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inclusion involving a relativistic operator is studied. First, the singular problem is
reduced to an equivalent non-singular problem in order to better apply the
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1 Introduction
By physical experiments, a change of the mass of an object occurs when the velocity of the
object is comparable with the speed of light. So in the range of high speeds, the mass of an

object is no longer a constant. In the special theory of relativity, Newton’s second law F =

% (mv) still holds. Just the mass m is no longer a constant, but a function of the rate of the
object’s movement. So the relativistic dynamics fundamental equation F = %[ J:”‘;_Vﬂv]
-z

can explain the problem of the “Bell slow contraction effect” better, where F is the force of
an object in motion, 1 is the mass of an object at rest, v is the velocity and ¢ = 3.0 x 10® m/s
is the velocity of light. For the theory and application of special relativity, we refer the
reader to [1-7].

Based on the understanding of the relativistic dynamics fundamental equation, mathe-
maticians put forward relativistic operators which have a close relationship with physics.
In recent years, the research of relativistic operators has attracted widespread attention
of mathematical scholars due to the physical significance and applicability. In 2010, Brezis
and Mawhin [8] showed that the solution of the following problem:

<—¢%> vasinu=e(t)  w(0)=u(T),  w(0)=u(D), D
— u,

namely u € C'[0, T satisfying ||u||» < 1, using %, is absolutely continuous. Moreover,
—u
the solution of associated solutions of (1.1) can be associated to the critical points of the
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energy functional

T
R(u) ::/ [1 -4/ 1- |u/|2 +ac0su+eu] dt,
0

which is defined on the closed convex set
K ={uewW"([0,T1) : u(0) = u(T), lull < 1}.

In 2011, Bereanu, Jebelean and Mawhin [9] studied the multiple solutions for Neumann
and periodic problems involving a singular ¢-Laplacian. Furthermore, the authors cre-
atively extended the energy functional R(x) to S(u) = @ (u) + g(u) in the space Cr = {u €
C([0,T]) : u(0) = u(T)}, where

) =Vi=udr it ue w([0, T]),

@
) +00 if u € C([0, T)\W ([0, T]),

T
glu) = / [acosu + eu] dt.
0
In 2015, Jebelean and Mawhin [10] discussed some existence results of the problem
~(p(w)) = VuF(t,w),  u(0) - u(T) =0 =u'(0) - /(T),

where

Y

VI-DP

Here B(1) C RN denotes the open ball of center 0 and radius 1. The potential F : [0, T] x
RN — R satisfied the L! Carathéodory conditions. There exists a(t) € L' such that
|V F(t,x)| < a(t). The authors reduced the singular problem to the non-singular problem

e() = y € B(1). (1.2)

(~v () = VuE(t,u),  u(0)—u(T)=0=1u'(0)-u/(T), (1.3)

and they defined v : RN — R by

L’ <Rr
I R (14)
A WISR

where R € (0,1). Furthermore, they proved the problem (1.3) has at least N + 1 geomet-
rically distinct periodic solutions and the system with oscillating potential has infinitely
many solutions.

In 2016, Mawhin [11] gave recent results on the multiplicity of T-periodic solutions of
differential systems of the form

(L)/w F(t,u) = e(t)
/71_ |M/|2 u ’ = )
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based on several techniques of critical point theory. Besides, [12—15] studied the equations
describing relativistic pendulum well.
In 2016, Jebelean, Mawhin and Serban [16] studied the existence and multiplicity of

periodic solutions for the differential inclusion
~(p()) € dF(t,w),  u(0)—u(T)=0=u/(0) - u/(T), (1.5)

where ¢ is defined as (1.2). The problem (1.5) has at least one solution and infinitely many
solutions by restricting different assumptions to nonlinear terms.

It was observed that the above literature did not consider the impulsive effect. The im-
pulsive effect [17] can describe the processes which undergo the sudden changes or dis-
continuous jumps in the real world. Thus impulsive effects caused great concern in many
fields such as industrial robotics, population dynamics, control theory, physics and so on.
Many mathematicians have conducted detailed and in-depth research on the impulsive
differential equations [18-30]. Besides, nonlinear boundary value problems [8, 31-36]
play an important role in solving mathematical physics problems.

However, to the best of our knowledge, there are few papers concerned with impulsive
differential inclusion involving a relativistic operator. Motivated by [10-12, 16, 37-40], we

study the existence of solutions for the following problem:

—(p(u' (1)) + o(u(t)) € AOF(t,u), te[0, TI\{t1,t2,...,tm},
Ao/ () = Lu(t)), i=1,2,...,m, (1.6)
u(0) = u(T), u/'(0) = u/(T),

where ¢ is defined as (1.2), Ap(u/(t;)) = (/' (£))) — @' (£7)). dF(¢, u) is the generalized
Clarke gradient of F(¢,-) at u € RV, I; € C(RN;RN), A is a positive parameter.

In order to treat the problem (1.6), we firstly consider the following non-singular prob-
lem:

- @ (1)) + ¥ () € AoF(t,u), te(0,TI\{t1,t2,... tm}
Ay W) = L(u(t)), i=1,2,...,m, (1.7)
u(0) = u(T), u'(0) = u/(T),

where v is defined as (1.4).

We shall apply the critical point theorem [38] to obtain the existence and the property
of weak solution for (1.7). Under some assumptions, the solution of non-singular problem
(1.7) is the solution of problem (1.6). Moreover, we will prove problem (1.6) has at least one
nonnegative solution by variational approach. With the impulsive effects and differential
inclusion taken into consideration, difficulties such as how to change the problem (1.7)
into problem (1.6), how to deal with the non-differentiablity of the energy functional and
how to prove the critical point of energy functional is classical solution of (1.7) have to
be overcome. We obtained the existence of periodic solution by critical point theorem.
Moreover, the nonnegativity and boundedness of the solutions are presented.

This paper is organized as follows. In Sect. 2, we recall some definitions and lemmas
which are critical to main results. In Sect. 3, the existence results of solutions are given.
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In Sect. 4, we give conclusions about the differences between the research results and the
reference [12]. In Sect. 5, an example is presented to verify Theorem 3.2. In the Appendix,
the derivation of complex inequalities is given.

2 Preliminaries
In order to better understand the main contents of this article, we introduce some nons-
mooth theory in this section.

Let the space
X= {u eHl([O, T];]RN) :u(0) = u(T)},

with the norm

- 1

2 712 2

||u||x=</ jl? + || dt) .
0

Clearly, (X, || - Ilx) is a reflexive real Banach space and its topological dual is (X*, || - ||x+).
I:X — R is locally Lipschitz if for each u € X, there exist a neighborhood 2 of # and a

real number k satisfying
[(x) - 10)| < kllx-ylx, Vxye .

For alocally Lipschitz functional / and a function u# € X, the generalized directional deriva-
tive at u along the direction v € X is defined by

1 hv) -1
]O(M; v) = lim sup M
g h

The generalized Clarke gradient of I at u is
0l(u) = {u* exX*: (u*,v) <I°(u;v), Vv e X},
where (-, -) is the duality pairing between X and X*.

Definition 2.1 ([37]) The function u € X is a critical point of locally Lipschitz functional
1if0 € d0l(u),ie., I°(u;v) >0,Vve X.

Lemma 2.1 ([39]) Let ¢ € C1(X) be a functional. Then ¢ is locally Lipschitz and

@°(u;v) = (@' (w),v) forallu,v € X;
dp(u) = {go/(u)} forallueX.
Lemma 2.2 ([16]) Assume that F : [0, T] x RN — R satisfies (Hr) and let Ir be defined by

Ir:=F|Hr=Foiandue Hy. If1 € 31, then there is some w; € L' such that |u(£)| < a(t),
u; € 0F(t,u(t)) fora.e. t €[0,T], {L,v) = —fOT(u1|V) dt,¥Yv € Hr.



Shang et al. Boundary Value Problems (2018) 2018:173 Page 5 of 19

Lemma 2.3 ([38]) Let X be a real Banach space and let ®,¥ : X — R be two locally Lips-
chitz continuous functions. Suppose that there exist two numbers ry, ry € R satisfyingr, <r,
such that

B(ri,12) < p(r1,72),

where
su _ Wy -v(v
B(ri,ry) = inf Puco-10r .m0 ¥ () )
ve@1(ry,ra0) ry—D(v)
and
¥ (v) —su S 20)
p(ri,ra) = sup Puco1(-00nD ’

ved1(r,m0) ®(v)-n

foreach ) € | ———

Palais—Smale).
Then, for each i € ] rz) W

Sor all u € @~1(Jr1, ry[) with uo,. being a critical point of I,.

[ the function I, = ® — AW fulfills the ") (PS)!"2)-condition (PS:

(r1 r2)’ ﬁ(rl r2)

[ there exists ug,, € @ (|r1, ra[) such that I (ug,) < I, (u)

Next we consider the non-singular system (1.7). Let the functional / : X — R defined by

I(M)='/0\T'~I/(I/l/)dt+/0T'~I/(M)dt—)»v/(; tudtol—Z/ s)ds,

where ¥ : RN > R,

1-y1-|y% Iyl <R,
l[/(y) - 1 1—[R|? |y|>-R? R
- —|R|* + BNk lyl >R,

and R < 1. i is an embedded map satisfying Hr < c.
In the next discussion, we let () = @ (u) — AW (), where @ () = fOTlI/(u/)dt +
[T wyde -0, [ 1(s) ds, W () = F(w)| 1, = F(u) 0 i, where E(u) = [ F(t,u)dt.

Definition 2.2 A function u is a classical solution of problem (1.7), if u : [0, T\ {1, 2, ...,
tn} — RN is of class C! with v () absolutely continuous, satisfying

—(W @ @) + @) =u*, tel0,TI\{t1,t2...,tm},
-AY W' () = L(u(t), i=1,2,....,m, (2.1)
w0 =w(T),  u'(0)=u/(T),

where u* € AOF(t,u).

Lemma 2.4 ([10]) The functional ¥ (y) satisfies the inequality

1
§|y|2 <Yy < for ally e RN,

! vl
\/1-R2y
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Lemma 2.5 ([41]) Let u, v € L'0, T;RN). Iffor every f € C3°, [ (u(t),f'(8)) dt = — [, (v(2),
f(8)dt, then fOT v(s)ds = 0 and there exists c € RN such that u(t) = fot v(s)ds + c a.e. on
[0, T].

3 Main results
Proposition 3.1 If function u € X is a critical point of I, u is a solution of problem (1.7).

Proof Assume that  is a critical point of I, then we have

T T m
/0 (v (o) V) dt + /0 (W) de— 25" ) — 3 (1) I8) > 0, (3.1)
-1

14

for any v € Hr. Since C3°([0, T]; RN) C Hr, clearly,

m

T T
/0 (v (u)1V) dt + /O (W) de - 25w 0) - 3 (1) In(8)) = 0

i=1

holds for any v € C3°([0, T]; RYN). Considering the subadditivity and positive homogene-
ity of the function ¥°(u;-) and applying the Hahn—Banach theorem, there exists a linear
functional /1 : Hr — R satisfying

—A°(u;v) > (h,v), for any v e Hr, (3.2)

and

—( [ wewyacs [ @ i(n@(n)ﬂﬂn))) ),

i=1

foranyve Cg°([0, T];RN). (3.3)

Since F is Lipschitz, there exists a positive constant B with —A¥°(u;v) < B||v|| for any
v € Hr. This combining (3.2) implies [(k,v)| < B||v| for any v € Hy. Furthermore, we
obtain 4 € (Hr)*. From the definition of the generalized directional derivative, we have

h € 13(~¥ (). Taking Lemma 2.2 into consideration, there exists some u;, € L' such that
uy € AaF(t,u(t)), forae. t€[0,T], (3.4)

and

T
(h,v) = —/ (uy|v)dt, VveHr. (3.5)
0

By (3.3), (3.4), (3.5), we obtain [ (y(@)V)dt + [, (Ww)v)dt — X0 L)) V(L)) =
fOT(uhIV) dt for any v € C3°([0, T]; RN), where u;, € AdF (¢, u(t)) for a.e. ¢ € [0, T]. We take
v(t) = ]_[Zgl(t - t)(L,1,...,1)T € C([0, T]; RYN), then fOT(I/r(u’)lv’)dt + fOT(I[/(M)W) dt =
fOT(uhlv) dt for a.e. t € [0, TI\{t1,5,...,,}. By Lemma 2.5, we have ¥ («/) = fotlp(u) -
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uy dt + c. Since fot ¥ (u) — uy dt is absolutely continuous, the gradient of fot Y (u) — uy, dt
exists almost everywhere for ¢ € [0, T, i.e.,

(W () + ¥ (w) = un(e),

(3.6)
fora.e. t € [0, TI\{¢t1,t2,..., L}
In the following we will prove the boundary conditions and impulsive conditions
By uy, € LOF(t, u(t)), we obtain
(un(®)|v(2)) < AE° (£, u(t); v(2)), (3.7)

fora.e.t € [0, T], any v € Hy. Multiplying (3.6) by v € Hr, integrating over [0, 7] and using
the integration by parts formula, one has

(v (1 (0)) = v (W (D) T) + /0 ()W) de+ /0 (i) de

m T
- (AU @)be) = [ i

i=1

By (3.7), we obtain

/0 ()W) des /0 (W) de

T m
5/0 AF°(t,u;v) dt + (1/f(u’(T)) —1/1 0) |v(T) + Z t) |V(t )) (3.8)
i=1

By the fact that (3 v) < —AE°(u3v) < fOTA(—F)"(t, u;v)dt ([42]) and (3.1),

T T T
/ (1/f (u’) |v’) dt + / (¢(u)|v) dt + / A=F)°(t, u;v) dt
0 0 0

= > (we) () = 0,

(3.9)
i=1

holds. By (3.8) and (3.9) the inequality
T T
/ M=F)°(t,u;v)dt + / AF°(t,u;v) dt
0

> (Y (/) = ¥ (W (D)) (T)) + D (A (u (80)) + I (ult:)) [v(t:)) (3.10)
i=1

holds. Let v, € Hr be defined by

(1-nt)y, o<r=<i
V=10, %<t§T—%,
(n(t-T) + 1)y, T—%<t§T,

for any y € RN,
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By [37], we obtain

T
/ F(t,u;v,)dt -0 asn— o0 (3.11)
0

and
T
/ (=F)°(t,u;v,)dt — 0 asn— o0, (3.12)
0
when F is Lipschitz. Then we take v = v, in (3.10), letting n — oo, by (3.11), (3.12),

YW (D)ly) + 270 (A (' (&) +
Li(u(t))|v(t;)) < 0. As y is arbitrarily chosen in R, one has

a straightforward computation shows that (y(#'(0)) —

(v(@©0)-v ) + L (u(t) Iv(2)) = (3.13)

W(D)ly) + ) (oy
i=1

Apparently, v(¢;) =0,i=1,2,...,m. (3.13) is changed into (¥ («'(0)) — ¥ (&/(T))|y) = 0. Tak-

ingy=e;,i=1,2,...,N, we get ¥ (' (0)) - ¥ (@/(T)) = 0. Since v is a homeomorphism, we

have #'(0) = u/(T). Equation (3.13) is changed into
D (8w (u (8) + L(w(t) Iv(t:) = (3.14)
i=1
Let
nty, 0<t<q,
Vu=13% %<t§T—%,
(e-TY)y, T-i<t=T

We take v = v, in (3.14), letting n — oo, then v(¢t;) = y. Taking i #j, v(t;) =y = H/#l

te, v(t) =y = [[he1(t; — tne, e = e1,es,...,en, we obtain —Ay (i (tl)) = Il(u(tl)) when
i=1, -AY /' (t) = L(u(ty)) when i = 2, ..., —AY (/' (t,,)) = I,,(u(t,,)) when i = m. So
Ay (U () = I(u(t;)) when i = 1,2,...,m. Besides u € X, it is clear u(0) = u(T). O

To better illustrate the main results, we give the following assumptions:

1
(A1) maxee(o1)ulcloe] F(& 1) > E(t,0) = 0, where 0 = (0,0,0,...,0)T and [ F(¢,(0,0,...,
(0,7, |ul€[0,c1] 0

dit,...,0")dt =0, [5 F(t,(0,0,..., 240, . O)T)dt> o
F(t/‘,lfto)

2 7
4d]

max ulef0,cq] Ftu) 1
(A2) [( ze[OT]\c|ze[0 & ) — (2 maxee[o, 11, juief0,c1] |OF (L, w))*)2 <

where F(t;, o) =
minte[l 3]F(t io);

(4s) Hlluol} > 10 [ 1(s) dsl;

(Ag) 9,,F(2,0)>0;

4d?(—L Ly2r3, 1 R 1y2L£13, 1
(A) D /ir2 2 24 4T3< 1ﬂi 24 TIT-3 where 0 <b < 1:
5 F(t/,MO) s/l—zmaXZE[OIT],ME[O'cl F(t,u)’ -’

(Ag) ;(n)| < D1; + Doj|ul”, where Dy;, Dy; are positive constants, Dy = max{Dy;}, D, =
max{Dy;} y <land ;(u)u<Oforallue X,i=1,2,...,m;

Page 8 of 19



Shang et al. Boundary Value Problems (2018) 2018:173

max;e(0,7],|ule[0,c1] F(&:4) -1
(A7) [(—=L T”C'%E[Oc” )? — (2maxee(o, 1) uleloc,) [F (L, u))*] 2 maxeeio,r)juefoe 1OF (&

u)| b(«/iW + %)(27;213 + ﬁ) +m(D1 +DyRY) +1—,/1~— 2%| <R,whereR<1,ry
and z appear in the proof of Theorem 3.2;

(As) 27 L)) (u(ts) — un(8:) = alluy %, where u, = uin X, & > % where d, ¢

are given in the Appendix;

(A9) / 2% <R, VuelX;
(Bo) Ii(u)>0asu<0;

(B1) (0F(t,u)|lu) <0asu;<O0.

Theorem 3.2 Assume there exist positive constants cy, dy with dy < c1 such that (A;)—(Ay),
1A+ ) A )
(Bo) and (B1) hold, then for A € ] i) , e F

[, problem

(1.7) admits at least one nonnegative solution u, such that |u,| < ,/ 2% <Rand

F(t, 2 2732
|u;{§[(maxtdo’”’”iw’c” ( m) (2, max |8F(t,u)|)]

c t€[0,T],|u|€[0c1]

x max  |3F(t,u)|
te[0,T],lule[0,c1]

Xb( 1 +%)<2T+13+ 1 )+\m(D1+D2RV){

VIR 24 4T -3
27‘2
+1- [1-|—| <R

Proof We will apply Lemma 2.3 and Ref. [37] to complete this section in four steps.

Step 1. We prove @ (u), W (u) are locally Lipschitz.

Clearly, @ (u) € C1(X). From Lemma 2.1, ® (&) is locally Lipschitz. By calculation we can
see W (u) —F(v) = Foi(u) - Foi(v)=Foi(u—v) <Lli(u—v)| < Llit—|c < LM||tt = V||sz,..
So ¥ (u) is locally Lipschitz on X.

Step 2. We show that there exist r1,7, € R, with r; < ry, such that B(ry,r3) < p(r1,72).

. 1F (ko)
Firstly, we prove p(r1,72) > ———F w313+
( Iy (5" +rar—3)dy
By u € Hr, we have u € L1, i.e., for every ¢ € [0, T, there exists ¢; such that |u(t)| < c;.

u F(t, _ 2
Let L = maxtem’ﬂ"c'%g[o’cﬂ ( ”), M = maxec(o, 1], ucloq] |0E(E ©)|, Z = 4%. Apparently, we have

1
u C Ftr > 22
1-z-= [(maxfe[‘)’” ef0er] F ”)) (2 max |oF(w)) }

a te[0,T],lule[0.c1]

2
‘1

X .
max;e(o, 7, julef0,c1] F (¢ 1)

Furthermore,

1

maxec(o, 11, |ulc0.c;] F (& 1) 2 2172
|:< tel ]\uI;[ al ) —(2 max |8F(t,u)|)

c] t€[0,T],|ul€[0c1]

— 4 (3.15)
/1 —z MaXe[0,7],|ule[0,c1] F(t,u) ’ '

Page 9 of 19
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By (A,), (3.15), we obtain

1 R _ 2
—F(tj, o) >~v1-z max F(t, u)—zl. (3.16)
4 t€[0,T),|ul€[0,c1] c
We claim that
(4]
d < ———. 3.17
=¥z (8.17)

We assume (3.17) is not established then we have d? >
ing (3.16), we obtain

4\% i.e. v/1-zd? > 1c}. Combin-

TE(, i) . MaXre(o,7) uleloa] F(t,u) iF(t o)
A/ 1- éd% C% 4/ 1- Zd2

This is a contradiction. So (3.17) holds.
From (3.16), there exists & € ]0, ¢[ such that for every ¢ € ]0, [

4 c 1 N
Vv1-z max F(t,u)— —— < —F(t}, thp). (3.18)
te[0,T],lul€[0,c1] cic—e 4

By Lemma 2.4, we have

1 r T 1
—lu|? 5[ (0 dt+/ U (u)dt < ——|ull>. (3.19)
20 o ( ) 0 Vi ¥

In order to apply Lemma 2.3, we take uy(t) € X, where

dit, 0<r<4i,
.- )d 1 3
Up; = 7]7 3 <t < 2’
21(t-T) 3
a0 a<t=T
Let uo(t) = (0,...,u0;0,...,0)T. Specially, uo(¢) = &ty = (0,0,..., 2 ,...,0) when <t < %.
So there exists L satlsfymg F(t;, 1) = min, (1 3, F(¢,i10). By computmg, we obtam luoll% =
2T+13 )dz >
24 4T 3 X
Putr;=0,7y = («/11-T +3) ZTZZB + m)TO}, where

1, T«<1,
T, T>1.

Clearly, let 77 = % ‘62596 < %. A straightforward computation shows that r, > 0 when

{0<T<T{}U{T > %}. By (As), (3.17) and (3.19), we obtain

o< 1 27+13 1\, (3.20)
r=uUx< 171 + — <r .
! 0) Jr 24 4T-3)1 77

and ®@1(]-o0, 0[) = {0}. Clearly, ¥(0) = 0 is established.
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By (A1), one has
- T i ) 1 R
W)= [ Flouods= [ Fiode= JF( ) (3:21)
0 2
By (3.20), (3.21), we have
W (v) = SUPeq-1 ooy ¥ () W (o)
p(ri,ra) = sup
ved=1(r1,r2[) (V) -1 D (up)
=1 1\ 27+13 1\ 2"
(@ + i)( 22 + 4T—3)d1
€ ule|0,c F ”
In the following, we will show B(ry, 1) < maXeelo T uicloe | FE —.
(—_ Ly2ras, 1y 9
T2 2\ tars) i
To better deal with B(r1,r2), we give some notations.
G(t,s) = [, g(t, u) du, where
oF(t,u), u;>0,i=1,2,...,N,
glt,u) = { 9F(t,0), u;<0,i=1,2,...,N,
0 u; < 0, for some i and u; > 0,
for some i and s = (s1, 2, ...,8N).
Indeed,
max G(t,s) = max{ max  G(t,s), max G(t,s)}.
te[0,T],s;€[-c¢;] te[0,T1,5;€[0,c]] t€[0,T],s;€[-¢},0]
By (A4), we obtain
max  G(t,s) = max  F(t,s) > F(£,0) =0,
t€[0,T1,5;€[0,¢]] t€[0,T1,5;€[0,c] ]
s
max  G(t,s) = max / g(t,u)du = max  (3F(t,0)|s) <0,
te[0,T],s;€[-c},0] te[0,T],s;€[-¢},01 Jo t€[0,T],s;€[~¢},0]
where c; is a positive constant. So
(3.22)

max G(t,s) = max  F(t,s).
t€[0,T],s;€[~c],¢] ] t€[0,T],5;€[0,¢;]

According to the property of the supremum and infimum, we have

B(ri,r) = inf SUP 1y ry) ¥ (14) = (V)
o ry—@(v)

ved~1(lrral)

- SUPyep-1(]-c0,r2[) ‘i’(u) - l1~’(Mo)
- 1y — @ (uo)
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By (3.22) and (3.21), we obtain

SUP,e0-1 1-oery) ¥ () = W (o) _ T°MaXieo =4 Glbos) - 1E (& i)

ry — D (up) - 1y — @ (uo)

1 A~
T° MaX;c(o,7]uleloc] F (6 u) — 1F (8 o)
ry — D (o) ’

From (3.20), we have

T maX,e(o,7) o] F (6 u) - 1E(;, 11o)
ry — @ (up)

T° max;e(o,71,juleo.e,] F(t: 4) — $F (8, fho)

<
— T
7'2—( 1 1)(22213 T 3)d2

(3.23)

[ — +
Vvi-r2 2

Considering (3.16) and the expression of r,, one has

the right of inequality (3.23)

= d4?
T maxe(o,7],julel0,c1) F (& #) — V1 = Zmaxee(o, 1), jule[0.ey) E (& ) é

d\/lz
cTo)

=

l"z(l -

2T
T° max;e(o, 71, u;lef0.c,] F (& #)(1 - zTOZ)

212
7'2(1 2Toz)

Maxee(o, 7, julef0,c;] F (&> 1)

(A + DyEDs Ly o
Wil T3 s

Thus we have

Max;e(o, 17, julef0,c;] F (£ %)

B(ri,ra) < (3.24)

2T+13 1 C%

(7= + )50 + ) 7=

By (3.16) and (3.24), it is clear B(r1,72) < p(r1,72).

Step 3. We show that I = @ — A fulfills the [1}(PS)I"2)-condition.

By the mean value theorem and the Hélder inequality, we have ||| oo = max;ejo,77 |4(2)| <
N||u|x, where N = max{~/T, %}.

To this end, let {#,} € X be a sequence such that

(a1) (@ —A¥)(u,) is bounded;

(a2) there exists a sequence {¢,} C R,, €, = 0* such that (® - M) (15 v) > —€,llvilx

forallve X;
(a3) ®(u,) <ryforallmeN.
By Lemma 2.4, (A¢) and (a3), we have %||uy,||§( —mD1N | uylx - mDyN I ,,||V+1 < d(u,) <

y+1
ry. Clearly, {u,} is a bounded sequence in X as y < 1. We have the same conclusion as

y =1, mD, < 1. Since X is a reflexive Banach space and we have the compact embedding
X = L*([a, b]), we may assume that

u, —u inX, u, — u  inL*([0, T1). (3.25)

Page 12 of 19
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Letting v = u — u,, in (a,), we have
(D () (s = 14)) + (AT (s 14 = 1) >~ 18 = 11| . (3.26)

By calculating, we get

T

T
(1) (0t = 1) = f (W (1)1 (o = 1d,)) it + f (900 1t = 1)) lt
0 0
—Z (1 (8)) | ((8:) — 1(£)))

- [ @) - gy [ i) - )

- Z(]i(un(ti)) [((t;) — un(t:)))-
i=1

<a+h

By the definition of v, the inequality ab and (Ag), we obtain

(D (un) (1t — up)) < lnunx e 24 1l%, (3.27)
2 2

where[i:max{ ¢=min{—=—=—, ——=—=1}, as |u),| <R, lu,| <R; d=

1 1
1- |un\2’\/1 litn \2}’ V1- |un\2 \/ |2
¢ T Vi) = v EEminl e i) = ¢1|
min{

max{ ,aslu/n|§R,|u,,|>R;d=

max{ _, as [1,| > R, |u,| <R;d =

T iE) = e teminl e ) = e

\/11_?, c= \/11-?’ as |u,| >R, |u,| > R. One can see the Appendlx for more details. Equation
(3.26) on combining with (3.27) gives the following inequality:

1 1- .
—€nllt = tnllx + (56 + Ot) ol < Edllullf( + (=AW)° (s U — ). (3.28)

Note that ¥ is well defined and locally Lipschitz on L>([0, T]). Taking (=¥ |x)° <
(=A¥°)|x for all u,v € X into consideration, the upper semicontinuity of (=A¥)°, in the
strong topology of L%([0, T]) x L2([0, T]), implies that

lim sup(—A¥)° (s 14 — thy) < (—)»lf/)c’( lim u,; lim u - u,,) =0. (3.29)

n—00 Hn— 00 n— 00

Considering the upper limit and using (3.29), the inequality (3.28) becomes

. 1. 1-
lim sup Sete lnllx < Edllullx. (3.30)

n—00
Applying (As) to (3.30), we have
Jim sup [la,llx < [laelx. (3.31)

We know that L2[0, T is uniformly convex and X << L2[0, T], X is uniformly convex.
Combining (3.25), (3.31) with the convexity of X, we obtain u#,, — u in X (see [43]). Hence
the functional @ — A satisfies the "11(PS)[2]-condition.
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From Lemma 2.3, there exists u, € X being a critical point of I satisfying

D) -2 (u) = inf (@) - AF 1)) < D(ug) — AW (o)

ved~1(Iry,ra)

B 1 AVEZ NS N VPR S
+ = + - > 10)-
“\Vi-r 2 24 AT -3)71 T 470

Clearly, 0 < @(u,) < ry is established. So we havefOTlI/(u;)dt + fOTW(u*)dt -

sz1 o 1i(s)ds <ry. By Lemma 2.4, (4¢), we can see ‘”*‘ < ry. According to (Ag), |us] <R

is valid.
Let v(-) = ¢(/(-)) = ¥ (#/'(-)) be continuously differentiable, so u’ = ¢~1(v) € C°([0, T]),

i.e. u, € C1([0, T]). Because u,(0) = u*(T), there exists ¢, such that #/ (to) 0. According
) b CZ( 2)(2T+13+47}_3)

zdere[o T julefo.c) F&W) 7

1 )( 2T+13

4T 3
then there exists ¢ € ]0,€[ and a posmve constant c such that

to Lemma 2.3, (4s), forany A € ]Ft o) (

1 )( 2T+13

c o bcl( *ar- 3)

. (3.32)
c—¢ V1 —Zmaxye(o, 17, juief0,e] F (& 1)

Let

<R,
2 - r = b=
lyl > R.

1- |R\2

By the integral mean value theorem and (3.32), (3.15), (4¢) we obtain

t m t
= / ABF(M*(s))ds + Z[i(u(tl)) +f W(u*(s))ds
to i-1 to
AT “ T
< OF(t, ‘ L (ult; () d
= o max OF(u)|+ ; i(u(t)) +/0 V (1,(5)) ds
C%maxte[O,T],lule[O,cl]|8F(t’u)|b(ﬁ + 3358 + 7)
<
~'1 —zmaxee(o, 1), ulefo,c;] F (¢ )
m
+ Z[i(u( N +1=v1=|ul?

-1
u C Ftr 2 2]z
< [(maxre[m" cioen £ m) ~(2_ max  |aF(u)) }

(o7 te[0,T],|ul€[0,c1]

1 2T + 13 1
|0F (£, u)|
«/1 R2 24 4T—3 telo, T] |u|e[0c1]

27’2
T .

+ |m(Dy + DR +1 - [1-

By (A7), we have |u (¢)| <R.
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Step 4. We prove each solution of (1.7) is nonnegative.
Assume that u is the solution of (1.7). Multiplying #~ on both sides of differential inclu-
sion and integrating from 0 to 7', we have

[y [ (woy)a [ Eeon)a

where (t,u) € MdF(t,u) and g(t,u) € L?, § > 1.
We define u~ = 0 when u;(¢) > 0and u,,(¢) < Ofori,m € {1,2,...,N}.u~ = —uwhen u;(¢t) <
Oforanyie{1,2,...,N}. u” =0 when u;(¢) >0 foranyi e {1,2,...,N}.

[ Coty

= (=¥ (W (1)) 1w (T)) + (¥ ( (0)) 1w (0)) = > (Fi(uu(ts)) |~ (1)

i=1

[ ey a
= fOT(w (L/)|(Lt_)/) dt - Zm:(li(u(ti))lu‘(ti))

i=1

_ / ()i ))des / (v ()1(w")') e
(E:4;(£)<0)

{t:ui(£)=0}
_Z u(tl |u (t:) )

= [ (<0} (W (u’) | (u_)/) dt — Z(I, (M(tl'j)) |u_(tij))
(t; such that u(t;) < 0),

fo @t w)|u)dt = ftu <o) @t )™ dt+ftu (=0 @& W)u”)dt = _f{t:u,'(t)<0}(g(t’ u)|u) dt
By (By), (B1) we have fo @t u)|u")dt > 0and — Zizlli(u(tij))u‘(ti,’) <0.So

/ w(u/)u’dt+/ Y(uw)udt < 0.
{t:u;(2)<0}

{t:u;(£)<0}

Hence the measure of {¢: u;(£) < 0} is 0. The proof is completed. O

4 Conclusion

We apply the nonsmooth critical theorem of Ref. [38] to a study of the boundary value
problem due to the non-differentiability and non-smoothness of energy functionals. We
construct a specific function v, to verify the boundary condition and the impulsive con-
dition. The boundedness of solutions is obtained to convert singular and non-singular
problems into each other. These contents are not covered in the literature [12]. Moreover,
the proof that the critical point of the energy functional is the solution of the boundary
value problem and the proof of the nonnegativity of the solution are obviously different
from [12]. In particular, the restrictions of the nonlinear terms are completely different.
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Besides, we obtain |u| < R, |#/| < R by u € ®7(r1, ;) and related inequalities. Reference
[12] has similar results by defining the solution space and embedding maps.

5 Example
Take

: {03
g (lul* = ul + sinful = §8),  u<0,

_ ) —

oF = 10 u=0,

I (|ul + |l + 42), u>0,

and
5 I

(=" — 3 lul® - cos |u| = G |ul), u<0,
- N —
F(t,l/l)— ﬁu, M—O’
i 4 2 10, u>0.

where max;e[o,1 [(£) = 1, minsejo, 11 [(¢) > 0, minte[%’%] I(t) =1. (A1), (A4) and (B;) are satis-
fied.

Clearly, 0 is a nonnegative solution. There are other nonzero solutions to the equa-
tion. Let nonzero solution u« = (0,0,...,i,0,...,0)T. &z = t=°° for any ¢ € [3.8105, T); i(0) =
u(T) < cy; u(t) <c; forany t € (0,3.8105).

-3

By calculation, %WP@ u) = écl + g + o, 2 MaXyjefo,,]|0F (t, u)| = 2(c1

Ly as ¢ < 1, F(t,di0) = $(4)7 + L(4)5 + 5. Let ¢; = 0.300, d; = 0.005, b = 0.3,
F(t,
a stralghtforward computation shows that maxtelo‘n"fdo‘cl] o 2.3123,
1
L e i F(t,

2maxicioueioa) [PF@Gu)| = 16964, ATH = 69721, [(ebmspnalfiyp

1 (,010) a? \/%%)("ﬂ”uis)
(2maxeo, 71, \M\G[ocl 110F(t, u)])?]2 = 1.5713 < ’— =6.9721, and 1=k o =

1 J 0)
2)(2T+13+4TI 3)

“i( \/l —R2
0.6267 < b VI-Zmaxee[o, 7] ju;l [0y ]

2” =0.3106 < 1, (Ay) is established.
Put

= 0.8343. So (A,), (As) are satisfied. Moreover, |u,| <

u)2, u;<0,
I(lxll): IOOm( U ]

)
~Toom ()2, 4 =0,

= NI

(Ag), (Ag) and (By) are satisfied.

|u/ | _ [(maxte[o ,T1,|ul€[0,c1] F(t,u) )2 _

62

1)(2T+13

where u; is the jth component of u. (A
Let D1 =0, D2 =

, we obtain

3),
1 1
100m’ VY 2

(2maxe(o, 1), ulco,c] |0F (£ 1)])?] 2 7 Maxze(o,r) julefo,er] [OF (L 4)|b( == 73) +

4T 3
[m(Dy + DyR?)| +1 - /1|22 = 0.7076 + 0.0095 + 0.0495 = 0.7666 < 1, taking 0.7666 <
R <1, (A7) is established. So problem (1.7) has at least one solution u satisfying || < R,
|#| <R, and each solution of (1.7) is nonnegative.

Appendix: The calculation of (3.27)
Let M = (Y (u;,)|u') — (¥ () 28,) + (Y (o) [10) — (Y () |40), S = fOTMdt.
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Case I: |u,| <R, |u,| <R.
/ Gle) 1 |uyl? +|u| un\u 1 Jun[®+uf?
From (1.4), we have (Y (u),)|u/) = NP <3 = , (U (uy)|u) = NP 2J1 Pk

(W ap)ly) = h (W ) lty) = el

/12 2 /12
By straightforward calculation, one has M < —(1 Ml 4 1_lwl ), 1_JWF
’ -2 Jl—\u@P 2 ¢1—|u 2’2 Jl |2
L5 < L min{ =, L},
3 -3 x + 3 max{—=—, ——L—}|u|
21l Vi- \ nl?’ «/ a1 V11,27 1l 2

By (Ag), we obtain

1

1
, lllx
{Jl—luglz J1—|un|2}
(1 { ! ! } )n ||
— | —min , +o | ||uyllx.
2 | VI=1w 1= !

Case 2: |u,| <R, |u,| > R.
/12 72 2 2
From (1.4), we have (y (u),)|u/) = Jj"l‘u)z < %‘f/n:\zz:? (¥ (un)lu) = \/u"‘ll;lz <3 ‘f;ll 7;‘2

(W (ul)lee,) = % (2t 1) = ﬁ

By straightforward calculation, one has M < —(1

(¢ (tn) | (1t — Mn)) =

l\JlP—‘

/

nlz 1 el _y 1 WP

+
2 Jl 2 J1-IrP? 2 /114,12
Jul

1 1 . 1 1 1 1

2 S < —smin{————, ——=1}{lu + = max ulls.

2 1—|R\2’ -2 { lflu;\z, /—1—|R|2 }H n”X 2 { 1*|M;z|2’ IR? }|| ”X
By (Ag), we obtain v

2

b

(D" (un) (1t — ) < {\/1 o |R|2}|ullx

1 1
— | = min s +o ||| tgllx-
(2 {\/1—Iu§,|2 J1—|R|2} )
Case 3: |u, | > R, |u,| < R.

/2 /2
From (1.4), we have (¢ () |u) = (gl) 1y P+l® (Y () |1g) = —l)_ < 1 L ]2

VI-RE T2 /1R Vi-un = 2 1w 2’

S 7] G
(Y (3, |y,) = m (W () lt) = o 2
; A 1 |unl? 1_ WP
By straightforward calculation, one has M < (2\/1 T + oy Iun\2) + 2 /i +
1 P _1
2 1w’ S= mm W \/—‘2 Hiu n||X+ max{m «/—|2}”
By (Asg), we obtam
1 1 1
D' ()| (e — 1)) < = { ) }||M||
( SR W) L
(1 i { = = } )n ||
— [ = min , +a ) lulx.
2 VIR V1= a2 )
Case 4: |u,| > R, |u,| > R.
/ N _ ”H\M) I\Mn +\M| (up|u) l\u,,|2+|u\2
From (1.4), we have (¢ (u,)|u’) = J sl N s (Y () u) = S <3 SR

By straightforward calculation, one has M=<-(}

> (loay, > + | ) +

1 )
1 u
«/1 IR|2 2 /1- \R (| L

]

u?),S < =5 —== lluallx + 5

1
— || U||X-
2 /—l—lR\z 2 /—1—|R‘2” ”X
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1 1 1

By (As), we obtain (@' (u,)|(u — u,)) < %ﬁ llullx - (5 Tt ) [t x-
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