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1 Introduction and main results
Consider the existence of weak solutions for the following nonlocal Kirchhoff type prob-

lem:

—(a+b [o|Vul*dx)Au=f(x,u) ing,
u=0 on BQ,

(1)

where Q is a smooth bounded domain in RN (N > 1), a > 0, b > 0 are real numbers, and
the nonlinearity f € C(Q x R, R).
Problem (1) is analogous to the stationary case of equations that arise in the study of

string or membrane vibrations, that is,

Uy — <a+bf |Vu|2dx>Au = f(x, u),
Q

which was first proposed by Kirchhoff (see [3]) in 1883 to describe the transversal oscil-
lations of a stretched string. Especially, in recent years, many solvability conditions with
f (or F) near zero and infinity were considered to study the existence and multiplicity of
weak solutions for problem (1) by using variational methods, for example, the nonlinear-
ity f is asymptotically 3-linear at infinity (see [4, 6, 9]), the nonlinearity f is 3-suplinear
at infinity (see [5, 7, 9]), and the nonlinearity f is 3-sublinear at infinity (see [9]). In this
paper, motivated by [2, 7, 8], we prove the existence of at least two nontrivial solutions for
problem (1) by using the variational method.
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Let H} (S2) be the usual Hilbert space with the norm

1
2
||| = (/ |Vu|2dx> for any u eHé(Q).
Q

From the Rellich embedding theorem, the embedding H3(2) < L?(R) is continuous for

any 0 € [1,2*] and compact for any 6 € [1,2*), where 2* = +o0 if N = 1,2 and 2* = % if
N > 3. Moreover, for any 0 € [1,2*), there is a constant 7y > 0 such that
lullzo < ollul for any u € Hy(R), (2)

where || - || ;o denotes the norm of LY (). Let m(x) € C(Q2) be positive on a subset of positive

measure, the following eigenvalue problem

—Au=Am(x)u in €,
u=0 on dQ2

®3)

has a sequence of variational eigenvalues {1¢(m2)} such that A, (m) < Ap(m) < - - - < A (1) —
o0 as k — 00. Let M(x) € C(S2) be positive on Q. For the following nonlinear eigenvalue

problem

—Null?Au = uM@x)u®  in L,
u=0 on 0€2,

(4)

we define
w1 (M) = inf{ lul*:ue Hg(sz),/ M(x)u* dx = 1}.
Q

Similar to Lemma 2.1 of [9], we can prove that p;(M) is the first eigenvalue of (4) and
positive. Moreover, there is an eigenvalue CI>11\4 such that d>11" >0in Q.

Let mo(x) € C(Q) be positive on a subset of positive measure and m4,(x) € C(Q2) be
positive on 2. Assume that

2F (x,t
mlino a(; ) =mp(x) uniformlyinxe Q, (5)
4F (x,t
|t\féo b(; ) =My (x) uniformlyinx e Q, (6)
I l‘im (f(x, )t —4F(x,£)) = +o0  uniformly in x € Q, (7)
t|—o0

where F(x,t) = fot f(x,5)ds. We are ready to state our main results.

Theorem 1 Let N = 1,2,3, and assume that the function F satisfies (5) with Ax(mg) <1 <
Aii1(mo) for some k > 1 and (6), and there exist 4 < p < 2* and ¢y > 0 such that

[fe,6)] <co(1+1tP7")  forany (x,£) € Q x R, (8)
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then problem (1) has at least two nontrivial solutions in each of the following cases:

(i) u1(me)>1or
(if) w1(moo) =1 and (7) hold.

Theorem 2 Assume that the nonlinearity F satisfies (5) with  i(mg) < 1 < Agy1(mo) for
some k > 1 and the following condition:

f(x,1)

m
|t|—00 |t|p—1

=0 uniformlyinx € Q, &)

where p =4 if N =1,2,3 and p = 2* if N > 4, then problem (1) has at least two nontrivial
solutions.

Remark If N =1,2,3 and the nonlinearity f is 3-suplinear at infinity, Sun and Tang in [7]
obtained a nontrivial solution for problem (1) by using the local linking theorem due to
Li and Willem. In [8], when the nonlinearity F is some asymptotically 4-linear at infinity,
Yang and Zhang proved the existence of at least two nontrivial solutions for problem (1)
by means of the Morse theory and local linking. Since p = 2* < 4 (N > 4), condition (9)
implies that the nonlinearity f is 3-sublinear at infinity. Hence, our results are the com-
plements for the ones of [7, 8].

2 Proof of the theorems
Define the functional I : H}(£2) — R as follows:

b
1) =l + 5l - /Q Flx,u) dx. (10)

From (8) (or (9)), by a standard argument, the functional I € C}(H}(Q),R), and a weak
solution of problem (1) is a critical point of the functional I in H}(S2).

Recall that a sequence {u,,} C Hj () is called a (PS), sequence for any ¢ € R of the func-
tional I on H}(Q) if I(u,,) — cand I'(u,) — 0asn — oo. The functional I is called to satisfy
the (PS). condition if any (PS). sequence has a convergent subsequence. We will prove our
theorems by using the following three-critical-point theorem related to local linking due
to Brezis and Nirenberg (see Theorem 4 in [1]).

Theorem A Let X be a Banach space with a direct sum decomposition X = X1 @ X, with
dimX; < co. Let I be a C* function on X with 1(0) = 0 satisfying the (PS) condition, and
assume that, for some R > 0,

I(u) <0 forueXy,|ull <R,
I(u) >0 forueXy, |ull <R.

Assume also that I is bounded below and infy I < 0. Then I has at least two nonzero critical
points.

Proof of Theorem 1 (a) The functional [ satisfies the local linking at zero with respect to
(Vio Vi), where Vi = G}le ker(—=A — ;(myp)) and Vi+ = @/, ker(=A — A;(mp)) such that
H{(Q) = Vi Vi



Ou and Li Boundary Value Problems (2018) 2018:158

In fact, from (5), for any ¢ > 0, there is a positive constant Ly such that
|2F(x, t)— zzmo(x)t2| <aet* foranyxe Qand |t]| < Lo.

Combining the continuity of F, (8), and the above inequality, there is My = My(g) > 0 such
that

F(x,t) > gmo(x)t2 — %tz —My|tlP forany (x,t) € 2 xR, and (11)

F(x,t) < gmo(x)t2 + %LJ + Mp|t]P forany (x,£) € 2 X R. (12)

For any u € Vi, from (2), (10), and (11), it follows that

b a a as
I(u)s—||u||4+—||u||2——/mo(x>|u|2dx+—f |u|2dx+Mo/ Wl dx
4 2 2 ) 2 /o o

a 1 b
=5 (1 ~ omo) + 8122> llul|* + 1 [ + Mot llull”. (13)
On the other hand, for any u € Vkl, from (2), (10), and (12), we obtain

b a a ae
I(M)z—||u||4+—||u||2——fmo(x>|u|2dx——f |M|pdx—Mo/ up? dx
4 2 2/, 2 o o
a 1 b
> (1 — 2V ull® + = ||ul|* = Myt? || u|?. 14
_2( —o 2>|| 12+ 2 el ~ Mol (14)

Noting that Ax(m9) < 1 < Akea(mp) and 4 < p < 2%, (13) and (14), let ¢ = min{(1 -
Mi(m0)) A (mo), (Aks1(mo) — 1)/ Ars1(m0)} /273, there is a constant 7o > 0 such that

I(u) <0 forany u € Vi with 0 < |u| < ro,

I(u)>0 foranyue VkL with 0 < ||u| < ro.
(b) The functional I satisfies the (PS) condition. To the end, it suffices to say the func-
tional / is coercive on H} (), i.e., I(u) — +00 as ||u| — oo.
If 1 (mso) > 1, by (6), for any € > 0, there is L; > 0 such that
’4F(x, t)— bmoo(x)t4| <bet* foranyxec Qand |t]| > L,.
Hence, from the continuity of F, there exists M; = M;(g) > 0 such that
b . be ,
F(x,t) < Zmoo(x)t + Zt +M; forany (x,£) e QxR (15)

From (2), (10), and (15), we obtain

b b b.
I(M)zZnun‘%gnunz—Z/Qmoo(xnur*dx—ffﬂmﬁdx—Mum

b 1 4 4
>—|1- —ety |llull® — M€,
4 m1(mso)

Page 4 of 7
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where |2| denotes the Lebesgue measure of Q. Hence, for ¢ > 0 small enough, it follows
that the functional I is coercive on Hg ().
If w1(ms) = 1 and (7) hold, let

H(x,t) = F(x,t) - Zmoo(x)t4.

By a simple computation, it follows that
H'(x,8)t —4H(x,t) = f (x, t)t — 4F (x, £).

From (7), for any M, > 0, there is Ly > 0 such that
H'(x,t)t —4H(x,t) > M, foranyx € Q and [¢| > L,.

Hence, we have

i(H(x,s)) _ H'(x,s)s — 4H (x, s) - M,

— foranyx € Qand |s| > L,.
ds st $° T8 Y -

Integrating the above expression over the interval [¢, T] C [L;, 00), we obtain

H(x,t) <H(x,T) My (1 1
+ _ _— e —
T T 4 \ 1% 4
Noting that limr|—, oo H(, T)/T* =0, let T — +00, we obtain H(x,t) < —M,/4 for t > L,
and x € Q. Similarly, H(x,£) < -My/4 for t < —L, and x € Q. Hence, from the arbitrariness
of M, (> 0), we have

lim H(x,t) =—oc uniformlyinx e Q.

|¢]—o00

Moreover, from the continuity of F, there is a positive constant M3 such that
H(x,t) <Mj3 forany (x,t) € Q2 X R. (16)

If the functional I is not coercive on H}(S2), there are a sequence {u,} C Hi(2) and a
positive constant My such that |lu,|| — oo as n — oo and I(u,) < M,. By the definition
of 1 (mu) and (M) = 1, we have that [, oo (x)|u,|* dx < ||u,||*. Hence, from (16), it
follows that

b a b
My > I(uy) = Zuunnhgnunuz—;}/moo(x)|un|‘*dx—fH(x,un)dx
Q Q

b a b

> Z||un||‘*+5||un||2—L—L/Qmoo(x)mnr*alx—Ms|s2|
a

> 2l My 12

— +00 asn— O,

which is a contradiction, and the conclusion is proved.
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(c) From (b), we have that the functional I is bounded from below. From the fact that
I(u) < 0 for any u € Vi with 0 < |lu|| < ro, we have infue]-l(}(sz) I(u) < 0. Moreover, 1(0) = 0.
Therefore, Theorem 1 is proved by Theorem A. d

Proof of Theorem 2 First of all, from (a) of the proof of Theorem 1, we have that the func-
tional ] satisfies the local linking at zero with respect to (Vx, VkJ-). And then, we know from
(9) that f(x,t) is 3-sublinear at infinity, which implies that the functional [ is coercive on
H}() by a standard argument. We obtain that the functional / is bounded from below
and satisfies the (PS) condition for N = 1,2,3. In the following, we only prove that the
functional I also satisfies the (PS) condition for p = 2* (N > 4), where f(x,t) is not only
3-sublinear at infinity, but also is asymptotically critical growth at infinity.
In fact, let {u,} be a (PS) sequence of I, that is,

I(u,) — ¢, I'(u,) —> 0 asn— oo. (17)
Noting that the functional / is coercive on Hg (2), we obtain that {u,} is bounded in H} ().

Going if necessary to a subsequence, we can assume u, — u in H} (), and by the Rellich
theorem, u, — u in L'(2) (1 < r < 2*). From (17) and the boundedness of {u,}, we have

(I’(u,,),un - u) = (a + bllun||2) / Vu,(Vu, —Vu)dx + /f(x, u,) (U, —u)dx — 0 (18)
Q Q
as n — 00. From (9), for any ¢ > 0, there is M5 > 0 such that
V(x, t)| <eltf™' + M5 forany (x,£) € Q2 x R.

Hence, from Holder’s inequality, (2), the boundedness of {u,}, and the arbitrariness of ¢,

we have

/f(x, u,)(u, —u)dx
Q

< /(e|un|P-1+Ms)|un—u|dx
Q
-1
< s/(|un|f’+|un|" ual) e + M|l 1ty —
Q

p-1
< elluallyy (lunllze + lutlle) + Ms i, — ull 2

— 0 asun— Q.

Combining with (18), we have
/Q Vu,(Vu, —Vu)dx— 0 asn— oo.
Since u,, — u weakly in H} (), we have
/;}Vu(Vun —Vu)dx— 0 asn— oo.

Then u,, — u strongly in H&(Q) as n — o0.
At last, similar to (c) of the proof of Theorem 1, Theorem 2 is proved. g
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