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Abstract

This paper is concerned with the initial-boundary value problem for a class of
thermoelastic plate systems. Under some appropriate assumptions, the global
existence of solutions is obtained.
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1 Introduction
In this paper, we study the following initial-boundary value problem for a class of ther-
moelastic plate systems:

Uy + A%u —g(||Vu||iz(m)Au —Aug + VA0 =f(u), (x,t) € 2 xR, w1
6 —wA0 — (1 - ) [~ k(T)AO(E - T)dr —vAuU, =0, (x,8) €2 xR*, '

with boundary conditions

u=Au=0, (x1t)e€d x[0,00),

(1.2)
0=0, (xt)cdf2 xR,
and initial conditions
u(x, 0) = up(x), u;(x,0) =u1(x), x€82,
(%,0) = uo(x) +(%,0) = uy (x) (L3)

0(x,t) = Op(x, ), (x,t) € 2 x (—00,0],

where £2 is a bounded domain of RN (N > 1) with a smooth boundary 32,0 < w < 1, and
v > 0. The function g, external force f and memory kernel k will be specified later.

It is well known that temperature gradients in a plate will contribute to plate deforma-
tion. Problem (1.1)—(1.3) can be used to describe the deformation and the temperature
distribution of a homogeneous, isotropic and thermoelastic thin material with memory,
see [1, 2] for the details. Functions u(x, £) and 6 (x, ) represent the displacement and tem-
perature variation field relative to the equilibrium reference value, respectively. The cases
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o =0and 0 < w < 1in (1.1); are usually referred to as the Gurtin—Pipkin model [3] and the
Coleman—Gurtin model [4], respectively. In the absence of thermal effects, (1.1) reduces
to an extensible plate equation. This class of equations model the vibrations of extensible
elastic beams (when N = 1) and plates (when N = 2), and have been extensively investi-
gated (see, e.g., [5—11] and the references therein).

Wu [12] studied

Uy + A?u— Au, + A +f(u)=0, (xt) e xR,
O _fooo k(T)AO(t—1)dr — Au, =0, (x,t) € 2 x RY,

subject to (1.2) and (1.3). Under the assumption f € C?, the author obtained the global
existence and uniqueness of solutions, as well as the existence of global attractors. More-
over, when f is assumed real analytic, the convergence of global solutions to a single steady
state, as time goes to infinity, was proved and also an estimate of the convergence rate was
provided. Barbosa and Ma [13] investigated problem (1.1)—(1.3) by adding an extra ex-
ternal force 4 to (1.1);. Using the assumptions g,f € C!, the authors derived the global
well-posedness of solutions, the existence of global attractors with finite fractal dimen-
sion, and the existence of exponential attractors.

In the present paper, our purpose is to tackle the global existence of solutions to prob-
lem (1.1)—(1.3) under weaker assumptions on g and f. As in [12, 13], we employ the past
history approach [14, 15], so that problem (1.1)—(1.3) can be transformed into an equiv-
alent system in the history phase space. By means of the potential well theory [16, 17],
we establish the theorems on global existence of solutions by discussing the level of initial
energy.

This paper is organized as follows. In Sect. 2, some assumptions on g, f and k are dis-
played. Moreover, problem (1.1)—(1.3) is transformed into an equivalent system, and the
main results of this paper are stated. In Sect. 3, the global existence of solutions with sub-
critical initial energy is established. In Sect. 4, the global existence of solutions with critical
initial energy is derived.

2 Preliminaries and main results
2.1 Notations and assumptions
Throughout the paper, for simplicity, we denote

- llp =1 llzec2), - 1=1 o
Moreover, (-,-) denotes either the L2-inner product or a duality pairing between a space
and its dual space.

We make the following assumptions on g, f and k, respectively.
(A1) g€ C(R), g(z) >0, and there exists a constant « > 0 such that «G(z) > zg(z), where

6e)- [ gy
0
(A2) f € C(R). There exists a constant 8 > 0 such that |f(u)| < B|u|P~!, where

if N > 4.

. 2N
2<p<oo ifN<4, 2§p<N
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Moreover, there exists a constant y > 2& such that uf(u) > yF(u), where & :=

max{1,«a} and

F(u) = /Ouf(s)ds.

(A3) k € C3(R*), k(r) > 0, K'(r) <0 and k”(tr) > 0 for all T € R*. In addition, u() :
-1 - w)k' (7).

2.2 Reformulation of the problem

We define the auxiliary variable

Yi(x, 1) = /OTQ(x,t—s)ds, (v,7)e 2 xR t>0.
Thus

-1-w) /OOO k(T)AO(t—1)dr =— /-Ow w(t) Ay (r)dr.

Consequently, in view of [15, p. 165], problem (1.1)—(1.3) is transformed into the following

equivalent system:

Uy + A?u—g(|Vul|?) Au— Aug + VA = f(u), (x,t) € 2 x RY,
0, — wA6 — fooc w(@AYH(t)dr —vAu, =0, (x,t) € 2 x RY, (2.1)
Vix,t)=0(xt) - Yllx 1), (*1)€R2xRY,£>0,

with boundary conditions

u=Au=0, (x1)€dR2 x[0,00),
0=0, (xt)ecdf2 x|[0,00), (2.2)
Yix,1)=0, (x1)€df2 xR, t>0,

and initial conditions

u(x’ 0) = MO(x)’ ut(xr O) = ul(x)r
6(x, 0) = Op(x), (2.3)
l/fo(x; T) = 1;[/O(xr T):

where

90(95) = 90(x1 0)) X € Q’

Yolx, 7) = /T 0(x,—s)ds, (x,7) e 2 x R*.
0
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2.3 Statement of main results
We introduce a weighted L2-space

oo
L:=L1; (R Hy(2)) = {1// R — H3(9)|/ ,LL(‘L')||VI//(‘L’)“2C1T < oo},
0
which is a Hilbert space equipped with the inner product

(I/f,go)c=/0 w(t)(Vyr, Vo) dr,
and the norm
2 _ [T vy |?dr.
112 /0 WOV de

Definition 2.1 (u(¢),0(£),v") is called a weak solution to problem (2.1)-(2.3) if u €
L®(0, T; HX(2) N HY(£2)), ur € L%(0, T HY(R2)), 6 € L=(0, T;L*(£2)), ¥' € L>(0,T; L),
u(x, 0) = L{()(x), ut(xr 0) = Ml(x)’ 0(x7 0) = Ho(x)r Wo(x, T) = Iﬂo(x, 'L'), and

(eer 1) + (Aut, A1) + (g(IVUll?) Vit, Voor ) + (Vige, Voor) = v(V0, Vo) = (f(w), 1),
(61, 92) + 0(VO, V) + (¥, 02) , + v(Vity, Vi) =0,

(1//;’(p3)£ = (97 ‘/’3)£ - (1/f£, 903)5;
for any g1 € HX(2) N H}(£2), 92 € HY($2), 93 € L and a.e. t € (0, T].

The energy associated with problem (2.1)—(2.3) is given by
1 1 1 1
E(t) = Ellbttll2 + EIIVMtII2 + EIIAMII2 + iG(IIVullz)
1., 1 2
+ 5||9|| +s v —/QF(u)dx.
Furthermore, we define the energy functional
1 1 1 1
T (w0, 9%) = S Aull® + ZG(IVull?) + S 1017 + 5 || —/ F(u)dx,
2 2 2 2 o
and the Nehari functional
2
1(,0,9°) = I Aull® + g(IVul?) I Vull® + 1617 + | v*] —f uf (1) .
2
Thus, all nontrivial stationary solutions belong to the Nehari manifold defined by

N ={(w6,9") € H\{(0,0,0)}11(w,0,4) = 0},

where H := H*(£2) N H}(£2) x L*(£2) x L. Then the mountain pass level of J can be char-
acterized as

— 3 t
d= (u,e,ll//nfge/\/](u’e’ ¥ )
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We introduce the potential well

w

{(0,6,9") € HII(,0,¥*) >0,](,6,¥*) <d} U{(0,0,0)},
and let
Wi=WUIW ={(4,0,9") € HII(u,0,¥*) > 0,](u,0,¥") <d}.

The main results of this paper are stated as follows.

Theorem 2.1 Let assumptions (A1)—(A3) be fulfilled, uy € H*(2) N Hy(£2), uy € Hy($2),
0y € L*(82), Yo € L. Assume that 0 < E(0) < d, and I(ug, 00, Vo) > 0 or (10,00, Vo) = (0,0,0).
Then problem (2.1)—(2.3) admits a global solution (u,0,y¥*) € W. Moreover,

E@®) + w/t V6% dr < E(0). (2.4)
0

Theorem 2.2 Let assumptions (A1)—(Asz) be fulfilled, uo € H*(2) N HY(£2), uy € H}(R2),
0o € L2(R2), Yo € L. Assume that E(0) = d and I1(u, 6o, ¥o) > 0. Then problem (2.1)—(2.3)
admits a global solution (u,0,y") € W.

3 Proof of Theorem 2.1
Let {w;}2°, be an orthogonal basis of H*(£2) N H (£2) and let an orthonormal basis of L*($2)

be given by eigenfunctions of

A?w=Aw, in £,
w=Aw=0, onaf2.

M
1
A3

U

where {/;}?2, is an orthonormal basis of Li(R*). Then {ej};?jl is an orthonormal basis of L.

Then {v; ;?fl is an orthonormal basis of H} (£2), where v; = —. We select {ej}]‘?f1 as {lkvj},ifj’.zl,

We construct the approximate solutions to problem (2.1)—(2.3) as
n n
un(%,t) = Y Eu(Owi@),  Oulxt) = Y min()vi(a),
j=1 j=1

Yhx, ) = Zg,,(t)e,-(x,r), n=12,...,

j=1

which satisfy

(Uit W) + (Att, AW)) + (@I Vit |*) Vit, Vi)

+ (Vi Vwy) = v(VO,, Vw)) = (f (1), w)),
(Oner vj) + 0(VO,, V) + (W, v)) £ + v(Vity, V) = 0,
Wine)e=One)e—(Wine)e, j=1,2,...,m,

Page 5of 11
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with

un(x,0) = 271, §n(0)w;(x) — uo(x)  in H*(£2) N Hy(£2),
e (%,0) = 37, &7, (0)w;(x) — w1 (x)  in Hy($2),

0u(%,0) = 37, 0jn(0)v;(x) — Oo(x)  in L*(£2),

Yo, T) =3 Gn(0)ei(x, T) = Yo(x, T) in L.

(3.2)

The approximate problem (3.1)—(3.2) can be reduced to an ordinary differential system
in the variables &;,(t), 1,,(t) and ¢, (¢). In terms of standard theory for ODEs, there exists
a solution (u,(¢),0,(t), ¥.) on some interval [0, T,;) with T, < T. The following estimates
will allow us to extend the local solutions to [0, T'] for all T > 0.

Multiplying (3.1); by Sj’n(t), (3.1)2 by nj,(£), and (3.1)3 by &;,(¢), summing over j, and

adding the two results, we obtain

d
B @+ lVOI* ==V v) s (3.3)
where
1 1 1 1
En() = el + SVt I + Sl At + - G(11 Vs ?)

1 1
+ §||9n||2 + EH vE —/ F(u,) dx. (3.4)
2

Since ¥/ (x,0) = 0, we deduce from (A3) that

t t 1 008 t 1 oo/ t
Wi ¥)e=3 [ g w@IvviP)ar=3 [ wolvuie) e
>0.

Hence, by integrating (3.3) with respect to ¢ from 0 to ¢, we get
t
Eu(6) + a)/ IV0,[>dt < E,(0). (3.5)
0
We now claim that

(#(£),604(2), ) €W, (3.6)

for all ¢ € [0, T'] and sufficiently large n.
Indeed, if(uo, 90, wo) = (0, 0, 0), then (I/t(), 9(), wo) eW. If](l/t(), 90, 1#()) > 0, then, from E(O) <
d,ie.,

1 1
§||141||2 + §||VM1||2 +J (1o, 60, ¥0) < d,
it follows that J(uo, 60, ¥0) < d. Hence (uo,60, Vo) € W. Thus (u,(0),6,(0),¥?2) € W for

sufficiently large # due to (3.2). As a result, assertion (3.6) follows as desired. If it was
not the case, there would exist a 0 < £y < T such that (u,(t),0,(to), ¥i0) € W, ie.,
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Ity (to), 0 (t0), Y1) = 0 and (4, (to), 64 (t0), V) # (0,0,0), or J(u,(to), 0u(to), ¥) = d. Due
to (3.4), (3.5) and (3.2), we get

1 1
3 2t |1 + 5 IV e 1> + T (s, 0, ) < d, (3.7)

for all £ € [0, T] and sufficiently large #. This tells us that J(u,,(¢), 6,,(¢o), Ul =dis impos-
sible. On the other hand, if I(u, (), 6,(to), ¥°) = 0 and (1,,(o), 0, (t0), ¥.2) # (0,0,0), then,
by the definition of d, we get J (u,(0), 04 (to), 1) > d, which contradicts (3.7).

We deduce from (A;) and (A,) that

NV —2a
](un: On) lﬁy,) = 2&)/

(1 Al + g1V 412 [ V2t |2 + 16,17 + 0] )
L1600,
'}/ mVnr ¥y
Combining this with (3.4)—(3.6) and (3.2), we arrive at

y -2
20y

2
(1 Auall® + g(IV 1) I Vet 1> + 101 + | 05 )
1 2 1 2 ! 2
+ Sl + S IVl + 0 | VO] dr <d, (3.8)
0

for all ¢ € [0, T'] and sufficiently large n. Moreover,

q 20y 5
[f @) |? < B Nually < BACE N AunlP < pACE( —5=4d )
q » * \y -2a
where g = 1%, and C, is the constant for the Sobolev embedding H?(2) N H}(£2) —
L7(2).
Hence there exist (&, 0, ¢¥*) and subsequences of {u,}, {0,}, {¥/}}, still represented by the
same notations (and we shall not repeat this), such that, as n — oo,

uy, — u  weakly star in L°(0, T; H*(£2) N Hy(£2)), (3.9)
u, — u strongly in L?(£2) and a.e. in £2 x [0, T, (3.10)
un — u;  weakly star in L(0, T; Hy (£2)), (3.11)

6, — 6 weakly star in L™(0, T; L*(£2))
(and weakly in L*(0, T; Hy (£2)) if w > 0), (3.12)
vt —y'  weakly star in L*(0, T; £), (3.13)
Sfun) = x  weakly star in L*(0, T; LY(£2)),

for any T > 0. In view of [18, Lemma 1.3], we have x = f(u). According to the Aubin—Lions

lemma, we have

u, — u strongly in 1? (0, T; H&(Q)),
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which, together with (3.8), (3.9) and (3.11), gives

u, — u  strongly in C(0, T; Hy(£2)). (3.14)
Therefore, by the arguments similar to the proof given in [14, p. 343-345], we can pass to
the limit in the approximate problem (3.1)—(3.2). Thus (1,0, ¥*) € W is a global solution

to problem (2.1)—(2.3).
Next, we prove (2.4). Indeed, note that

1G(IIVual®) - G(IVul®)| = folgwl)do!nwnnz— IV ul||
< C1||Vuy — Vul,
where 9 = 0| Vi, ||> + (1 — )| Vu||?, 0 < o < 1. Hence it follows from (3.14) that
lim G([IVaul®) = G([IVue]?). (3.15)

Furthermore,

/gF(u,,)dx—/gF(u)dx

S/Qlf(ﬂz)“lfin—mdx

= Hf(l92) ”q”un - u”p

< Collun — utllps
where ¥, = ou, + (1 — o)u. This, together with (3.10), yields
lim | F(u,)dx= f F(u) dx. (3.16)
n—00 0 0
Consequently, by (3.9), (3.11)—(3.13), (3.5), (3.15), (3.16) and (3.2), we obtain
1 1 1 1 1 t
§||ut||2+5||Vut||2+§||Au||2+5||9||2+5||1/ft||i+w/0 Ivol* de
.1 1 1 1 1
< hnrgggf(5||um||2 + oIVl + S AP+ 1007 + 2 a2
t
+a)/ ||V(9,,||2dr>
0
o 1 2
<liminf( £,(0) - =G(IVuul?) + [ F(u,)dx
n—00 2 Q
1
=E(0) - =G([IVull®) +f F(u) dx.
2 2
Thus the proof of Theorem 2.1 is complete.

4 Proof of Theorem 2.2
We divide the proof of this theorem into two cases.

Page 8 of 11
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Case 1. (uo, 60, Vo) 7 (0,0,0).
Let 8, =1— L, tt0 = 8,utt0, Omo = 8,mB0 and Yo = 8,u 0, m = 2,3,... . We consider prob-

m’

lem (2.1)—(2.2) with the following initial conditions:

u(x,0) = to(x), uy(%,0) = uy(x),
0(x,0) = O,0(x), (4.1)
lﬁo(x: 7:) = wrnO(x: ‘E).

From I(M(),QQ, l[fo) >0,
n_ Lo 2 1 o Lo
7(6u,86,69) = 58| Aul + S G(Vul?) + 567 6]
1 2
- /9 Flsu)dx,
and
t d t
1(61,60,69") = 57 (61,0,69"),

itis easy to verify that there exists a unique 8, = 8,(1p) > 1 such that J(§u, 80, 8y") is strictly
increasing for § € [0,4,] and assumes the maximum at § = §,. Hence J (4,0, 010, ¥imo) <
](MOr 90) WO) and I(le(), 9}’}’!0’ Wmo) > 0. Moreover,

y — 24
2ay

J (W10, Omos Yrmo) = (A ztmol1* + (11 Vttio 1) | Vit 1 + 1611

1
+ ” wanHZ) + ;I(umO:emO; ¢mo)

> 0.
We further obtain
1 2 1 2
E,,(0) = 5||M1|| t3 IVurlI* + J (@m0, Omo»> ¥imo) > 0,
and
1 2 1 2
E.(0) < 5”141” + E”VMIH +J(uo, 60, Vo) = E(0) = d.

Hence, we conclude from Theorem 2.1 that problem (2.1)—(2.2) and (4.1) admits a global
solution (u,,(£), 0,,(¢), ¥.,) € W satisfying

(Wmirs 1) + (Attyy, A1) + (@I Vit |*) Vit V1)

+ (Vityuee, V1) = v(VO0,, V1) = (f (), 1),
Ot 92) + (VO Vo) + (s 02) £ + V(Vityy, Vipo) = 0,
(Vs ©3)2 = Oy 03) 2 — (Vo 03) 5
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with
Mm(x) O) = MO(x)¢ umt(xr O) = ul(x)¢
Gm(xr 0) = 90(95)’
l/fg,(x, 7:) = Kbo(x, T)’

and

t
En(f)+ / V0 l12 dr < En(0).
0

Consequently,

y =20

2y (1221 + g1Vt I2) 1Vt 1 + 161 + | W05, | 2)

1 1 4
+ =t ) + =1V s |1 +wf VO, )1* dz < d,
2 2 o

By the arguments similar to the proof of Theorem 2.1, we see that problem (2.1)—(2.3)
admits a global solution (1,6, e W.

Case 2. (19,00, Vo) = (0,0,0).

In this case, it is clear that J(u, 69, ¥o) = 0. Thus

1 1
E@0) == 24 2|V |*
()zwm+g|mn

Lets,, =1- % and u,,;; = 8,,u1(x), m > 1 and consider problem (2.1)—(2.2) with the follow-
ing initial conditions:

M(xr 0) = MO(x)r Mt(xr 0) = uml(x):
6(x,0) = 6o (%), (4.2)
I/IO(?C: T) = 1;Z/O(xr T)~

Note that
1 2 1 2
0<E,(0)= §||um1|| t3 | Vet |I” < E(O).

We conclude from Theorem 2.1 that problem (2.1)—(2.2) and (4.2) admits a global solution
(Ur O, ¥L,) € W. The remainder of the proof is the same as in Case 1.
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