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1 Introduction

In population dynamics, predator—prey systems have been widely studied due to their
importance as well as plentiful dynamical behaviors. When the system involves only one
predator and one prey, there have been many results for both ordinary differential systems
and reaction—diffusion equations. For the topic, we refer to Cantrell and Cosner [4], Fife
[13], Ghergu and Radulescu [17], Murray [35, 36], Pao [39], Smith [42], Smoller [43], Ye et
al. [50], Zhang and Feng [52], Zhao [54].

When the spatiotemporal dynamics is concerned, since the pioneer work in [14, 25],
much attention has been paid to the traveling wave solutions of parabolic equations; we
refer to Volpert et al. [44] for some earlier results and a survey paper by Zhao [55] for
some recent conclusions. If a system is of predator—prey type with two species, then sev-
eral methods, including phase analysis, shooting methods, Conley index and fixed point
theorem, have been applied to establish the existence of traveling wave solutions; we re-
fer to some important results by Dunbar [9-11], Gardner and Smoller [16], Gardner and
Jones [15], Chen et al. [7], Huang et al. [19], Huang and Zou [21], Huang [23], Hsu et al.
[18], Li and Li [26], Lin et al. [30], Lin [28, 29], Lin et al. [32], Pan [37], Wang et al. [45],
Wang et al. [47], Zhang et al. [51].

In fact, due to the diversity and complexity of ecosystems, the study of the interaction
among multi-species has more practical significance. However, when there are more than
2 species, studying the ecosystem becomes more difficult. For example, it is difficult to
study the existence of traveling wave solutions by phase analysis. Moreover, even for ordi-
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nary differential systems, the investigation of dynamical behavior becomes more difficult
due to the deficiency of general Poincare—Bendixson theorem in R” with n > 3. Of course,
there are also some conclusions about the dynamics of predator—prey systems with mul-
tiple species. For example, Caristi et al. [6] investigated the coexistence of a predator and
two species on bounded habitat with Neumann boundary condition, Du and Xu [8], Shang
etal. [41], Zhang et al. [53] proved the existence of traveling wave solutions to a reaction—
diffusion system with multiple species.

Recently, Huang and Lin [24] considered the following three species reaction-diffusion
system (see Cantrell and Cosner [4]):

aula(tx't)' =d1Aur(x,t) + ur (%, £)[b1 — ur (%, £) — braus(x, t) — bisus(x, t)],

2900 = gy Auia (3, £) + un (%, 1) by — borur (%, ) — (3, 8) — bosuz (%, 2)], (1.1)

se) = s Au(x, £) + us(x, ) (B3 + bayus (x,8) + bt (3, £) — us(, 1)),

where all parameters are positive, u;(x,t), us(x, £) denote the densities of two competing
prey species located at x € £2 C R” at time £, #3 denotes the density of predator feeding on
species 1 and species 2 located at x € £2 C R” at time ¢. The authors obtained the minimal
wave speed of non-negative traveling wave solutions connecting trivial equilibrium with
positive equilibrium, in which the limit behavior is verified by the abstract results in Lin
and Ruan [31].

Because all the parameters are positive in [24], this implies that the predator could sur-
vive without two preys in the system. In this paper, we suppose that all the parameters,
except b3 < 0, are positive and the predator only feeds on species 1 and 2. Under the condi-
tions of (1.1), there are several different dynamical problems in the literature. For example,
us invades the habitat in which u,, u, coexist, u;, u3 invade the habitat of u,. In population
dynamics, these problems often imply different thresholds in (1.1), and the corresponding
control problem is also very important [40].

The purpose of this paper is to discuss the situation when prey u, and predator us in-
vade the habitat of prey u;. We study the global stability of the positive equilibrium with
the help of contracting rectangles [42] when the domain is bounded, then the existence
as well as noexistence of traveling wave solutions when x € R. More precisely, we first es-
tablish the existence of a nontrivial traveling wave solution by the generalized upper and
lower solution. To verify the limit behavior of traveling wave solutions, we use the results
in global stability as well as the asymptotic spreading of Fisher equation [1]. Finally, the
nonexistence of traveling wave solutions is obtained by constructing auxiliary equations
as well as using the theory of asymptotic spreading.

It should be noted that Lin and Ruan [31] applied the idea of contracting rectangles
to verify the limit behavior of a traveling wave solution. But in [31] they needed strictly
contracting rectangles, a condition which is stronger than the general stability conditions
in [42]. In this paper, using the basic idea in [31] and adding necessary discussion, we
prove the limit behavior of traveling wave solutions by general contracting rectangles. We
believe the technique can be applied to more models.

The rest of this paper is organized as follows. In Sect. 2, we will give some preliminar-
ies. If the domain is bounded, the global stability of the positive equilibrium is proved in
Sect. 3. In Sect. 4, by using Schauder’s fixed point theorem and constructing upper and
lower solutions, we obtain the existence of non-negative traveling wave solutions. Then
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the asymptotic behavior of traveling wave solutions is also studied in Sect. 5. In Sect. 6, the
nonexistence of traveling wave solutions is established by using the relevant conclusions
of the asymptotic speed of spreading.

2 Preliminaries
We first introduce some notations. For u = (i1, 4, u3), v = (v1,v9,v3) € R3, we write u > v
provided u; > v; for i = 1,2, 3. Let X be the following functional space:

X= {u : R — R? is bounded and uniformly continuous},

which is a Banach space equipped with the standard supremum norm. If 4,5 € R? with
a < b, then X, 5 is defined by

Xap) = {u eX:a<ulx)<bxe ]R}.

If u(x) = (11(x), ua(x), us(x)) and v(x) = (v1(x), v2(x), v3(x)) € X, then u(x) > v(x) implies
that u(x) > v(x) for all x € R; u(x) > v(x) is interpreted as u(x) > v(x) but u(x) > v(x) for
some x € R.

By rescaling, (1.1) is equivalent to the following system:

aula—(tx't) = diAuy(x, 8) + run (6, O[1 - w1 (%, £) — anaus(x, £) — arsus(x, 1)),
22 = gy Ay, £) + raua (x, O)[1 = ana 1y (%, 1) — (%, ) — ansuz (%, 1)), (2.1)
duz(x,t

X V= dy Aus(x, £) + raus(x, £)[—1 + as iy (%, £) + asyus(x, £) — us(x, )],

where all the parameters are positive. Clearly, the corresponding kinetic system is

498~y (£)[1 - 1 (£) — araua(t) — arzus(t)),
% = raua(8)[1 — an w1 () — ua(t) — axus(t)], (2.2)
duy (£)

g = rsus(B)[=1 + asiu (£) + asuz(t) — us(t)].
Assume that

a1y + arz(as +azn —1) <1,
an +axs(az +as —1) <1, (2.3)

a1 —as — ass(as: + asy — 1)] + azi[1 —ap —az(ass +azxn — 1)1 > 1,

then (2.2) has an equilibrium point E = (1,0,0) and a unique positive equilibrium point
K = (ky, k2, k3) defined by

aipax3 + a3az — axpazn +djp —diz —1

fi= aA12423431 + A13A32421 t+ A12d21 — A13431 — A23432 — I
ky = anais + dayds) — asz1diz + dx —dx — 1 ,

a12a3d31 + d13d3dy) + d12d2) — d13d31 — da3dsy — 1
ks = Aspdol +ds1din — dipdyl —dsz1 —dxn + 1

a12a23a31 + A13a32d21 + A12d21 — A13A31 — A23A32 — 1

Page 3 of 25
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In fact, the existence and uniqueness of K are not evident if (2.3) holds. But this will be
clear from the stability analysis in Sect. 3. More precisely, we could obtain the existence of
equilibria by the limit behavior in Sect. 3; then for any positive equilibria, we shall prove
the global stability which implies the uniqueness of the positive steady state. Furthermore,
(2.2) also has several semi-trivial steady states, which do not affect our following discus-
sion.

For convenience, we introduce the definition of contracting rectangle (see Smith [42]).
Consider the following initial value problem:

x'(t) = f(x(2)),
x(0) = ¢,

(2.4)

where x(2) = (x1(£),%2(2), ..., %a(2)), f(x(2)) = (fi(x(0), 2 (x(2)), ... fulx(D)), & = (1,2,
¢,) and there exists e € R” such that fi(e) = 0.
Denote a one-parameter family of order intervals X(s) = [a(s), b(s)], 0 <s < 1 such that

for0<s; <s, <1,
a(0) < a(s1) < alsy) <a(l) =e=b(1) < b(sz) < b(sy) < b(0),
where

a(s) = (a1(s),ax(s), ..., an(s)),  b(s) = (ba(s), ba(s),..., buls)),

and a;(s), b;(s), i = 1,2,...,n, are continuous of s € [0, 1].

Definition 2.1 X (s) is said to be a contracting rectangle of (2.4) if for any s € [0,1) and
¢ =(d1,09,...,0,) € X(s), we have
(1) fi(¢) > 0 whenever ¢ € X(s) and ¢; = a,(s) while fi(¢) < 0 whenever ¢ € X(s) and
@i = bi(s);

(2) for each s, at least one of above 2n inequalities is strict.

Using the contracting rectangle, we have the following stability result (see Smith [42,
Theorem 5.2.5]).

Lemma 2.2 Assume that X (s) is a contracting rectangle of (2.4). If ¢ € X(0), then e is
globally stable.

We also present some results for the Fisher equation. Assume that D, R, M are positive
constants, Z(x) > 0 is a bounded and continuous function with nonempty support. Con-
sider the initial value problem associated to the Fisher equation

8260 — DAZ(x,t) + RZ(x,1)[1 - MZ(x, )], 25)
Z(x,0) = Z(x), xeR. '

From Fife [13], Ye et al. [50] and Aronson and Weinberger [1], (2.5) has the following
properties.
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Lemma 2.3
(i) Equation (2.5) admits a unique solution Z(x,t) > 0 which is twice differentiable in
x € R and differentiable in t > 0.
(i) Assume that Z(x,t), Z(x,t) are continuous and bounded for x € R, t > 0, twice
differentiable in x € R and differentiable in t > 0. If they satisfy

250 > DAZ(x,t) + RZ(x, £)[1 - MZ(x,1)],
Z(x,0)>Z(x), x€R

and

350 < DAZ(x,t) + RZ(x, £)[1 - MZ(x, 1)),
Z(x,0)<Z(x), x€R,

then Z(x,t) > Z(x,t) > Z(x, t), where Z(x, t) is a solution to (2.5).
(ili) If Z(x,t) satisfies (2.5), and Z(x) admits nonempty support, then

1

liminf inf  Z(x,f)=limsup sup Z(x,t)=—

{=00 |x|<(2v/DR-€)t t—>00  |x|<(2+/DR-€)t M
forany € € (0,2+/DR).

3 Stability of the positive equilibrium

In this section, we shall establish global stability of the positive equilibrium (2.1) on a
smooth bounded domain §2 with Neumann boundary condition by using the contracting
rectangles, throughout which (2.3) holds. We first consider (2.2) if

u1(0) > 0, u>(0) > 0, u3(0) > 0.
By the quasipositivity, we see that
u1(t) >0, u>(t) >0, u3(t) >0

for all £ > 0. It is evident that this model is defined for all £ € (0, c0).
Due to positivity, we see that

duy ()
dt

< ru (D1 - u1(2)]
and so

limsupu;(£) < 1.

—>00

Similarly, we have

limsupuy(£) <1,

t—>00

Page 5 of 25
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which further indicates that

limsup u3(2) < az; +as — 1.

t—>0o0

Returning to the first equation of (2.2), we obtain
liminfu;(£) > 1 —ai» —az(as: +azn — 1) =1 y,.
t—00
Similarly, we have
liminfuy () > 1 —ay —axs(as: +axn —1) =1 u,
t—00
and

liminfus(f) > ﬂ31[1 — a1y —aizas +as — 1)]
t—0o0
+ 6132[1 —ag — axs(az +as — 1)] -1
= azuy +asly —1=:u;.

Repeating the process, we further have

limsup u;(¢) <1 - ayou, — aizu; <1,
t—00

limsup us(t) <1 —asiuy — argu, <1
t—o00

and

0 <limsupus(t) <as; +asy — 1.
t—00

By the theory of dynamical systems [52], we see that (2.2) has at least one positive steady
state K = (ky, ko, ko) with

O<u;<ki<l, i=1,2,
and
O<uy<ks<asz +asz —1.

If K is globally stable, then K is the unique positive steady state, which implies the con-
clusions in Sect. 2. We now prove the global stability by contracting rectangles.

Lemma 3.1 Assume that (2.3) holds. Denote X (s) = [a(s), b(s)] with a(s) = (a1(s), ax(s),
a3(s)), b(s) = (b1(s), ba(s), b3(s)) and

a1(s) = sky + (1 - 8)uy, bi(s) =sky + (1 —3s),

ax(s) = sky + (1 - s)u,, by(s) =sky + (1 —s),

Page 6 of 25
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as(s) = skz + (1 — 8)us, b3(s) = sk3 + (1 — s)(az1 + azy — 1).

Then X (s) = [a(s), b(s)],s € (0,1) is a contracting rectangle of (2.2). Moreover, (k1, ks, k3) is
globally stable.

Proof We now verify the definition of a contracting rectangle.

(1) (i) If uy = sky + (1 — s)u,, then

uy <sk, +(1-s), uz < skz + (1 -s)(as; +as — 1)

so that

1-uy —apnuy —aizus

>1- [sk1 +(1- s)gl] - alz[skz +(1- S)] - 6113[3/(3 + (1 —s)(as +asp — 1)]

=(1-9) = (1 =s){1 - [a2 + ar3(as1 +az — 1)] + [a12 + ar3(az +az - 1))}
=0.
Therefore
Si(un, g, u3) |y =sky +(1-9)y = 0.
(ii) If ©1 = sky + (1 —s), then

uy > sky + (1 - 8)u,, uz > sk3 + (1 - s)u,

so that

1-uy —apuy —azus

<1- [slq +(1- s)] - alz[skz +(1- s)gz] - (113[Sk3 +(1- s)gs]

= —(1 = s)(a12u, + a13us)

<0.
Therefore
Si(uy, vz, 43) |y =sky +(1-s) < O
(2) (i) If uy = sk + (1 — s)u,, then

u; < sk +(1-5s), uz <sks + (1 -s)(az +az —1)

so that

1-axu) —uy —axyuz; >0
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and
Salur, g, u3)| 1y =sky+(1-9)uy = 0.
(ii) If 2y = sk + (1 — ), then
uy > sky + (1 -s)u,, usz > sks + (1 —s)uy
so that
1—-asuy —uy —anzuz <0
and
So(ur, v, U3) |y =sky+(1-5) < 0.
(3) (i) If u3 = sk3 + (1 — s)u,, then
uy > sk + (1 -s)u,, uy > sky + (1 —s)u,
so that
—1+asiu +asuy —u3 >0
and
3, g, u3)| 3 =sky 4 (1-9)uz = 0.
(ii) If u3 = skz + (1 — s)(a3; + aszy — 1), then
up <sk;+(1-s), Uy < sk, +(1-5s)
so that
—1+asziu +asuy; —uz <0
and
Sa(u1, 12, U3) g =sks +(1-s) (a3, +azp—1) < O.
According to the definition of a contracting rectangle, X (s) = [a(s), b(s)] is a contract-

ing rectangle of (2.2). Then (kj, k3, k3) is globally stable by Lemma 2.2. The proof is
complete. d

The stability result further implies the following properties.

Page 8 of 25
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Theorem 3.2 Assume that §2 is a bounded domain with smooth boundary 92. Consider

the following initial boundary value problem:

2980 = gy Auy (3, £) + rus (%, £)[1 = w1 (%, ) — Aot (3, 8) — arsus(x, 1)),
x € 82,t>0,
Babl) - iy Nty (%, £) + ratan (%, £)[1 — any iy (3, 8) — un (%, £) — Az (%, )],
xe€2,t>0,
s g ) ) (3.1)
o = dsAus(x,t) + raus(x, ) [-1 + aziu (x, £) + asun(x, t) — uz(x, £)],
x € 82,t>0,
) _ gl _ 3ust) _ e 90,150,
u;(x,0) = ¢i(x) >0, i=1,2,3,x€ £,

where n is the outward unit normal vector of 952, ¢;(x),i = 1,2,3, are continuous and
bounded. If (2.3) holds, then

lim u;(-,t)=k;, i=1,23.
t—00

Since the boundary condition is of Neumann type, the proof is similar to that of ODEs
with nice properties of Laplacian operator, and we omit the proof here. We end this section

by making the following remark.

Remark 3.3 The dynamics of this model has been investigated by other methods, for in-
stance, Cantrell et al. [5] studied it under Dirichlet conditions. We now give the proof in

order to study the traveling wave solutions in Sect. 5.

4 Existence of the traveling wave solutions
We now investigate the existence of traveling wave solutions and first give the following

definition.

Definition 4.1 A traveling wave solution of (2.1) is a special solution taking the form
ulx,t) = @(x + ct) € C*(R,R?) with

u(x’ t) = (ul(x! t)!MZ(x! t)!”B(x! t))’ ¢(S) = (¢1(S)’¢2(§)’¢3(§))! g =x+ct,

in which @ is the wave profile that propagates through the one-dimension spatial domain

R at the constant wave speed ¢ > 0.

By definition, @ (&) = (¢1(£), $2(§), $3(§)) must satisfy

1] (&) — cp1 (&) + rp1(E)[1 — h1(§) — a1202(8) — a13¢3(£)] = 0,
dr @y (€) — ey (€) + 122 (§)[1 — a2 1 (§) — Pa2(§) — azs3(€)] = 0, (4.1)
d3p5 (&) — cp3 (&) + r3p3(E)[—1 + az1¢1 (&) + az¢a(§) — ¢3(6)] = 0.
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Since we shall discuss the dynamical behavior that u#; and u3 invade the habitat of u;,
@ (&) will satisfy the following asymptotic boundary conditions:

Jim (91(5),#2(8), 45(6)) = (1,0,0),
(4.2)
églpoo(fl’l(«f),%(f)y%@)) = (ky, ko, k3).

In population dynamics, positive solutions of (4.1)—(4.2) describe the following biological
process: at any fixed location x € R, there was only one prey a long time ago (t — —oo such
that x + ¢t — —00), and the predator and two preys will coexist after a long-term species
interaction (¢ — +00 such that x + ¢t — +00).

Letting ¥ (&) = (1, 92, 93)(§) = (1 — 1, d2, ¢3)(€), we obtain

dip] (&) — e (&) + 11 — o1(E)][a1292(&) + a1303(8) — 01(£)] = 0,
£ eR,
Aoy (E) — cy(8) + 1o (§)[1 — an + an@1(§) — 0a(§) — axes(§)] = 0, 43)
£eR, '
dafﬂg(é) - Cﬁﬁé(é) +1303(8)[az — 1 + azea(€) —anei(§) — e3(8)] =0,
EeR.
Due to (4.2), we have
EEIEIOO((/)I (5),§02(§)r 903(‘5)) = (0, 0, 0);
(4.4)
El_ij{loo(%(f)»(ﬂz(é)x%(f)) = (1= ky, kz, k3).
Define a constant
B > rafas + ass(as: +asy — 1)] + r3(asi + asy) (4.5)

such that

Bo1 + [l —@i]langs + a13¢3 — 1]

is nondecreasing with respect to 0 <¢; <1,0< ¢, <1,0 < @3 <asz; +as — 1,

B@r + ra@a[l — ag1 + azner — @2 — axses]

is nondecreasing with respect to 0 < ¢; <1, 0 < ¢, < 1, while it is nonincreasing with

respect to 0 < ¢3 < as; +as; — 1, and

Bos + rspslasi — 1 + asy@s — as191 — @3]

is nonincreasing with respect to 0 < ¢; < 1, while it is nondecreasing with respect to 0 <
¢ =<1,0<¢3=<az +axn-1

Page 10 of 25
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For W (&) = (@1, 02, 03)(§) € X[oan with M = (1,1,a31 + az, — 1), denote

Fi(@1,02,93)(§) = Be1(§) + (1 — p1(E)][a1292(8) + ar393(5) — 1 (§)],
¢ eR,

Fy(01,02,93)(§) = Bpa(&) + r292(8)[1 — a1 + ang1(§) — ¢2(§) — azsps(§)],
§eR,

F3(¢1, 02, 93)(§) = Bpz(§) + r33(8)[as1 — 1 + azea(§) — azi191(8) — p3(8)],
EeR.

Then (4.3) can be rewritten as

dtﬁl’,”(é)—C(P,/(é)—/g(/’z(S)"'Fz(lI/)@) =0, i=123. (46)

Define constants

c—+/c2 +4pd; 3(©) c++/c2 +4pd;
— nlt)= ——F—

Ai(c) = 2, , 2, ,

i=1,2,3.

Then 8 > 0 implies A;; <0 < A;2 and
A —chg—B=0,  ddrh—chp—p=0, i=123.

For W (§) = (1,92, ¢3)(§) € X{om), define an operator P = (Py, P;,P3) : Xjom) — X (see
Wu and Zou [49]) by

Pi(¥w)(§) =~

1 § +00
40— [ / e fg em(”}a(wxn ds, (4.7)

—00

where i = 1,2,3, £ € R. Then a fixed point of operator P is a solution of (4.3) or (4.6). On
the other hand, a solution of (4.3) or (4.6) is a fixed point of operator P (see Huang [22]).

In the following, we will establish the existence of a nontrivial positive solution of (4.3) by
combining Schauder’s fixed point theorem with the method of upper and lower solutions
(for quasimonotone systems, we refer to [20, 34, 46, 49]). We now introduce the definition
of upper and lower solutions of (4.3).

Definition 4.2 W (£) = (@1, 95, 93)(&), W(£) = (@, 9, 9,)() € Xjou are a pair of upper
and lower solutions of (4.3), if F’,F,y,g’ are bounded and continuous for each & €
R\ T with T = {71, T>,..., T),} and they satisfy

a9 (§) = @y (&) + 111 =9, (E)][a129,(8) + a1395(8) -9, (E)] <0,
205 (8) = c@3(§) + 129,(§)[1 — az1 + an@1(§) — 92(§) — azzp,(§)
ds395(8) — cp5(€) + r393(8)as1 — 1 + a5, (§) - asip, (§) - 95(€)
dg[(§) = e (§) + [l - ¢, (§)][a129,(8) + a13¢,(8) — ¢, (§)] = 0,

dr@) () — el (§) + 12, (§)[1 - an + anip () — ¢,(§) — axps(§)] = 0,
d3@; (&) — cp(§) + r3p,(§)las — 1 + asne, (&) — a9, (§) — ¢, ()] = 0.

=0,
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Lemma 4.3 Assume that (4.3) has a pair of upper and lower solutions satisfying

(1) ¥E) <¥(), &R

, — — — .,
(2 P(E)<W (&), Y () <P (£), & €T, herein
V()= lim W0, W (E) = lim ).
t—>&4 t—>E&+
Then (4.3) has a positive solution W (&) such that W (&) < W () < W ().

Proof We prove this lemma by Schauder’s fixed point theorem. Since a similar result has

been proved in several earlier papers mentioned above [31], we only give the scheme.
Define

B,(R,R?) = [u € X :sup{|u(€)[ e} < oo],
EeR
u©)], = sup{[u(©) e},
EeR
where
€ (0,min{-A11,~A21,~A31}),

then (B, (R,R3),| - |,) is a Banach space. Let

A={¥(§) € Xom : () = W(§) <P (5)}.

Obviously, A is nonempty and convex. It is also closed and bounded with respect to the
decay norm | - |,.

We now verify that P: A — A. For ¥ (§) = (¢1, 92, ¢3)(§) € A and each fixed £ € R, the
definition of operator P and the choice of 8 imply that it suffices to prove that

@, (8) =Pi(@,,9,,9,)) < P1(91,92,@3)() < 9,(6),
©,(&) < P9, ¢,,93)(E) < Pa(@1, 92, 0,)(§) < 92(8), (4.9)
©,(8) = P5(@1,9,,9,)(8) < P3(¢,, 92, @3)(§) < 95(8).

Without loss of generality, we assume that 77 < T; < - - - < T, and denote Ty = =00, Tyyy41 =
+00. If £ € R\T, namely, & € (T, Tk+1) with some k € {0,1,...,m}, then

Pi(g,,9,,9,)E)

1 3 N +00
— M- +/ eM12¢ :|F ( )(s) ds
dy (A2 — A1) |:/oo £ 1y 8y ¥

— 1 ¢ A11(E-5) e A12 / ”
di(hi2 — A1) |:/oo ‘ i /g :|[ﬁ<p (5) ¢, (5) - dhg, (s)] s

k

1 A E=T) ( '
z ¢, )+ m[;e " (@) (T3) - ¢,(T1)

Page 12 of 25



Bi and Pan Boundary Value Problems (2018) 2018:162 Page 13 of 25

+ D, P ¢ (T) —ﬂ(Tf—))]

j=k+1
> ¢, ().
Because & was arbitrary and due to the continuity, we have P; (fl’fz’f_%)(‘s) > fl(f;‘) in R.
In a similar way, we can verity the remainder of (4.9).
Note that the compactness in [24] is independent of the monotonicity, then P: A — A
is compact in the sense of the decay norm | - |, by a discussion similar to that in [24].

By Schauder’s fixed point theorem, there exists ¥ (&) = (¢1, @2, 93)(§) € A which is a pos-
itive solution of (4.3) satisfying ¥ (&) < W (£) < ¥ (£). The proof is complete. O

Next, we construct the upper and lower solutions of (4.3), and we assume that
aszy > 1. (410)

For any fixed

¢>max{2y/dyry(1 - an), 2y/dsrs(as — 1)} := ¢,
we define positive constants y»; < Y22, V31 < ¥32 such that

daysy —cyn + 1ol —an) = daysy — cym + r2(1 —an1) =0,

dsy3 — cys1 +r3(az — 1) = day — cysy + r3(az — 1) = 0.
Further choose € > 0 such that

Y1 + € <min{2ya1, ¥23, o1 + ¥a1),

and

Y31 + € <min{2ys1, Y3, Ya1 + Y31}
Let

Y = min{ya1, ys1}.
We now assume that

dlylzl —cy1 < 0. (4.11)
Define I" = (y21, ¥22) N (¥31, v32), then I' is nonempty if ¢ is large enough or other parame-

ters satisfy suitable conditions. In particular, when I" is nonempty, we further assume that
there exists y € I' such that

diy*—cy <0, y <y +ya (4.12)
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Remark 4.4 Assume that all the parameters in (2.1) are fixed. Then there exists ¢’ > ¢*
such that (4.11)—(4.12) hold.

For any given ¢ > ¢*, we now fix these constants and define continuous functions as
follows:

91(6) = min{1,e"" +pe’t}, ¢ (£)=0,
%(E) — min{l,emg +pe”§ }’ 22(g) — max{O, er218 _ qe(yzrre)f },
@3(6) = min{az; +as — 1, + page’t}, v, (6)= max {0, "5 — ges1+% ]

in which p > 1, g > 1 will be clarified in the following lemma.

Lemma 4.5 Assume that c > c¢*. Further suppose that I" is nonempty such that (4.11)—
(4.12) hold. Then there exist p,q such that W(£) = (9,(8),0,(8),95(8)) and W(E) =
(@, (), 9,(&),¢,(8)) are a pair of upper and lower solutions of (4.3).

Proof It suffices to verify (4.8) one by one.
(1) () Ifg,(&) =1 < emié + peé, then

@} (&) — @, (&) + 1 [1-9,(8)][a120,(8) + a1393(8) —9,(§)] = 0.
(ii) If @1 (&) = 1% + pe?® < 1, then £ <0 and
D,(8) < er21é +pe”5, @5(8) < o318 +pa32ey31§

so that

a1205(&) + ai3@3(8) —91(§)
< au(emé +pe”5) + alg(emé +p432eyé) _ (emf +pey5)
< (a1 + a3 — 1)e"? + (ary + azaz — 1)pe’

<0

because y11 = min{ys1, Y31}, @12 + d13asy < 1 and aj; + a3 < 1. Therefore, we have
@1 (&) — @1 (&) + 1 [1-9,(8)][a120,(8) + a1393(8) —9,(8)]
<d9}(&) - cpy(&)
- (dlylzl - cyn)emé + (d1y2 - cy)peyé
<0.

(2) (i) If @, (8) = 1 <"1 + pe?é, then @,(£) < 1 so that

ds @5 (§) = €@y (&) + 1@y ()[1 — an1 + an(§) - B(§) — ansg,(§)]

< do @5 (&) — @ (§) + 1@ (§)[1 — an + an@1(§) - 9,(8)]

Page 14 of 25
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<r(l-ax+ay-1)

=0.
(ii) If @, (&) = e"1¢ + pe?é < 1, then
do @5 (§) = €@y (&) + 1@y ()[1 — an1 + an1(8) - B(§) — ansg,(§)]
< dy@y (&) — gy (&) + ra@y(6)[1 — an1 + 4219, (§) — 9,(8) ]

< dz(yienlé +p)/2€y$) _ C(yneyzlé +pyelf§)

+72(e"5 1 pe’*)[1 - ans + az (€1 + per®) — (1% + pe’®)].
If yii = ya1 < y31, then
an (M + per¥) < (7 + per¥)
so that

dy @y (&) — €@y (§) + 2@, (E)[1 — a1 + an@, (§) — @y (&) — ﬂ23g3($)]
< dz(yZZIeyzlé +py2e”§) _ c(ymemé +pye”§) + ,,2(6)/215 +pe”é)[1 —ay]

<0

by the definitions of y»; and y. Otherwise, y11 = ¥31 < y21 so that

Y<yutya
and
Ay @y (&) — @y (§) + 2@y (§)[1 — a1 + a9, (§) - 7y(§) — 6123%(5)]
< dz(y22161/21é +py261/é) _ c(yglemé +pyey€)
+r2(€75 + pe’®)[1 - as + az e’
< [d2y2 —cy +1r(1- 6121)]1961/& + rzame(yuwu)f +prza2le(}/11+y)§
<0
provided that
[day? = cy + 1ra2(1 — an1) |pe? + 2ryaz 1725 <0 (4.13)
and
[day?® = cy +ra(1 = az)] + 2r2a01€™% < 0. (4.14)

Clearly, (4.13) is true if

2rya

p>1 =pi1(>1)

Cdyy?—cy +n(l-ay)
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and (4.14) is true if

2ryay n 1 1
> +1:=py>1.
b —(dyy? —cy + (1 -an)) b2

(3) (i) If @31(€) = az1 + azy — 1 < e”1% + pazye’®, then @,(£) < 1 so that

ds@3(§) — cg3(§) + 1373(8)[az1 — 1 + 4@ (§) — azn g, () - F5(5)]
< d305(8) — gy (&) + rs@3(8)[as1 — 1 + az — §3(8)]
=0.

(ii) If @3(&) = e3¢ + pazye’® < az; + az — 1, then @, (£) < 15 + pe’® so that

d3@3 () — cg3(8) + 1373(8)[az1 — 1 + 4@, (§) — aznp, () - F5(5)]
< dsg}(§) — cpy (&) + r3@3(8)[az1 — 1 + angy(§) — 93(8)]
<[dsyi - cys1 + r3(az — )] + [dsy® —cy + r3(az — 1) |pazse’
+r3 ((31’31“E +pagze”§) [432 (eyZlé +pe”5) - (emé +pagze”$)]
< [dg)/z —cy +r3(as, — 1)]pagze”g + 73a30e V21V g0 2pelr21 e

<0
provided that
[dsy® —cy +r3(as - 1)]pe”E + 2rzer214738 <
and
[d3)/2 —cy +r3(as — 1)] +2ryase’t <0.
For (4.15), since y < ya1 + 31, we have

[dsy® = cy +r3(as — 1)]pe’* + 2rze21 7318

= eyé{[d3y2 —-cy + r3(as; — 1)]p+ 27‘3},

which is true if

p> —27’3 +
T d3y?—cy +r3(az - 1)

1 = p3.

Since e”31% + pasye’® < az; + az — 1, then

a3y +adsy — 1

vé

pe” < ——
as:

so that

%_< llnd31+ﬂ32—1
14 bass

(4.15)

(4.16)

Page 16 of 25
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and
71
eVZlf < <6131 +dzy — 1) v '
pass
Clearly, (4.16) holds if
21 2
(ﬂsl +dz - 1) " dzy* —cy +r3(az —1)
paz —2r3az ’

which is true provided that

asy +6l32—1|:(d3]/2—cy + r3(as —1)>V21ZV31 ]
> +1|:=ps.

asy —2r3az3;

(4) Ifgl(f) =0, then

dhg©) - e ©) + 1~ 9, ©)][arag, ©) + arsg. €) - 0, 6)]
= ri[aig, (€) + a139,(8)]

>0.

(5) () Ifg,(§)=0> e — gel1+9)% then

o (§) — e (£) + Vzgz(é)[l —an +any (§)-¢,() - ag3p3(§)] = 0.

(ii) If ¢, (€) = e1é _ gern+9t 5 0, then
v,(8) < ers, @3(8) < e + paye’”

so that

dr9))(§) — ¢!, (§) + 129, (E)[1 — an1 + ang, (§) — ¢, (§) — a23P5(5)]

> dy))(§) — ¢y (§) + 129, (€)[1 — 421 — 9, (€) — a2375(8)]

> do[y3ef — q(ym + €)%V — [ 117215 — gy + €)el21 7]

1y (e}’zlé _ qe(Vzﬁé)E)[l — o — erué _ s (eyslf +pa328yé)]

= —[dz()/m +€)2 —clyn +€)+r(1 - azl)]qe(ml*'é)é

_ rzazg[e()/zlﬂfsl)é +pa326(y+}/21)€] _ rzeZszlE

= _[dZ(Vn +€)* —clyar +€) + (1 - g21)]qe(yz1+e)§

— ryer21tet [1 +ax(l+ ﬂBZP)]'

Let

. —r3[1 + axn(l +anp)]
da(ya1 + €)2 = c(ya1 + €) +12(1 — az)’

g>q1=1

Page 17 of 25
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then

dag (§) — e, (§) + rzgz(é)[l —asn +any (§)-¢,() - anp;(€)] = 0.

©) () Ife,(5)=0> e31¢ — g1+ then

d39}(§) — e, (§) + 139, (8)[az1 — 1 + azng () — a7 (€) — ¢, (5)] = 0.
(ii) If ¢, (€) = er318 — ger31+9)E 5 0, then

Q&) < apet, g (5) <t

so that

d39}}(€) — o, (§) + 39, (§)[az1 — 1 + ang, (£) — an@1(§) - ¢,(6)]
> dag/}(8) — e} (§) + rag, (§)[as1 — 1 a1 () - ¢, 6)]
> ds[ye”® — qys1 + €)% %] — c[y31e7315 — g(ys1 + €)elr31 7k ]
+73 (emé _ qe()/31+6)§)[a31 _1- a31(ey11§ +pe”s) _ eyglg]
= —[ds()/31 +€)? —c(ys, +€) +r3(as — 1)]qe(V31+e)E
_ 73a31[e(y31+1/11)§ +pe<y31+y)g] _ rsezmg
= —[ds()/31 +€)? —c(ys +€) +r3(as — 1)]qe(V31+e)E

_ 736(7/31%)5 [1 +as (1 +[J)].

Let

. -r3[1+az(1+p)]
d3(ys1 +€)2 — c(ys1 +€) +r3(az — 1)’

qg>q2=1
then

d3¢}(§) — e, (§) + 139, (E)[az1 — 1 + azng, () — a171(€) - ¢,(5)] = 0.

By what we have done, we first fix p = p; + py + p3 + pa, then let g = g1 + g2, which
completes the proof. O

Summarizing the above, we have the following conclusions.

Theorem 4.6 Assume that (4.10) holds. If ¢ > ¢* is such that (4.11)—(4.12) are true, then
(4.3) has a nonconstant positive solution.

About the traveling wave solution, we also give the following remark.

Remark 4.7 By direct calculations in P, we see that ¢/(§), ¢/ (§),i = 1,2,3, are uniformly
bounded.
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5 Asymptotic behavior of traveling wave solutions
In this section, we consider the asymptotic behavior of traveling wave solutions of (4.3) by

using the idea of contracting rectangles.

Theorem 5.1 Assume that (2.3) holds. If W (§) = (¢1(§), 2(§), 03(§)) is a positive solution
of (4.3) given in Theorem 4.6, then (4.4) is true.

Proof According to Theorem 4.6, we have limg_,_o ¥ (£) = 0. Now we verify

((pl(é)r ¢2($)) 903(5)) = (1 - kl1k2)k3)1

lim
E—>+00

which is equivalent to
Jim (81(6),92(6),62(6)) = (k1. o o). 5.1
By Theorem 4.6, uy(x,£) = ¢1(§) satisfies

Babel) — gy Ay (3, 8) + ryaaa (3%, £)[1 — g (%, £) — anotan (%, £) — arzus (%, )],

ul(x, O) = ¢1(x) > 0,
and so

DD > gy Ay (x,8) + rian (v, ) [y — (3, )],

u1(x,0) = ¢1(x) >0
for allx € R, > 0. Then Lemma 2.3 indicates that
litrgci)gful(O, t)>u, >0,
which implies that
ligrgior.}f%(é) >u, >0.
Similarly, we can verify that

léiminfqbz(é) >u, >0, limsup ¢3(¢) < asy +as — 1.
—+00 &E—+00

We now verify that

limsup¢(§) < 1.

E—>o0

By what we have done, we only need to show that limsup;_, , ¢1(§) = 1 is impossible. If
limsup;_, o, #1(§) = 1, then there exists {&,,};,_; such that

En—> 00, ¢16m) =1, m— oo,
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and Remark 4.7 indicates that

1im [d1¢(5,0) - ¢} (6] <O.

Moreover, if m is large, then 2¢,(£,,) > u, and

r11Em)[1 - D1(Em) — a1202(Em) — a13¢3(Em)] < O

and so

d1¢] (Em) — € (Em) + 111 (En)[1 = P1(Em) — @1202(Em) — a13¢93(6,) ] < O,

which indicates a contradiction.

By a similar discussion, we can prove that
a;(0) <liminf ¢;(§) <limsup ¢:(§) < b;(0), i=1,2,3,
£—o00 E—>o00

where a;(0), b;(0) are defined by Lemma 3.1.
If (5.1) does not hold, then there exists some sg € (0, 1) such that

a;(so) < ligminfq),-(é) <limsup¢;(§) < bi(so), i=1,2,3, (5.2)
— 00 S%OO

and at least one equality holds.
If by (s0) = limsup; _, ., $1(§), then there exists {§,};;_; such that

En— 00, ¢1(6n) = bi(so), m— oo,

and

lim sup[d1¢ (&) — g} (Em) ] < 0.

m— 00

Moreover, we have

limsup{r1¢1(En)[1 — d1(Em) — a1202(Em) — a13¢3(Em) ]}

m— 00

< —r1b1(80)(1 — s0) (@121, + a13u5) <0
by Lemma 3.1, which indicates that

d1¢f($m) - C¢i(§m) + rl¢1(§m)[1 - ¢1(§m) - ﬂ12¢2(§m) - ﬂl3¢3(§m)] <0

if m is large enough. Thus, b1(so) > limsup;_, o, ¢1(§).
If limsup; _, , $3(§) = b3(so), then there exists {§,,};,_; such that

En—> 00, ¢3(6m) = b3(so), m— o0,
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and

limsup[dy¢] (€,) — ) (Em) ] < 0.

m— 00

Moreover, by Sect. 3 and b1 (so) > limsup; _, o, ¢1(§), we have

limsup{rsgs(§)[-1 + az1¢1(8) + aznd2(§) - ¢3(5)]}

m—> 00

< rsbs(so)[~1 + as1b1(so) + asaba(so) — bs(so)] = 0,

and so

A3 (Em) — 3 (Em) + r3p3(Em) [~ 1 + 2101 (Em) + Az (Em) — 3(E)] < O

if m is large enough. Thus, limsup;_, ., ¢3(§) < b3(so). It should be noted that in Sect. 3,
we cannot obtain a strict inequality for bs(s), but we can obtain strict a inequality in the
above inequality since b1 (so) > limsup;_, o, $1(§).

By similar discussions, we find that every inequality in (5.2) is strict. A contradiction

occurs, which implies (5.1). The proof is complete. d

Remark 5.2 Different from Lin and Ruan [31], we did not use a strictly contracting rect-

angle.

6 Minimal wave speed

In this section, we shall prove that (4.3)—(4.4) has no positive solution if ¢ < ¢*, which
implies that ¢* is the minimal wave speed. The method is similar to that in Lin [29] and
Lin and Ruan [31].

Theorem 6.1 Ifc < c*, then (4.3)—(4.4) has no positive solution.

Proof Ifthe statement is false, then there exists some ¢’ < ¢* such that (4.3)—(4.4) withc = ¢/
has a positive solution ¥ (§) = (¢1(£), 92(£), ¢3(£)) which satisfies (4.4). We now discuss two
cases: ¢* = 24/dyro(1 — ag1) and ¢* = 2./dzr3(as; — 1).

If ¢* = 24/dory(1 — a21), then there exists €; > 0 such that

2\/6127'2(1 — a1 — 2612361) > C/.

By the asymptotic boundary condition limg_,_, ¢3(£) = 0 and the strict positivity of solu-
tion to (4.3), there exists & € R such that

axps3(€) <axner, & <&

When & > &, the positivity and limit behavior of ¢,(£) indicate that

inf > 0.
s ©2(8)
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Let

_axlas +azp - 1)
infe-g) ¢2(8)

then a3 ¢3(¢§) < Ly, (§) and

1 —ag + anei(§) — ¢a(§) — axes(§) > 1 —ax — (L + D)pa(§)

for & > &.
Therefore, we have

Deal) > dy Awa (%, £) + rawa (x, £)(1 — a1 — anser — (L + 1wa(x, 1)),

wa(x,0) = 2(x) >0

forx e R,t>0.
Namely, ¢, (x + ¢'t) is the upper solution of

awé—(tx’t) = dy Aws (%, 8) + rawa (i, £)(1 = a1 — aszer — (L + Dwa (i, £)),

w(,0) = ga(%).
By the theory of asymptotic spreading (Lemma 2.3), we see that

. 1—ay —ayse
liminf inf wy(x,t) > )
t—>00 |x|<c1t L+1

with ¢; = 24/dyry(1 — a1 — 2ax3€1). Letting —x = ¢1¢, one gets

L. 1—ay —ajze
liminf wy(—cqt, £) > oA N}
t—00 L+1

At the same time, we have
E=x+ct=(—c1)t > 00, t— o0
so that
sglfloo 2(8) = lim wa(=c12,2) =0,

which gives a contradiction.
Similarly, we can obtain a contradiction if ¢* = 2/dsr3(as; — 1).
Thus, for any ¢ < ¢*, (4.3)—(4.4) has no positive solution. The proof is complete. O

7 Conclusion and discussion

For a parabolic system, if there exists a constant ¢y such that ¢ > ¢y (¢ > ¢g) implies that
the system has a desired traveling wave solution while ¢ < ¢y (¢ < ¢p) implies the nonexis-
tence of desired traveling wave solution, then ¢ is the so-called minimal wave speed. In
population dynamics, the minimal wave speed is an important threshold [36].
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In this paper, we obtain the existence of traveling wave solutions if ¢ > ¢* and nonexis-
tence of traveling wave solutions if ¢ < ¢*. In a weaker sense, we formulate the minimal
wave speed. However, we cannot directly confirm the existence or nonexistence of travel-
ing wave solutions with ¢ = ¢* by the method in this paper.

Besides the minimal wave speed, spreading speed is also an important threshold, which
may equal to the minimal wave speed of traveling wave solutions. For monotone systems,
some important results have been established, see Fang et al. [12], Liang and Zhao [27],
Lui [33], Weinberger et al. [48]. For predator—prey systems of two species, Lin [29] and
Pan [38] proved a similar result, also see Bianca et al. [2, 3]. However, for the predator—
prey system with three species, the question of estimating the asymptotic spreading of

each species remains open.
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