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Blow-up phenomena and lifespan for a
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University of Technology, In this paper, we continue to study the initial boundary value problem of the

Zhengzhou, China quasi-linear pseudo-parabolic equation
Ui — Au; — Au - div(|Vul?IVu) = vP

which was studied by Peng et al. (Appl. Math. Lett. 56:17-22, 2016), where the
blow-up phenomena and the lifespan for the initial energy J(ug) < O were obtained.
We establish the finite time blow-up of the solution for the initial data at arbitrary
energy level and the lifespan of the blow-up solution. Furthermore, as a product, we
obtain the blow-up rate and refine the lifespan when J(ug) < 0.
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1 Introduction
In this paper, we investigate the initial boundary value problem of the following quasi-

linear pseudo-parabolic equation:

Uy — Aty — Au — div(|Vu|*1Vu) = u?, (x,t) e Q x (0, T),
u(x,t) =0, (x,8) €92 x (0, T), (1.1)

u(x, t) = uo(x), x e,

where Q C R” (n > 3) is a bounded domain with sufficiently smooth boundary 92, p > 1
and 0 <2g <p—1. T € (0,00] denotes the maximal existence time of the solution.
Problem (1.1) describes a variety of important physical and biological phenomena such
as the aggregation of population [1], the unidirectional propagation of nonlinear, disper-
sive, long waves [2], and the nonstationary processes in semiconductors [3]. In the absence
of the term div(|V«|??Vu), Eq. (1.1) reduces to the following semilinear pseudo-parabolic

equation:

u— Auy — Au=u’, (xt)eQ x(0,7T). (1.2)
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There are many results for Eq. (1.2) such as the existence and uniqueness in [4], blow-up in
[5-8], asymptotic behavior in [6, 9], and so on. Using the integral representation and the
semigroup, Cao et al.[10] obtained the critical global existence exponent and the critical
Fujita exponent for Eq. (1.2). Chen et al. [11] considered Eq. (1.2) with the logarithmic
nonlinearity source term by the potential well methods.

Recently, Peng et al. [12] considered the blow-up phenomena on problem (1.1). By the
way, Payne et al. [13] considered the blow-up phenomena of solutions on the initial bound-

ary problem of the nonlinear parabolic equation
U — diV(,o(|Vu|2)Vu) = f(u).

In addition, Long et al. [14] investigated the blow-up phenomena for a nonlinear pseudo-

parabolic equation with nonlocal source
= Auy — div(|Vul Vi) = o (x, t)[ k(x,y)u?* 1 (y,t) dy.
Q

Finally, we mention some interesting works concerning quasi-linear or degenerate
parabolic equations. For example, Winkert and Zacher [15] considered a generate class
of quasi-linear parabolic problems and established global a priori bounds for the weak so-
lutions of such problems; Fragnelli and Mugnai [16] established Carleman estimates for
degenerate parabolic equations with interior degeneracy and non-smooth coefficients.

Throughout this paper, we use || - ||, = (/o] - 7 dx)llﬂ and || - ||Wé,p =(fo(-P+IV- |1’)dx)1l’
as the norms on the Banach spaces L? = [?(Q2) and Wo1 - Wg’p (€2), respectively. As in

[12], we define the energy functional and the Nehari functional of (1.1), respectively, by

1 2 2q+2 1 p+l
J(u) := §||Vu||2 + 212 Vatllpgeo — il llatll i1 (1.3)
2g+2 1
1) = (' () ) = | Vaell3 + | Vaell iy = Nl (1.4)

Let 1, be the first nontrivial eigenvalue of —A operator in © with homogeneous Dirichlet

condition, then we have

A
L ul?,, e HY(SQ). (1.5)

a2 < 1Vl Vu|? >
llzlly < [1Vull, [ |I2_1+A1 HY?

In order to compare with our work, in this paper, we summarize the blow-up results
obtained in [12] as follows.
(RES1)If0 <2g < p -1, J(uo) <0, and u is a nonnegative solution of (1.1), then u blows

up at some finite time 7', where T is bounded by

2
Up
luollyy

(1-p)J(uo)

T<T := (1.6)

From the above (RES1), we notice that (1) the blow-up rate is not given when J(u) < 0;

(2) the blow-up phenomena and the lifespan are still unsolved when J(z) > 0.
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Motivated by the above-mentioned facts, we investigate these two problems in this
paper. Firstly, we state the local existence theorem of problem (1.1) by Faedo—Galerkin
method (see Theorem 2.1 in [12]).

(RES2) For any ug € Wol ’2q+2(§2), there exists T > 0 such that problem (1.1) has a unique
local weak solution u € L(0, T; Wy *7"(R)) with u, € L*(0, T; H}(S2)) which satisfies

(e, v) + (Vg VV) + (Vi V) + |Vl Vi, V) = (i, v)

for all v e Wy *7(Q).
Our main result of this paper can be stated as the following theorem.

Theorem 1.1 For all 0 < 2q < p — 1, the nonnegative solution u of problem (1.1) blows up
at finite time in H}-norm provided that

(p-Dn

T < S D@+ i)

Izl (1.7)

Furthermore, the lifespan T can be estimated by

8(p + DA+ 1)lluoll?,
T<T,:= 0

< . (1.8)

-1%p-r IIuoII,Z,é =2(p + (1 + A1) (uo)]
Remark 1.1 For the case J(up) < 0, the initial data condition given in (1.7) is obviously
satisfied. Noticing the values of T; and T given in (1.6) and (1.8), we can refine the lifespan
T as

(=11 lluol2
i 0 .
if - somEpem =/ #0) <0;
(=1 lluol2

it /(o) < ~ sprntaprsiTan

T < min{Tl, T2} =
Tl;

2 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by using the following lemma (see [17]).

Lemma 2.1 Suppose that a nonnegative, twice-differentiable function 0(t) satisfies the in-
equality

0"(1)6(t) - (1+7)(0'®)> =0, >0,

where r > 0 is some constant. If 6(0) > 0 and 6’(0) > 0, then there exists 0 < t; < 90 such

0
— r6’(0)
that 0(t) > +oo ast — tj.

Proof of Theorem 1.1 We give the proof in the following two steps.

Step 1: Blow-up. Let u(t) be the solution of problem (1.1) with the initial data satisfying
(1.7). We may assume J(u(¢)) > 0; otherwise, there exists some £, > 0 such that J(u(t)) < 0,
then u(t) will blow up in finite time by (RES1), the proof of this step is complete. So, in
the following, we give our proof by contradiction and assume that u(t) exists globally and
J(u(t)) > 0 for all £ > 0.
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Differentiating (1.3) and making use of (1.1) and (1.4), we have the following equalities:

©70) = Nl ~ 1Vl = el 1)
‘Z<1H nmﬂ)=—nvm@—nVuE$§+nmﬁﬁ
= ~1(u(t)). (2.2)
Since

t
[ 19y s =
0 0

t
/ us(s) ds =
0 H}

0

Ja6) = oy = )] = Nl 220,

by Holder’s inequality, (2.1), and J (o) > J(u(¢)) > 0, we obtain that

1

t 2
|u@)] 1 < Nuolly + 2 | 4s(s) |0 s
5 0 0 0

= lltoll gy + % [J (o) — 1 (1(0))]

[T

NI»—A

< lluoll g +£2 /(1)) >, £ 0. (2.3)

Combining (1.5) and Holder’s inequality, we deduce that

_ A
a2 = (22 ) ol

On the other hand, by (1.3), (1.4), (2.2), and 0 < 2q < p — 1, we obtain

d(1 p-1 p-2q-1 ’
E(EHL‘“)”ffé) = o vl + P vt 5 ~ o+ 17 (t0)

1A —2g-1( a \*T' roro
—2u+A)H Ol + 242 (1+M> 127 [u@]
-+ l)l(u(t))
- (p+ 1)1 +21)
> LoD Doy - L ) |

Since 4 ZUw(?))) <0, it follows from the above inequality that

d 2 (p+D(A+1r)
510l - L ) |

=DM (p+1)(1+21)
> B ol - 2 ) |

Let

p+1)1+ Al)]

1
HO = 5 [u0) [y - =5 =55 (@),
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d (-1
—H(t)> —H(t
dt = 1+2 ®

for all £ > 0. By using Gronwall’s inequality, we get

=1y,

H(t) > e 71 "H(0).

Noticing that H(0) > 0 via (1.7) and the assumption J(u(¢)) > 0 for ¢t > 0, we deduce

(-1
|W@M%Z¢§ﬁ6ﬁﬁ%f £>0,

which is a contradiction with (2.3) for ¢ sufficiently large. Hence, u(t) blows up at some
finite time, i.e., T < o0.
Step 2: Lifespan. We will find an upper bound for 7. Firstly, we claim that

1(u®) = | Vu®|; + [Vu@) |50, - Ju@]) <0, tel0,D). (2.4)

Indeed, combining (1.3) and (1.4), after a simple calculation, we get

r-1 pP—2q-1 +
1(w®) = 505 Ve @+ 5o V40 g
* ll(u(t)), telo,T). (2.5)
It follows from (1.5), (1.7), and (2.5) that
(p — 1))\.1 2 p -1 )\1 2 1
m””c”,{é >J(uo) = 2+ ) 14, o1l 71 +p+ 11(140),

where we also use 0 < 2q < p — 1, which implies I(zy) < 0. Hence, if (2.4) does not hold,
there must exist ¢y € (0, T') such that I(u(t)) = 0, I(u(¢)) < 0 for t € [0,%). Then, by (2.2),
we obtain that ||z(z) II?{1 is strictly increasing on [0, Zy). Then it follows from (1.7) that

0

. »-Dh
2(p + 1)(1 + Aq)

(p-Dn 2

J(u0)

2
U
ool

On the other hand, combining (2.1) and (2.5), we get

-1 -2q-1 + 1
J(uo) > ](M(to)) = % ” Vu(fo)nz + W Hvu(to)HZé + Iml(u(to))
-1\ 2
= 2pr 0w 1

which is a contradiction with (2.6). Hence, I(u(t)) < 0 and || u(t) IIZ1 is strictly increasing on
0
[0,T).

Page 5 of 10
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We define the functional
t
F(t):/ ||u(s)||i,é ds+(T—t)||uo|If{5 +Bt+y), telo,T),
0

with two positive constants 8, y to be chosen later. Since ||M(t)||]2L[1 is strictly increasing,
0

we get

F'(t) = @)1~ ol + 26 + )

:/Ot%“u(s)”ié ds+2B(t+y)=2B(t+y)>0 (2.7)
and
F'(t) = %”u(t) I3 +28
= (- 1| Vui) |2 + ’% [ V()| 505 = 20 + 1) (u(2) + 28
> (”111;?1 @]} +2(+ D) /0 t a3y s = 2p + 1) (o). (2.8)
Noticing that

F(0) = Tlluollyy + By* >0
and
F'(0) =28y >0,
by using Young’s inequality, Holder’s inequality, and the element algebraic inequality

ab +cd <Na?+2Vb?+d?,

we can deduce

£(0) = ( /0 ||u(s>||f{éds+ﬁ(t+y)2)( /0 IIMSII,Z,édHﬁ)

‘1d 2
- </0 E%HM(S)”Z& ds+ B(t + y))

>0.

Hence, it follows from the above inequality and (2.7) that

t d 2
() =4[y [ o2 )]

2 d 3
:4(s<t>—(F(t)—(T—t>||uo||f,01)(fo %nu(s)MHédHﬂ))

td
> —4F(t)< fo @ a2y s+ ,s).
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By the above equality, (2.8), and the fact that ||u(z) ||1%11 is strictly increasing, we have
0

td
F(t)F'(t) - 1%1 (F())’ > E@) [F”(t) —2(p+ 1)( /0 = [[uas) ||,2{é ds + ,B>:|

(p— Dk

=2+ I)F(t)[Z(p T+ A)

oIy —J (ut0) - /3].
From (1.7), we can choose g sufficiently small such that

p-1n

0<h=ho= o D+ )

||M0||f{é —J(uo). (2.9)

Then the conditions of Lemma 2.1 are satisfied with r = 1%1, so we have

2
2F(0 lluoll7
< HO TV v (2.10)
-DF©O) @E-DBy p-1
Fixing arbitrary 8 satisfying (2.9), then let y be sufficiently large such that
Il
<Y < +00,
w-Dp "7
then it follows from (2.10) that
2
by 2.11)

T < —
(- DBy — luoll?,
0

Define a function Tg(y) by

. 8y luoll2y
)= o Dpy - iz, 7 ((p—l)ﬁ’+°°>'

It is easy to prove that the function Tg(y) has a unique minimum at

2ol Mol
o € ((p—l)ﬂ’m)‘

Then it follows from (2.11) that

4||Mo||i15
T < inf Te(y)=Tp(yp) = —— .
ol g P -1

ye( @71)/3 ,+00)

for any B satisfying (2.9). Finally, we obtain

Mluol,  luoll?, 8(p + (1L +a1)lol2,
T < inf L - 0 - 0 .
= el p=128 - 17F0 (- 1P1p— DiallolZ, — 200+ DL+ A0 (o))

This completes the proof of Theorem 1.1. g
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Corollary 2.1 Forall 0 <2g<p— 1 and any M > 0, there exists initial uoy € Wol’qurz(Q)
such that the weak solution for corresponding problem (1.1) will blow up in finite time.

Proof Let M > 0, and ©2; and 2, be two arbitrary disjoint open subdomains of Q2. We
assume thatv € Wol’qurz(Ql) - Wol’zqﬂ(Q) C H}(R) is an arbitrary nonzero function, then

we can take a3 > 0 sufficiently large such that

||a1v||;1:af/ |v2|dx+a§/ |Vv|2dx:a§/ WV |dx+al | |Vv[*dx
0 Q Q oh Q1

2+ 1)1+ 2q)
(p-Dr

We claim that there exist w € Wol '2q+2(522) C Wol ’2q+2(Q) and o > o such that J(w) = M —

J(av).

In fact, we choose a function wy € C}(£2,) such that | Vw2 > k and ||w |« < co. Hence,

1 1 1
—/ |Vwi|? dx + f IVwe?7 2 dx — —— | |wilPldx
2 Q 2g+2 Q p+1 Q

1 ) 1 ) T A B
=5 | IVwilTdx+ €227 [VwilPdx ) = ——c" 1]
2 Ja, 2g+2 Q p+1

On the other hand, since 0 < 2g < p — 1, it holds that

o 2a+2
M—J(av)=M - —/ |Vv|?dx — / V|22 dx
2 Q 2q +2 Q

ap+l

+1

/ Pl dx — +00, asa — +00.
Q1

Hence, there exist k > 0 and « > ;7 both sufficiently large such that

1 1
M—J(av) = —/ |Vwe |2 dx + Vw242 dx — —— |we|P*t dx.
2 Ja, 2q+2 Jg, p+1Jg,

Then we choose w = wy and denote ugr := av + w. Hence, we have

uoml?) = w2 | dx + Vuom|? dx > o? V| dx + ® Vv|? dx
H. oM
0 Q Q Q1 Q1

20+ 1)(1 +Aq)
(p-Dr

and

(p— D

M =J(ev) +Jw) =] wonr) < 5 "=

2
llotont -

The proof is complete. 0

Remark 2.1 In this remark, we establish the blow-up rate for J(u() < 0. We define the func-
tionals ¢(t) = ||u(t)||]2_11 and ¥ (¢) = =2(p + 1)J(u(¢)) as these in [12]. It was shown in (4.8) of
0
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[12] that

AN IO
1% [p(0)]

Now, we integrate the inequality from ¢ to T, noticing lim,_, 7- ¢(£) = +o0 (by (RES1)), we

obtain
ot) < [@;)Wp(g)} ﬁ.
2[p(0)] =

Then it follows from the definitions of ¢(¢) and v (¢) that

2 o
%]1 p(T—t)’ﬁ.
||uo||Hé

o] = |
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