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where N > 3, g > 5/2 and the function h(x) is continuous and positive in RV. Under
suitable assumptions on h(x) and g, we prove that Eq. (0.1) has no nonnegative and
stable solutions.
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1 Introduction and main results
In this paper we are interested in the nonexistence of stable solutions to the quasilinear

Schrodinger equation

1/2] “ =h(x)|u|T 'y, xeRN, (1.1)

—Au— [A(l + M2) W

where N > 3 and g > 5/2. Equation (1.1) can be obtained as a stationary problem of the

modified Schrédinger equation
iz = -Az + W(x)z—h(x, |z*)z - [Al(1z17) ]/ (121*)z, xRV, (1.2)

where z: R x RN — C, W : RN — R is a given potential, /z and [ are real functions.
It is well known that the standing wave solutions of the form z(¢, x) = exp(—iwt)u(x) sat-

isfy (1.2) if and only if the real function u(x) solves the equation of elliptic type
~Au+ V(x)u - [Al(?) )] (u?)u=gx,u), xRV, (1.3)

where V(x) = W(x) — w,w € R and g(x, u) = h(x, u*)u.
Quasilinear Schrédinger equations as in (1.3) appear naturally in mathematical physics
and have been derived as models of several physical phenomena corresponding to various
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types of nonlinear term /. When [(s) = s, we get the superfluid film equation in plasma
physics [16]:

—Au+ V(x)u—A(uz)uzg(x,u), xe RN, (1.4)

In the case [(s) = (1 + s)V/2, (1.3) turns into the following equation:

[T

~Au+ V(x)u - [A(1+u?) ]L1 =glx,u), xeRY, (1.5)
2(1 + u?)2
which models the self-channeling of a high-power ultrashort laser in matter, see [2, 10].
The existence of positive solutions for (1.5) has been extensively studied recently. In
[23], the authors proved that (1.5) has a positive solution under the assumptions: g(x, u) =
MulPlu,v/6-1<p< ]%,)» >0 and 0 <inf, gy V(x) < V(%) < V(00) := limjy— 0 V(%) <
0.

Li [20] studied the existence of quasilinear Schrodinger equations of the form

al2 au
—Au+ V(x)u - [A(l + Mz) ]m =g(

x,u), xeRN, (1.6)
where the parameter « € [1,2] and the functions V'(x),g(x, #) are 1-periodic in x; for j =
1,2,...,N.

Similar works can be found in [6, 7, 11, 24, 27] and the references therein. It is noted that,
in the above works, one always assumes that the potential function V(x) > 0 and V(x) # 0
in RN,

On the other hand, the nonexistence of solutions and either the stable or unstable solu-
tions for Lane—Emden problems are investigated to some extent. The results can be found
in[1,3,8,14,15,18, 19, 21, 25, 26, 28], and the references therein. To the best of our knowl-
edge, there are no results on the nonexistence of solutions for (1.1). Motivated by [4, 5,
9, 13, 17, 22], our purpose in this paper is to study the nonexistence of nonnegative and
stable solutions of (1.1) under some assumptions on the weighted function /(x) and the
exponent g.

Usually, we make the change of variables z = f~!(u), where f is defined by

: VO e 2\
f(t):|:1+2(1+f2(t))] =V2(1+f%(0)2(2+3%(1) %, t=0,£(00=0 (17

and by f(¢) = —f(~¢) on (-0, 0].

Lemma 1.1 ([20, 23]) The function f(t) satisfies the following properties:
(f1) f is uniquely defined, odd, increasing, invertible and C* in R = (—00, +00),
() 0<f(t) <1,VteR,

(fz) [f@®)] <|tl,VtER,

(fa) @alasteO,

(fs) f(t) <2tf'(t) <2f(t), Vt € R* = [0,00),

(fG) 1imt—>+oof(Tt) = \/g
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If we take u = f(z) or z = f}(u), then (1.1) becomes the following semilinear elliptic

equation:
~Az=h@)f Q|| f@), xeRV. (1.8)
As usual, we study the existence and the nonexistence of weak solutions of (1.1) via (1.8).

Definition 1.1 ([12]) The function z € Cllo'i(RN) (0 <8 < 1) is said to be a weak solution of
(1.8) if

f VzVidx = / h(x)g(2)¢ dx, V¢ € C3(RY), (1.9)
RN RN
where (and in the sequel) g(z) = f'(2)|f(2)|7"\f (z). A weak solution z of (1.8) is stable if

/RN Ve |2 dx > /]RN h(x)g (2)¢*dx, V¢ e Cy (]RN). (1.10)

In other words, the stability condition translates into the fact that the second variation
of the energy functional is nonnegative. Thus, all the minima of the functional are stable
solutions of (1.8).

Asin [11, 20, 23], we give:

Definition 1.2 A function u € DV?(RY) is called a weak solution of (1.1) if z = £~ () is
a weak solution of (1.8). A weak solution u of (1.1) is stable in R if z = f~!(u) is a stable
solution of (1.8).

So in order to prove the nonexistence of stable solutions for (1.1), it is sufficient to prove
that there is no nonnegative and stable weak solution to (1.8).
The main result in this paper is as follows.

Theorem 1.2 Suppose that the positive function h(x) € CIIOC(RN ) is such that there exist
a>-2,ay>0and Ry >0 such that

h(x) > aolx|*, Vx| > Ro. (1.11)
Denote
yo(a) := 6 + 2a, Voo(a) := 10 + 4a. (1.12)

Let q. be the positive root of the equation N = X(q) with

_ 2[t + ko(2)] + alko(2) + 1]

X(t) 1

t>5/2, (1.13)
and

ko(t) =2t —3 + V412 - 12t +5, t>5/2. (1.14)
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(RN) (0 < 8 < 1) be a nonnegative and stable solution of (1.1). Then,
we have u=0 in RN if one of the following conditions is satisfied:

(A1) =5 and3 <N < yo(a);

(A2) q>qcand yo(a) <N < y(a).

Moreover, let u € Clloi

Remark 1.3 When N € (o, ¥oo), it is not difficult to get

6—d>++16—-3d? N-6-2a
= ithd=—— =% 1.15
1 4 —d? Wi 2+a ( )

The condition yy < N < y; implies that d € (0,2) and ¢, > 5/2.

2 Proof of Theorem 1.2

In order to prove the nonexistence of solution to (1.8), we use the test function method,
which has been used in [5, 9] to deal with the m-Laplace equation. The proof is by con-
tradiction which involves obtaining an a priori estimate for a solution of (1.8) by carefully
choosing a special test function and then applying the scaling argument. We first establish:

Lemma 2.1 Assume q > 1. Let f(t) be the function defined by (1.7) and k > 1. Suppose
2O =f O D)1 f (¢) and

1/2

G(t) = (g(t) tk> ., Ve=o0. @2.1)
g

Then there exist dy,d > 0 such that

itk < GAt) <dy MY, ve>o. (2.2)

Furthermore, if ¢ > 2, we have for all t > 0,

k+ 1)
(G/(L‘))2 <out’l,  whereay = (;q+_ )1 . (2.3)
Proof Letf =f(t) (t > 0). Direct computation shows that
g@) = 2,B(t)fq’1[2 + 3f2]72, where B(t) = 29 + (5 — 1)f*(t) + 3q*(t) (2.4)
and
k 24 213
G- SO p SRS @ 3 (2.5)
g V2B(t)
From f(0) = 0, as well as (f4) and (fs) in Lemma 1.1, it follows that
G*t) 1 Gy 1
AR e =g ad Im ST = (26)

Furthermore, noticing the fact that the function H(t) = £ *-1G?(t) is positive and contin-
uous on any bounded interval [c,d] C (0, +00), we obtain (2.2) from (2.6).

Page 4 of 11
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In the following we prove (2.3). First, we have from (2.5) that

V2B0GO =1+ 2+32)%, t>o0. 2.7)

Differentiating (2.7) with respect to ¢ gives
2VIGG (DB + VIGB (1) = [H(1+/7) 2+ 3) ]
KU1+ f2)2 (24 37) + VaE (2 + 1682 + 15F%). (2.8)

Since

V2GH(OB'(t) = 2v26 (1 +f%) (2 + 3f%) (5¢ ~ 1+ 6af) B~ (1) (2.9)
we have from (2.5, (2.8) and (2.9) that

8(G'(1))” = 1 (A1(0) + As(8) + As(2)),  V£>0, (2.10)
where

5 VIRFA 4[24 3f7)

A 0
Ay(t) = %, (2.11)
2
o :fﬁ3<1ii2§>t%y (2( ; )1
and
y(£)= B(6)(2+ 16/ +15f") = 2f*(1 +£%) (2 + 3f*) (59 - 1 + 64f*)
=4q +2(11q + 1)f* + 6(7q — 1)f* + 3(11g — 3)f® + 9¢f®. (2.12)
Using the property (f;) in Lemma 1.1, we have
@ <2f'(t) = 2v/2(1 +f2)% 2+ 3f2)’%, vt >0, (2.13)
and then
Ao < 4K (1 + ],;2;2 +3f%) _ 2q4/+<2((52q+_5£;+ fj;zf < 52610/_(21’ Vis0. (2.1
On the other hand, directive computation gives
B*(t) = 4q> + 4q(5q - 1)f* + (37¢% — 10q + 1)f* + 6q(5q — 1)f° + 9¢°f°. (2.15)

Then an application of (2.12) and (2.15) yields y (¢) < %1,32(15), and so

6k
Ay(t) < —, Vt>0. (2.16)
q

Page 5of 11
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Furthermore, we see from (f;) in Lemma 1.1 that

d 1 = —% 2 ‘% 2 %
j%ff/(t)_z (1+/%)2(2+3(%)2, (2.17)
and then
2y°(t)
As(t) < B0 53 Vt>0. (2.18)
We now claim
y2(t) 2
B3(£)(2 + 572 + 3f4) = q vz 0. (2.19)

In fact, we have

y2(t) = 164> + 16q(11q + 1)f* + 4(205¢” + 10g + 1)f* + 24(884> - 7q — 1)f*
+24q(137q - 32)f® + 36(884> - 31q + 3)f"° + 9(2054” — 784 + 9)f

+54g(11g — 3)f™* + 814°f1¢ (2.20)
and

(24572 +3F)B3(0) = (2+57% + 3f*)[2q + (5g - 1)f* + 3¢/*]’
= 164> + 84°(20q - 3)f* + 12¢(584° — 15q + 1)f*
+2(860g> — 2794 + 30q — 1)f°
+(2641¢° - 915¢° + 111g - 5)f°
+3(860g° — 2794” + 30q — 1)f"°
+27q(584” — 15q + 1)f** + 27¢%(20q - 3)f™*
+814°f'°. (2:21)

Clearly, it is not difficult to verify (2.19) by the use of (2.20) and (2.21). Then, from (2.10),
(2.14), (2.16), (2.18) and (2.19), we obtain

5k* 3k 1 k+1)*

(G/(t))2 <t —— =y — )< ut’“l, vt >0, (2.22)
2(5g-1) 4q 2q 2q-1

and the proof of Lemma 2.1 is completed. d

On the other hand, for the function g(¢) defined in Lemma 2.1, we have the following
result.

Lemma 2.2 Assume q > 1. Let f(t) be the function defined by (1.7) and k > 1. Suppose
g(t) = (O|f ()T (t). Then, there exists My > 0 such that

<M, V>0 (2.23)
P10 !

’tq

Page 6 of 11
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Proof Obviously, the function Y(¢) = gt(—i) is continuous on (0, +00). From (f3) and (fs) in

Lemma 1.1, we derive

£1(2 + 3f2)2 I

lim Y(¢) = lim ———— 27" _lim —— =1 (2.24)
t—0* 0" /2(1 +f2)%fq(t) t—0* £4(¢)
and
1
. 3\2 4 3 (g+1)/2
M Y0 = (5) A e (5) ' 225
Then the conclusion (2.23) follows, and the proof of Lemma 2.2 is completed. g

Lemma 2.3 Letz € Cllo'i(RN) (0 < 8 < 1) be a nonnegative and stable weak solution of (1.8)
with q > 5/2. Then for every k € (1,ko(q)), where ko(t) is defined by (1.14), there exists a

constant C = C(q, k) such that

2(g+k)  _2(k+1)

kel
[ geeas=c [ #ivel T (226)
RN RN

where ¢ = ¢(x) € C3(RN) is a nonnegative cut-off function, in which ¢(x) = wo(%) with
R >0, ¢o(s) € Cj(R*), 0 < go(s) <1, and it is defined by

17 0 <s< 1,
0o(s) =122 -8)" - (2-95)?", 1<s5<2, (2.27)
0, s> 2,
withm = X 5 1.

q-1

Remark 2.4 1t is not difficult to verify that 0 < gy(s) < 1 and |gy(s)| < ,BOgDé’” "(s) with
,30 = 21/’”m.

Proof Letze C LS (RN) bea nonnegative and stable weak solution of (1.8) and k > 1. Setting

loc

¢ =72"¢% in (1.9), we find
k/ V2|22 L% dx < 2/ |Vz||VolZXe dx+/ h(x)g(2)z"? dx. (2.28)
RN RN RN
Applying Young’s inequality with parameter € € (0, 1), we obtain
2/ |Vz|| Vol o dx < e/ V2|22 2 dx + C/ V|22 dx. (2.29)
RN RN RN

Here and in the sequel, let C be a positive constant depending on € and g, k, which may
vary from line to line. Then it follows from (2.28) and (2.29) that

(k—e)/ |Vz|2zk_1<p2dx§/ h(x)’g(z)’zszdx+C/ |V<plzzk+1dx‘ (2.30)
RN RN RN
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On the other hand, taking ¢ = G(z)¢ in (1.10), we find
IVe]? = 0%(G(2))°| V2l + 20G (2)G(2) V2V + GX(2) |V 2, (2.31)
and then
/ h(x)g(2)z*? dx < / |VZ|2|G’(Z)|2</)2 dx + 2/ |Vz||V<p||G/(z)G(z)|<pdx
RN RN RN
+ / Vo |>*G2(z) dx. (2.32)
RN
By Young’s inequality with € > 0, one derives
2/ |Vz|| Vol |G (2)G(2)| @ dx < e/ |Vz|2‘G’(z)‘2(p2 dx
RN RN
+C / IVol?|G(2)| dx. (2.33)
RN
Then, it follows from (2.2), (2.3), (2.30) and (2.32) that
/ h(x)g(2)z*p* dx < (1 + e)/ |G'(z)|2|Vz|2go2 dx + C/ |V¢|2|G(z)|2dx
RN RN RN

Sak(1+e)/ |Vz|2<p2zk_1dx+C/ |V<p|2|G(z)|2dx

(1
S“k e / hx)g(z)zk¢2dx+c/ IV 225 dx

+ C/N|G(z)|2|V<p|2dx

Olk (1+¢€)

/ h(x)g(2)z*? dx + C1/ Vo2 dx.  (2.34)
RN

Then one sees from (2.34) that

8e f h(x)g(2)z*p*dx < C / V|22 dx, (2.35)
RN RN
where
or(l+€) (1+e)(k+1)?
Sc=1- =1- . 2.36
k—¢ (k-€)2g-1) ( )
Clearly,
. (k +1)%
= lim8e=1-—. .
80 eir{)a 8 /((2(] - 1) (2 37)

Moreover, the elementary inequality 8o > 0 implies that k € (1 q ), where ko(¢) is de-
fined by (1.14). Now, an application of (2.35) yields

/ h(x)g(z)zkw2 dx < C/ V|25 dax. (2.38)
RN RN
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Let A = %]1(, A= Z%Il(. Then it follows from Lemma 2.2 that, if z = z(x) is nonnegative in

! k+1
R, the function ¥ (x) = z¢*V* (g(z)z* 5 = ( g‘i—z))q*l is nonnegative and bounded in R¥.

Moreover, we obtain from the Holder inequality, (2.23) and (2.38) that

/ h(x)g(2)Z* ? dx
]RN

§C/ V|22 dx
RN

< C(/ h(x)g(2)z*? dx) ’ (/ ‘h(x)}_AT |V¢|2N(p‘2T)vz(k+1W (gzk)_AT dx) ’
RN RN

< c( IREE dx) ' ( [l 9o as) (239)

Obviously, inequality (2.39) implies

/ m@ﬂdﬁﬁdxfcf|mﬂr%wwnﬁi%mf (2.40)
RN RN
and (2.26) follows. O

Proof of Theorem 1.2 Setting x = R in (2.26), we get

2(q+k) 2(k+1)

k+
/ h(x)g(2)2"? dx < C/ !h(x)|_ﬁ|V<p| T @~ 4T dx
RN RN

2(q+k)

’ 1 2(q+k)
=k | [w] Cdescrp™, @4
R ()

where assumption (1.11) on /(x) has been used, C is a positive constant independent of R,
and
2q+k k+1
gon_ 2a+Kralk+l) (2.42)
qg-1
Clearly, if 0 < 0, the desired result follows by letting R — oo in (2.41). In the following,
we will show that some appropriate k = k(g) can be chosen such that 6 < 0. Let X(¢) be the
function defined in (1.13). Obviously, we have

lim X(¢) = yo(a) := 6 + 2a, lim X(t) = ysola) := 10 + 4a. (2.43)

t—5/2 t—+00

Note that X(¢) =2 + (2 + a) Y (¢) (¢ > 5/2) with

ko(t) +1 Vatt 12t +5
(= @+l _, . * (2.44)
i-1 i—1

and

B 2+a)2t+1)

2 -1/2
-1y (4> 12t +5) " >0, Ve>5/2. (2.45)

X'(t)
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So, the function X(¢) is increasing and 6 + 2a < X(£) < 10 + 4a for ¢ > 5/2.
Therefore, if N < 6 + 2a, we have N < X(¢) for any ¢ > 5/2. Hence, if we fix k € (1, ko(t))
suitably near ko(t), we obtain

p 2[t + ko(t)] + alko(t) + 1]

P (2.46)

For this reason, the desired result follows by letting R — oo in (2.41).

Assume now yp(a) < N < yoo(a). Since X(£) is increasing, we get in this case a critical
value g, > 5/2 such that N < X(g) for g, < q. From this, the desired result follows again by
letting R — oo in (2.41). Clearly, g. may be determined from the equation N = X(g.). Then
we complete the proof of Theorem 1.2. d

3 Concluding remarks
In this paper, we have considered a model described by the quasilinear Schrédinger equa-
tion. Nonexistence of stable solutions is proved.
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