
Vi(t), s <),

and consider the modified problem

() + ar (O (1 (& ule)), 2t 9(8)) = 0, £ € (0,1),
V() + (O (6 u(e), 26 v(©) =0, e (0,1),

u(0) = a, v(0) = b, (17)
u(1) - [y @(8)ya(s, v(s)) ds = A,

(1) - [ @(s) (s uls)) ds = pu.

For given (w,z) € C[0,1] x C[0,1], define g, . : (—00,00)? — (=00, 00)? by

1
Guz(%,) = (/o 21(8)y2(s,2(s) + ys + b) ds + A — a,
1
/ L&) yi(s,wis) +xs+a)ds+ - b)
0

for (x,y) € (—00,00)2. Since |y;(s,x) — ¥i(s,y)| < |x —y| for any x, y € (—00,00) and s € [0, 1],
gwz is a contraction mapping on (—00,00)?, and thus there exists a unique fixed point
(A2 By,) € (—00,00)? of g,,,, which satisfies

1
(Aw,z’Bw,z) = (/ F41 (S)]/z (S, Z(S) + Bw,zs + b) ds+ A — a,
0
1
/ ) i(s,wls) + Ays +a)ds +pn — b).
0
If (w, ) is a solution of

W//(t) + al(t)fl(yl(t’ w(t) +Aw,zt +a), VZ(t: z(t) + B, t+ b)) =0,
Z”(t) + a2(t)fZ(y1(t1 W(t) + Aw,zt + 61), VZ(tr Z(t) + Bw,zt + b)) = 07 (18)
w(0) = w(1) =z(0) = z(1) = 0,

then (u(2), v(¢)) := (W(t) + Ayt + a,z(t) + By, .t + b) is a solution of (17).
Now, we define T: P — P by

T(Wr Z)(t) = (Tl(wr Z)(t)’ TZ(W’ Z)(t))r

where

1
T\(w,2)(t) = / G(t,8)ar(s)f (v1 (s, w(s) + Aw,zs + a), v2(5,2(s) + Byzs + b)) ds,
0
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1
Ta(w,2)(t) = /0 G(t, )az(s)fa (1 (s, w(s) + Aw,zs + @), va (s, 2(s) + By,zs + b)) dis.

Then (w, z) is a fixed point of T in P if and only if (w, z) is a nonnegative solution of (18).
Since T, is completely continuous on P and T(P) is bounded in C[0, 1] x C[0,1], T has a
fixed point (w, z), and consequently (17) has a nonnegative solution (u, v). Now if we prove
that (Y1 (2), ¥2(2)) < (u(2), v(£)) < (£1(2), £2(2)) for ¢ € [0, 1], then, by the definition of y;, (16)
has a solution (u, v) such that (y; (¢), ¥2(£)) < (u(), v(¢)) < (¢1(8), £2(2)) for all £ € [0, 1], and
the proof is done.

To show that u(t) < ¢;(¢), we set X(¢) := u(t) — ¢1(¢). Note that

X(0) = u(0) - £1(0) =0,

1
X(1) = u(l) - (1) < /0 @ O[12(5,v(9) - £2(5)] ds < 0.

Now let us assume on the contrary that there is ty € (0, 1) such that X(¢y) = u(f) — ¢1(%) > 0.
It is clear that there exists o € (0,1) such that X (o) = maxe[o,1; X(¢) > 0. Then X'(0) = 0,
and there is a € (o, 1) such that X'(¢) < 0 and X(¢) > O for ¢ € (o, a], which means that

u'(o) =¢ (o), u'(t) <), and u(t)> () forte(o,al (19)

By the quasimonotonicity of f; (¢, s) with respect to s and the definition of y; for i = 1,2, we

obtain

-u'(£) = ax(fi (1 (8, u(2)), 12 (8, v(2)))
<a1(OA(01(8),8(8) < -¢(¢) fort e (o,al.

Integrating this from o to t € (0, a], we find
u'(t)>¢(t), forte(o,al

which contradicts to (19) Thus u(¢) < ¢;(¢) for ¢ € [0, 1]. In a similar manner, we can prove
that ¥ (¢) < u(t), v(t) < &o(¢) and ¥, (¢) < v(¢) for ¢ € [0,1], and hence the proof is com-
plete. d
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