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1 Introduction
In this paper, we consider the existence of stable standing waves for the following nonlinear
Schr dinger Choquard equation:

i+ = P+ (] P) P22 | (t,x) [0,T) RN,
t 1l | 200 | 1P| (tx) [0,T) (11)
(va): O(X)v
where (t,x):[0,T) RN  Cisacomplex-valued function,0<T N 3, o H
0<pi<pm, l+g<pz<l+Z5, 1, , R,/ RV RistheRiesz potential de ned by
N__
| (%)= %)

() V22

with max{0O,N 4}< <N, and isthe gamma function.
One of the motivations for studying this problem is that this equation is not scale in-
variant. When 1 =0and p, > 0, for the nonlinear Choquard equation

et = | P2 (12)
there is a scaling transform that leaves it invariant. More precisely, the map
+2 t X
(t.x) 2z == (1.3)

maps a solution of (1.2) to another solution of (1.2). When p, =1+ % the scaling (1.3)
leaves the mass invariant. Therefore, the nonlinearity (I | |P2)| |P2 2 s called L?-
critical.
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When p, =2, equation (1.2) simpli es to the well-known Hartree equation. The Cauchy
problem of (1.1) has been extensively investigated in [1 12]. The local well-posedness
and asymptotical behavior of the solutions for (1.1) have been studied in [1, 5]. Chen and
Guo [2] studied the instability of standing waves. Miao et al. [10] studied the dynamical
properties of the blowup solutions with minimal mass in the L?-critical case. The soliton
dynamics has been investigated in [3].

When 0< <N and 1+ g <p;< % under the assumption that the local well-
posedness holds for (1.2), Chen and Guo [2] derived the existence of blowup solutions
and the instability of standing waves. When 0 < <N and 1+ g <p, <1+ % the
soliton dynamics of (1.1) has been investigated in [13] if the solution  of (1.1) is in
C([0, ),H? C(0, ),L?).Fengand Yuan [14]systematically studied the Cauchy prob-
lem (1.2) for general max{O,N 4}< <Nand2 p;< % More precisely, they study
the local and global well-posedness, nite-time blowup, and the dynamics of blowup so-
lutions. The sharp threshold of global existence and instability of standing wave for (1.2)
with a harmonic potential have been investigated in [15].

Recently, in the L?-subcritical case, that is, where 1 + N <P2<l+ 2+ 'Wang et al. [16]
studied the orbital stability of standing waves for (1.2) with ; =0and ,= 1. However,
in this paper, the study of the stability of standing waves relies heavily on the scale in-
variance for (1.2). Thus, adding an L2-subcritical perturbation to (1.2), which destroys the
scale invariance, is of particular interest. In addition, the study of orbitally stable stand-
ing waves for nonlinear Schr dinger equations is in the L?-subcritical case; see [16 21].
In the L2-critical case, the solution of (1.1) may blow up; see [1, 14, 22, 23]. It yields that
the standing waves may be unstable. This brings some essential di  culties to the study of
stable standing waves for (1.1) in the L2-critical case.

To study the stability of standing waves of (1.1), we rst make the following assumption
for the local well-posedness for (1.1).

Assumption1 Let o HY,N 3,0<p;<#, and1+ g <p;<1+ 25 Then thereexists
T=T( o n1)suchthat(1.1)admitsauniquesolution C([0, T],HY). Let[0, T )bethe
maximal interval on which the solution (t) iswell-de ned:if T < ,then (t) 1

ast T .Moreover,forall0 t<T ,thesolution (t) satis es the conservation of
mass and energy:

(t) L2 = 0 L2

E (1) =E( o),

where E( (t)) isde ned by

1 2 1 p1+2
= +
E (1) 7 o (t,x) “dx 5F7 (t,x) " dx
“Z 0Pt (tx) Pdx (1.4)
2p2 RN

Remark When 0<p; < % and2 pp<1+ % this assumption can be easily proved by

Strichartz s estimates and a  xed point argument [1, 14]. When 1 +  <p, <2, we deduce
from inequality (2.1) that (1 | [P?)] [P2dx is well-de ned for H®. Thus, we
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assume that the local well-posedness of (1.1) holds for NT+ < p2 < 2. However, we cannot

prove this result because the nonlinearity (I | |P2)] |P2 2 issingularwhenNT*<p<2.

Consequently, the case of NT" < p2 < 2 will be the object of a future investigation.

Under this assumption, by using variational methods and the pro le decomposition of
bounded sequences in H! we can obtain the following theorem.

Theorem 1.1 LetN 3, = 1, ,= 1,O<p1<§,p2:1+%,and 0 12< Q 2,
where Q is a ground state of

Q+Q=1 [Q”|Q”*Q inRM. (15)
If Assumption 1 holds, then the standing waves of (1.1) are orbitally stable.

This paper is organized as follows: in Sect. 2, we rst collect some lemmas such as
the Hardy Littlewood Sobolev inequality and the pro le decomposition of bounded se-
quences in H2. In Sect. 3, we study the orbital stability of standing waves of (1.1).

2 Preliminaries
In this section, we will recall some preliminary results. We rst recall the Hardy
Littlewood Sobolev inequality.

Lemma 2.1 Let0< <N ands,r > 1 be constants such that

1
—+ -+ —=2.
r s N

Assume thatf L"andg L°. Then

fOIx yl g(y)dxdy C(N.s, ) f ir g s 21
RN RN

See Lieb [24] for the proof.
Next, we recall a useful result, which gives the best constant in a Gagliardo Nirenberg-
type inequality; see [14].

Lemma 2.2 The best constant in the Gagliardo Nirenberg-type inequality

Np N N+ Np+2p
o el

NoN
I JulP JuPdx C | ul?dx [u]? dx (2.2)
N RN RN
is
Np N
2p 2p Np+N+ -z 2 2
C p= Q 2
2p Np+N+ Np N

where Q is the ground state solution of (1.5). In particular, in the L2-critical casep = 1+ %
— 2 2p
C o p Q L2 -
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We further summarize some results about the ground state of (1.5), which is very im-
portant in the study of the dynamics of blowup solutions to (1.1).

Lemma 2.3 ([13, 25]) Let (ON)and 1+ 5 <p<l+ % Then (1.5) admits a ground
state solution Q in H*. Every ground state Q of (1.5)isinL! C ,ithas xed sign, and
thereexistxo RN and a monotone real functionv C (0, )suchthat,foreveryx RN,
Q(X)=V(Jx Xg|). Moreover, the L?-norm of any ground state Q of (1.5) is the same.

Next, we recall the pro le decomposition of bounded sequences in H' proposed by
Hmidi and Keraani [26], which is important in studying the stability of standing waves
to (1.1).

Lemma 2.4 Let {un},-, be a bounded sequence in H. Then there exist a subsequence of
{un},=; (still denoted by {un},,-;), afamily {xjn}j:1 of sequences in RN, and a sequence {UJ'}J-:1
in H! such that

(i) foreveryk =j, |xK XJn| + asn ;

(ii) foreveryl 1andeveryx RN, we have

un)= U x X +rl (2.3)
j=1
with limsup, rw Oasl foreveryq (2, %).Moreover,
I
un %= U Lol B (), (2.4)
j=1
|
U= UL+ L (), (25)
=1
[ P P
I Ule Ul x x  dx
RN =1 =1
[
= RNI U« X Pulx X Pdx+ (D), (2.6)

=1
where (1)= (1) Oasn
Remark (2.6) has been proved in [14].
Finally, we have the following global existence of (1.1).

Theorem 2.5 Let o H! ;= 1, ,= 1,0<p;<4, andp,=1+ 2. AssumethatQ
is the ground state solution of (1.5) and ¢ 2 < Q 2. If Assumption 1 holds, then the
solution  (t) of (1.1) exists globally.

Proof Recall the Gagliardo Nirenberg inequality

Npg Npy
ux) "?dx Cu ‘E§+2 7 u # foru H. (2.7)

RN
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Hence we deduce from (1.4) and (2.2) that

E( 0)=E (V)
1 2 1 p1+2
== t,x) “dx t,X dx

2 RN ( ) p1+2 RN ( )
1
— I P2 (£ x) (t,x) "2 dx
o TP (1

2py 2

1 0 2 2 p1+2 Npy Npg
5 T3 M. C op 7 ® 7 -
2 2 Q igz 2 L L L

Since 0 < p; < &, it follows that % < 2. Thus, we infer from Youngs inequality that, for
allo< < % there exists a constant C( , M) such that

Np1 Npy
p1+2 2
C 0 2 z (t) EZT (t) L2 +C ) 0 L2 -

This implies that

1 0 222 ? 2
L
ECo) 3 W M2 C ., ow2.

This, together with ¢ 2 < Q 2, implies that there exists a constant C such that
(t) .2 Cforallt>0. Therefore, the solution (t) of (1.1) exists globally. O

3 Orbital stability of standing waves
First,letN 3, 1= 1, = 1,0<py<§ p2=1+%-,and0<M< Q 2, where Qis
the ground state solution of (1.5). We can de ne the variational problem

dv = inf E(u), (3.1)
{u H%LJ@zM}

where E(u) is the energy functional de ned in (1.4). In the following theorem, we apply
the pro le decomposition of bounded sequences in H! to solve the variational problem
(3.2).

Theorem 3.1 LetN 3, ;= 1, ,= 1,0<p1<%,p2:1+%,and0<M< Q EZ'
where Q is the ground state solution of (1.5). Then there exists uy H? such that dy =

E(Uo).

Proof First, we show that the variational problem (3.1) is well-de ned and there exists
Co > 0 such that

dm Cp<0. 3.2)
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Indeed, we deduce from (1.4), (2.2), and (2.7) that there exists a constant C such that

1 +
E(u):== u(x) % dx u(x) " dx
2 RN

p1+2 N
1
— I JulP2 (x) u(x) *dx
2p; RN
2p2 2
1 ULQ2 u 2 Cum””?l uﬂg;
" 9p, 2 2 2 2
2 2 Q igz 2 L L L:

Since % <2, it follows from Young s inequality that, for all 0< < 1, there exists a con-

2
stant C( , M) such that

pr+2 NP1 Npy

Cuy, 7 ujf u 2, +C(,M).

This implies that

1 u 2[232 2
E(u) 5 1 W u? C(,M. (3.3)
L2
Therefore we deduce from the hypothesis u EZ =M< Q ﬁz that E(u) has a lower bound
and the variational problem (3.1) is well-de ned.
Now, letu HSbea xed function,and let >0.Setu = ’NZU( x). It follows easily
that
u =u?=M
and
2 2 =3 2
E(u )= — u(x) “dx u(x) " dx
Wyz5 | uwidx Uk

i I ulP2 (x) u(x) " dx

2p2 RN
1 2 1
- 2 p2
= - ux) “dx — I ulP2 (x) u(x) " dx
3 o U o P (9 Uk
Np1
2 p1+2
u(x dx.
pl+2 RN ()

On the other hand, by the sharp Gagliardo Nirenberg inequality (2.2) and u ﬁz =M<
Q fz it follows that there exists C; > 0 such that

1
u®) Zdx — 1 [ul”? (%) ux) P2dx  Cy>0.
RN 2p2 N

N -

Since % <2,wecanchoose >0su ciently small such that there exists Cy > 0 such that
E(u) Cp<0.Hence(3.2)is true.
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Second, let {un},-; be a minimizing sequence of the variational problem (3.1) such that

E(un) dw and u, ;=M. (3.4)
2pp 2
This implies that, for n large enough, E(u,) <dy +1. Thus, forall0< < %(1 —IéiTZ ,
L2
we have
2p2 2
1 u.
5 1 ﬁ UEZ dM+1+C y QLZ,M.
Q L2

This yields that {un},,-; is bounded in HZ.

Third, applying the pro le decomposition of bounded sequences in H*, we will show
that the in mum of the variational problem (3.1) can be attained. Apply Lemma 2.4 to the
minimizing sequence {un},-;, which, up to a subsequence, can be decomposed as

I
ur(¥)= U x X +rl (3.5)
j1

with limsup, rw Oasl foreveryq (2, %)-

Now, injecting (3.5) into the energy functional E(u,), it follows from (2.4) (2.6) that

E(uy)= EU +Er + (1) (3.6)

j=1
asn and | .ForeveryUl (1 j ), take the scaling transform Ujj = ;U with

- M ;
T It follows easily that
2
U =M (3.7)

and

2 ) p1+2 5

EU =2 Ulx) “dx ——  Uix) " dx
i (x) 0172 o )
2p2

] j P2 j p2
—_ | u! x) Ul(x) " dx
o o () U0

2( P
T
pp+2
2 2p2 2
)

I U P () Ulx) P2dx.
20 (x) U(x)

RN

Ui(x) "% dx
RN
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This yields
- EU PLog _
EU = ( 2’) +( P Y Ui(x) "% dx
j p1+2 g
2pz 2
+ I U P2 (%) Uix) P dx. (3.8)
2p; RN

Similarly, for the term E(r!), we obtain

— My g
(o2 Y (=) D
Er,=—Lg o + [0 r! (x) "2 dx
M L2 p1+2 RN

_ My 2 g
()

¥ Lm0 () Pdx+ (1)
2p; RN
r:] iz M |
E r, + (1). 3.9
M r'!] |_2 n ( ) ( )
Since Ujj 2= r,—mzr,'1 2, =M, we deduce from the de nition of dy that
no
) M |
EU' dy and E — dm. (3.10)
J rn L2

Thus we infer from (3.6), (3.8), and (3.9) that

'EW) (P
+

E(un) ) Ui(x) P2 dx
’ j=1 ; P12 g
2p2 2
+ I UIP (x) Ui(x) P2 dx
o () V()
by W,
E r. + (1
M rll,] L2 n ( )
| j 2 p1 |
Ul Loy .
L2 G + inf S Ui(x) "% dx
j=l J 1 p]_+2 j=1 RN
22 | _ _ 2
+inf 1~ I U2 () Uix) Pdx +—Ldy+ (1)
j1 2p2 j=1 RN M
| j 2 1 2
u! r
L2 n 2
dy + d
M MTm M
=1
vinf ® 1 - I JunlP2 (X) un(x) ™ dx
1! 2p; RN
st un(x) "Pdx + (D), (3.11)
p1+2 RN

where ag = min{2p, 2,p1}.
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i1 Ujj EZ is convergent, there exists jo 1 such that

Note that since the series j

™
J!nI i jo- Uio E . (312)
Letting n and | in (3.11), there exists C > 0 such that
Mo
d du+C . 1,
M M Ui .,
which implies
ig 2
ub M.

Hence, Ulo fz =M, and there exists only one term Ul = 0 in the decomposition (3.5).
Moreover, we deduce from (2.4) (2.6) that E(U10) = dy. This implies that the in mum of

the variational problem (3.1) is attained at Ui, This completes the proof. O
Now, de ne
Sw:= u HYuisaminimizer of the variational problem (3.1) . (3.13)

Then, for any u Sy, we deduce from Euler Lagrange theorem that there exists R
such that

u+ u [ulPtu 1 |ulP? Jul”? 2u=0. (3.14)

Inaddition, ifu Sy, then uisasolution of (3.14),and (t,x)=¢' tu(x) is a standing wave
solution of (1.1). Hence €' tu(x) is the orbit of u(x). On the other hand, for any t 0, if
u is a solution of (3.1), then e' tu(x) is also solution of (3.1), that is, &' 'u  Sy. Applying
Theorem 3.1 and the method of Cazenave and Lions [17], we will show that if the initial
data is close to an orbit in the set Sy, then the solution of (1.1) remains close to the orbit
in the set Sy.

Theorem3.2 LetN 3, 1= 1, = 1,0<p<g,p.=1+%-,and0<M< Q %.If

Assumption 1 holds, then for arbitrary >0, there exists > 0 such that, forany o H?
such that

inf 0 U<,

u Sm

the corresponding solution  of (1.1) satis es
i <
ul@:,l ® u .,

forallt>0.
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Proof First, by Theorem 2.5 we see that the solution  of (1.1) exists globally. Assume by
contradiction that there exist o and a sequence { on},-; such that

: 1
u| IgTVI o,n u Hl < H (315)
and there exists {t,},,-; such that the corresponding solution sequence { (t.)},=; of (1.1)
satis es

ui QL nt) U o (3.16)
From (3.15) and the conservation laws it follows that, as n ,

) n(tn,x) 2dx = ) on(x) Zdx Nu(x)zdx:M
R R R

and
E n(th) =E( on) E(u)=dwm.

Hence { n(tn)},-; is @ minimizing sequence of the variational problem (3.1). We deduce
from Theorem 3.1 that there exists a minimizer Sm such that

n(tn) H1 Or n ' (317)
which contradicts with (3.16). This completes the proof. O

Proof of Theorem 1.1 Let ¢ H!and0<M< Q fz, where Q is a ground state of (1.5).
Then it follows from Theorem 3.1 that the variational problem (3.1) has minimizers. These
minimizers correspond to the standing waves of (1.1). Therefore we obtain the existence
of the standing waves of (1.1). In addition, we deduce from Theorem 3.2 and the de nition

of orbital stability (see [1]) that the standing waves of (1.1) are orbitally stable. O

4 Conclusions

In this paper, we study the orbital stability of standing waves for the nonlinear Schr din-
ger Choquard equation (1.1). There is no scaling invariance for this equation. When 0 <
p1 < % andp, =1+ % by using variational methods and the pro le decomposition of
bounded sequences in H! we show that the standing waves are orbitally stable.
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