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Abstract

The paper is devoted to establishing the solvability and topological property of
solution sets for the fractional evolution inclusions of Sobolev type. We obtain the
existence of mild solutions under the weaker conditions that the semigroup
generated by —~AE™" is noncompact as well as F is weakly upper semicontinuous with
respect to the second variable. On the same conditions, the topological structure of
the set of all mild solutions is characterized. More specifically, we prove that the set of
all mild solutions is compact and the solution operator is u.s.c. Finally, an example is
given to illustrate our abstract results.
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1 Introduction

Fractional calculus has been used successfully to study many complex systems in various
fields of science and engineering, which mainly rely on the nonlocal character of the frac-
tional differentiation, we refer the readers to [10, 19]. Fractional differential equations and
inclusions have recently been proved to be valuable tools in the mathematical modeling
of systems and processes in the fields of physics [8], chemistry, aerodynamics, electrody-
namics of a complex medium, polymer rheology, etc., involves derivatives of fractional
order. In recent years, there has been a significant development on differential equations
involving fractional derivatives. We refer the reader to [22—24] and the references therein.

It is worth mentioning that evolution equations of Sobolev type have been extensively
studied due to their various applications such as in the flow of fluid through fissured rocks,
thermodynamics and shear in second order fluids (cf. [3, 6, 12]). The fractional evolution
equations of Sobolev type, which arise in the theory of control of dynamical systems when
the controlled system or the controller is described by a fractional evolution equation of
Sobolev type, provide the mathematical modeling and simulations of controlled systems
and processes. For the research of fractional evolution equations of Sobolev type, we refer
the readers to [9, 13].

Since a differential inclusion usually has many solutions starting at a given point, new
issues, such as the investigation of topological properties of solution sets, selection of so-
lutions with given properties, and evaluation of the reachability sets, appear. An impor-
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tant aspect of the topological structure is the compactness of solution sets. Regarding the
topological structure of solution sets for differential equations and inclusions, we may cite,
among others [2, 11, 21, 25]. However, to the best of our knowledge, the topological struc-
ture of the solution sets for fractional evolution inclusions of Sobolev type has not been
explored.

In this paper, we study the fractional evolution inclusions of Sobolev type in Banach

spaces X and Y:

°DI(Ex(t)) + Ax(t) € F(t,x(t)), te]:=[0,T],
x(0) =xg € D(E) C X,

(1.1)

where ¢D? is the regularized Caputo derivative of order 0 < g < 1, the operators E : D(E) C
X — Y and A:D(A) C X — Y are two closed linear operators, and F:J x X — 2¥ is a
multi-valued function with convex, closed values.

In this work, motivated by the above consideration, we are interested in investigating
the topological structure of the solution set for (1.1) under rather mild conditions. Our
purpose is to prove that the solution set for (1.1) is nonempty and compact with the semi-
group generated by —~AE~! being noncompact.

By assuming that E~! is compact or the resolvent set R(A,~AE~!) of —~AE~! is compact
for every A € p(~AE™!), which guarantees that the semigroup generated by —~AE~! is com-
pact, there has been many works devoted to solvability and controllability of fractional (or
integer order) evolution equations of Sobolev type such as [1, 7, 9]. After reviewing the
previous research on the fractional evolution equations and inclusions of Sobolev type, we
find that most of the works assume that the semigroup generated by —AE~! is compact.
However, much less is known about the fractional evolution equations and inclusions of
Sobolev type with the noncompact semigroup. We will prove that the solution set for (1.1)
is nonempty and compact when the semigroup generated by ~AE~! is noncompact and
the multi-valued function F is weakly upper semicontinuous with respect to the second
variable. We also prove that the solution operator is u.s.c.

Let us give a description of our approach. When dealing with the solvability of (1.1),
the key point is to find a compact convex subset which is invariant under the operator £
(defined in the proof of Theorem 3.1). It is noted that when the semigroup is compact, the
compactness of the convex subset becomes a direct consequence by a standard argument.
In this paper, however, we assume that the semigroup is noncompact. To overcome this
difficulty, we suppose that the multi-valued function F satisfies some regular properties
expressed by the measure of noncompactness. Hence, by utilizing the measure of non-
compactness, multi-valued analysis, and fixed point theory, we obtain the solvability of
(1.1). The method of proving the result of the topological structure of the solution set of
(1.1) mainly comes from [21].

The paper is organized as follows. In Sect. 2, we recall some concepts and facts which
are broadly used for deriving the main results of the paper. In Sect. 3, the nonemptiness of
solution set of (1.1) is proved, and then we show that the solution set of (1.1) is a compact
set; moreover, we prove that the solution operator is u.s.c. An example is given to illustrate

our abstract results in Sect. 4.
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2 Preliminaries
As usual, for a Banach space V, 2" stands for the collection of all nonempty subsets of V.
C(J; V) denotes the Banach space of all continuous functions from J to V equipped with
its usual norm. For 1 < p < 00, let L?(J; V) stand for the Banach space consisting of all
Bochner integrable functions u : J — V. WP(J; V) is the subspace of L?(J; V) consisting
of functions such that the weak derivative u; belongs to L?(J; V). Both spaces L”(J; V) and
WP(J; V) are endowed with their standard norms.

We present the criterion of weak compactness in L?(J; V) for 1 < p < +00, which is more

useful further.

Lemma 2.1 ([20, Corollary 1.3.1]) Let V bereflexiveand 1 < p < +00.A subset K C L (J; V)
is weakly relatively sequentially compact in LP(J; V) if and only if K is bounded in L7 (J; V).

In order to define the fractional derivative, it is important to recall some facts about the
theory of fractional calculus. For more details about fractional calculus, please see, e.g.,
[15, 22]. Define the function g, : R — R for ¢ > 0 by

1 tq—l

G =170
0, t<0,

t>0,

and go(¢) = 0, where I'(-) is the gamma function.

Definition 2.1 ([21]) For a function z € L!(J; V), g > 0, the Riemann-Liouville fractional

integral of order g of u can be expressed by
1 t
Jiu(t) =ggxult) = —— / (t—9)"u(s)ds, te],g>0
I'(q) Jo

with J2u(t) = u(z).

Definition 2.2 ([21]) Let m e Nand 0 <m - 1<qg<m. If u € C"'(; V), guyg * u €
wm1(1. V). Then

m m-1
D) = = ’”“f(u(t)—Zu<f>(0)gi+1<t)>

dgm’t
i=0
is called the Caputo fractional derivative of order g of the function u.

We make the following assumptions on the operators A and E.
(H1) E and A are closed linear operators.

(H2) D(E) C D(A) and E is bijective.

(H3) E7':Y — D(E) is continuous.

Remark 2.1 We can deduce from assumptions (H;) and (H3) that E~! is bounded.

Assumptions (H1), (H3) and a closed graph theorem imply the boundedness of the linear
operator —AE™!: Y — Y, and then —AE~! generates a semigroup {T(¢),¢ > 0} which is



Zhu and Xiang Boundary Value Problems (2018) 2018:171

continuous for ¢ > 0 in the uniform operator topology (see [18, Theorem 1.2]). Throughout
this paper, we assume that there exists a constant M > 0 such that sup{|| 7(¢)||,t > 0} < M.

Consider the fractional evolution equation of Sobolev type in the form

‘DIEx(t)) + Ax(t) = f(t), te],
x(0) = x9 € D(E),

(2.1)
where f € LP(J;Y) with p > 1 and pg > 1.
We use the following definition of mild solution of (2.1) which comes from [9].

Definition 2.3 A function x € C(J;X) is called a mild solution of (2.1) if it satisfies

x(t) = Q(t)Exq + /t(t—s)qIP(t—s)f(s) ds, te]j,
0
where
Q(t):/ooE‘lllfq(G)T(tqe)de, P(t):q/OOOE‘llI/q(Q)T(tqQ)dG,
0 0

W, (s) = ﬂiq Z(—s)"-lr(lT@ sin(irq), s € (0,00)

n=1

with ¥, the probability density function defined on (0, 00), that is, ¥,(s) > 0, s € (0, 00),
and [, ¥,(s)ds=1.

For each xy € D(E) and f € L”(0, T; Y), we denote by x(-,x9,f) the unique mild solution
to (2.1). For given x¢ € D(E), we also define the map S : L?(0, T;Y) — C(J; X) by setting

Sf(t) = x(t,x0,f), te],

where f € LP(0, T; Y).
By using the same argument as in the proof of [9, Lemma 3.2], we have some additional
properties of the two families {Q(¢), ¢ > 0} and {P(¢), ¢ > 0} of operators.

Lemma 2.2 Assume that (H,)—(H3) hold. Then
(i) foreveryt >0, Q(t) and P(¢t) are linear and bounded operators on Y, more precisely,

gMIE™|

|| < M|ET [llell, [P@e] < r'l+gq)

loll, t=0,weY;

(ii) Q(t) and P(¢), t > 0, are continuous in the uniform operator topology.

Remark 2.2 When E=1,1:Y — Y is an identity operator, one has

o0

o~ [ Tu01(e)de,  PO-q [ emorrs)ao.
0 0

From the proof of [21, Lemma 3.1], we can derive the following characterization.

Page 4 of 13
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Lemma 2.3 If D is a bounded subset in X and K is an LP-integrable bounded subset in
LP(J;Y), that is,

|V(t)|| <p(t) forallf e Kanda.e.te],
where p € LP(J;R"). Then the set of all mild solutions for (2.1)
{x(,%0.f) : %0 € D,f € K}

is equicontinuous in C(J; X).

Lemma 2.4 If the two sequences {f,} C LP(J;Y) and {x,} C C(J;X), where x, is a mild
solution of the problem

*D(Ex,(2)) + Ax,(t) = fu(2), te€],
%,(0) =x9 € D(E) C X,

lim,, oo fyu = f weakly in L#(J;Y) and lim,,_, %, = x in C(J; X), then x is a mild solution of
the limit problem

‘DI(Ex(¢)) + Ax(t) =f(t), t€],
%(0) = xo € D(E) C X.

Proof Define H : X x L#(J;Y) — C(J; X) by

H(uo;f) = x("xo’f)'

It is obvious that H is linear and continuous. Hence, its graph is sequentially closed in the
product space [X x L?(J;Y)] x C(J; X). Moreover, its graph is convex. Thus it is weakly x
strongly sequentially closed, which completes the proof. O

Let U and Z be metric spaces. Denote

C(Z)={D € 2”:Dis closed},
C(2)= {D eC(Z):Dis convex},

K(Z) = {D €eC(Z2):Dis compact}.

Let ¢ : U — 27 be a multi-valued map and Gra(¢) be the graph of ¢. Denote by ¢~!(D) =
{y € U: ¢(y) N D # @} the complete preimage of D under ¢, where D C Z.
(i) ¢ is called closed if Gra(g) is closed in U x Z;
(ii) ¢ is called quasi-compact if p(K) is relatively compact for each compact set K C U;
(iii) ¢ is called upper semi-continuous (shortly, u.s.c.) if ¢ 1(D) is closed for each closed
set D C Z, and lower semi-continuous (shortly, Ls.c.) if ¢~}(D) is open for each
opensetD C Z.
The following lemma gives a sufficient condition for u.s.c. multi-valued maps.

Page 50f 13
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Lemma 2.5 ([14, Theorem 1.1.12]) Let ¢ : U — K(Z) be a closed and quasi-compact

multi-valued map. Then ¢ is u.s.c.

Furthermore, in the case when U and Z are Banach spaces, a multi-valued map ¢ : D C
U — 27 is called weakly upper semi-continuous (shortly, weakly u.s.c.) if ¢! (B) is closed
in D for every closed set 5 C Z.

Lemma 2.6 ([5, Lemma 2.2(ii)]) Let ¢ : D C U — 27 be a multi-valued map with convex
weakly compact values. Then ¢ is weakly u.s.c. if and only if, for each sequence {(u,,z,)} C
D x Zsuchthatu, — winU and z,, € ¢(u,), n > 1, it follows that there exists a subsequence
{2, } of (24} and z € ¢(u) such that z,, — z weakly in Z.

We state the following fixed point result which will be used in the proof of the existence

result.

Lemma 2.7 ([4, Lemma 1]) Let D be a nonempty, compact, and convex subset of a Banach
space and ¢ : D — 2P u.s.c. with contractible values. Then ¢ has at least one fixed point.

Now, we recall some facts about the measure of noncompactness (MNC). The definition
of MNC can be found in lots of literature works, for example, [14]. Here, we only introduce
some specific properties of the Hausdorff MNC.

The Hausdorff MNC enjoys the following properties (see [14]).

Let &£ be a Banach space,

(i) for any bounded linear operators T from £ to € and §2 C &, it follows that

x(T$2) < 1T x($2); (2.2)
(ii) for every bounded subset D C £ and € > 0O, there is a sequence {w,} C D such that

x(D) <2x({wn}) +e. (2.3)
We need the following statement which provides us with a basic MNC estimate.

Lemma 2.8 ([17]) Let the sequence of functions {g,} C L*(J; £) be integrably bounded, i.e.,
||gy,(t)|| <o(t) foraete]Jandalln>1,

where o € L'(J;R*). Then the function x ({g,(t)}) belongs to L'(J;R*) and satisfies that

g ({/otg”(s) ds}) = Zfot x({gn()}) ds

foreachte].

3 Main results
For the multi-valued function F : ] x X — C,(Y), we have the following standing assump-

tions.
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(Ha) F(t,-) is weakly u.s.c. for a.e. t € ] and F(-,v) has an L?-integral selection for each
velX;
(Hs) there exists a function n € LP(J; R*) such that

|E@ )| = sup{liyll -y € Ft,v)} < n(@)(1 + IIvl))

foraeteJandeachveX;
(Hg) there exists € LP(J;R") such that

x (F(t, 2)) < u(®)x(2)

for a.e. t € J and all bounded subsets 2 C X.
Define a multi-valued map Selr : C(J; X) — 2/°0) by

Selgp(x) := {f eIP(;Y)and f(t) € F(t,x(t)) fora.e. t e]}.
Then the multi-valued map Selr satisfies the following.

Lemma 3.1 ([21, Lemma 3.3]) Assume that (Hy)—(Hs) hold and suppose that Y is reflexive.
Then Selr is weakly u.s.c with nonempty, convex, and weakly compact values.

Now, we are ready to give the existence result. Here, x € C(J; X) is a mild solution of (1.1)
if x is a mild solution of (2.1) with f € Selg(x).
Set

1

) gM|E™| 1 p-1\"7

a=M|E|IEI, B=i—, y=TTr(——) .
Ir'(l+gq) pq-1

Theorem 3.1 Let p > 1, pq > 1, and assumptions (H,)—(Hg) hold. Assume further that Y
is reflexive, then (1.1) has at least one solution.

Proof Define the multi-valued map £ : C(J; X) — 2¢U%) by

£=8o SCIF .
Then we look for a fixed point x of the multi-valued map £ which in fact is a mild solution
of (1.1). To do this, we will find a compact bounded convex set M C C(J;X) such that

£(M) C M and prove that £ is u.s.c. with contractible values due to Lemma 2.7.
Let ¢ € C(J;R*) be the unique solution of the integral equation

t
() = allxoll + By Inllwom + B /0 (£ =5 n(s)v () ds,
and set

M = {x eC(;X): ||x(t) || <y (t) fort e]}.

Page 7 of 13
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It is easy to see that the set M, is closed, bounded, and convex. Moreover, it can be easily
verified that £ maps M, into itself, that is, £(My) C M. In fact, taking x € M, and
X € £(M,), there exists f € Selg(x) such that x = Sf. For each ¢ € J, it follows from (Hs)

that
20| = H Q(t)Exo + /Ot(t —s) T P(t - s)f (s)ds
< allxoll + By Inllzeo,r) + B /Ol(t - 5)"" ' (s)x(s) ds
= (o).
Put

My, =conve€(My), k=0,1,...,

M=\ Ms.

k=0

Notice that My is clearly closed, convex and My,; C My for each k=0, 1,.... Then the
set M is nonempty, closed, and convex. Also, by the same argument as above, we get that
LM) Cc M.

In what follows, we focus on the compactness of M. We only need to prove that M is
relatively compact since M is closed.

For each k =0,1,..., thanks to (H5), we know that Selp(My) is integrably bounded.
Then, applying Lemma 2.3, we get £(Mjy) is equicontinuous. From this, we prove that
Mg+ is equicontinuous. Therefore, M is also equicontinuous.

Givene >0, foreachk =0,1,..., from (2.3) we can take a sequence {f,,} C Selp(M;) such
that, for each t € J,

X (EMO®) = 2x ((1S£)) @) + e,
which yields that
X (M @) <2x ((SU}) @) + €. (3.1)

For the sequence {f,}, we consider the set {(t — -)7P(t — -)f,(-)}. Let us take x,, € M
such that x,, = Sf,. From (Hs) we know that, for ¢,s € /, and s < ¢,

(=) Pt = s)fuls) | < B(1 + ||%a®) ] ) (£ = 5)7 " n(s)

<B
<BA+y(T))E-5)T"n(s),

which together with the fact (£ — )7 !5(-) € L1(J;R*) implies that the set {(£ — -)7'P(t —
)f,()} is integrably bounded in L}(0, ¢; Y). Hence, according to (2.2), (Hs), and Lemma 2.8,
we conclude that, for each t €/,

x((1SH)®) < x({ /0 t(t—S)q"lP(t—S)ﬁq(S)dsD



Zhu and Xiang Boundary Value Problems (2018) 2018:171 Page9of 13

<26 [ =9 uox(f, o) &
<26 [ (-9 9 (Met9) . (32)

Combining (3.1) with (3.2), we arrive at

XCNQHGD§4ﬂA(%4V4M®XOMAQ%k+e te].

Since € > 0 is arbitrary, one can see that

lim X(Mk+1(t)) §4ﬁft(t—s)q_lu(s) lim X(/\/lk(s)) ds, te].
k—00 0 k—o00

By using the known Gronwall’s inequality, we conclude that limg_, o x (M(£)) = 0 for each
t € J, which implies that y(M(£)) = 0 for each ¢ € J. Thus, the Arzela—Ascoli theorem
ensures that M is relatively compact.

In the sequel, we verify that £ is u.s.c. on M. Noticing that £(M) C M, we have £ is
quasi-compact. Let {(v,, w,)} be a sequence in Gra(£) such that

W, wy) = (v,w)  in C(J;X) x C(J; X).

Then there exists a sequence {f,,} C L?(J; Y) such that f, € Selg(v,) and w,, = Sf,.. Observe
that Selr is weakly u.s.c. with convex, weakly compact values due to Lemma 3.1. It follows
from Lemma 2.6 that there exist f € Selr(v) and a subsequence of {f,}, still denoted by {f,},
such that f,, — f weakly in L?(J; Y). Lemma 2.4 guarantees that w = Sf and thus w € £(v),
which implies that £ is closed. Hence, it yields from Lemma 2.5 that £ is u.s.c. on M.

Finally, we proceed to proving that £ has contractible values. To this end, let x € M and
f* € Selp(x) be fixed. Define a function % : [0,1] x £(x) — £(x) by

v(t), te[0,AT],
x(t A v), te(WT,T],

h(x,v)(t) =

in which

AT
x(t; A, v) = Q(t)Exg + / (t—8)T1P(t - s)f(s) ds + /t (t—s) TPt —s)f*(s)ds
0 AT
withf € Selp(x) and v = Sf’.
A direct calculation yields that, for every v € £(x), #(0,v) = Sf* and h(1,v) = v. Also, it
is not difficult to verify that / is continuous. Hence, £ has contractible values.
Therefore, an application of Lemma 2.7 enables us to conclude that £ has at least one
fixed point in M. The proof is complete. g

We denote the set of all mild solutions of (1.1) by

D(x9) = {x € C([O, T];X) : x is the mild solution of (1.1) for each x( € D(E)}.
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Now, we are in a position to give the topological structure of @ (xy).

Theorem 3.2 Let the hypotheses in Theorem 3.1 be satisfied. For each xy € D(E), ®(x) is
a compact set.

Proof Given xy € D(E). Let {x,} € ®@(x0) and f, € Selg(x,) such that x, = Sf,,. It follows
from (Hs) that {f,} is L?-integrable bounded, then Lemma 2.3 ensures the equicontinuity
of {x,}. Moreover, by an argument similar to that in the proof of Theorem 3.1, we obtain
that {x,(¢)} is relatively compact for each ¢ € J. Applying the Arzela—Ascoli theorem, we
obtain that {x,} is relatively compact. Then, thanks to Lemmas 2.6, 3.1, there exist {x,, }
of {w,}, {fin.} of {fu}, x € C([0, T1; X), and f € Selg(x) such that

kli)nolox,,k =x in C([0, T};X),

klim S =f weakly in I7(0, T; Y).
—00

This together with Lemma 2.4 implies that x = Sf, and thus x € @ (xp). Therefore, the
compactness of @ (x) is established. O

Now, we treat the solution operator
@ : D(E) — 2600710,
It is easy to see that @ is well defined. Moreover,
Theorem 3.3 Ifthe hypotheses in Theorem 3.1 are satisfied, then @ is u.s.c.

Proof Assume that K C D(E) is a compact subset and take {x,} C ®(K). As in Theo-
rem 3.1, we know {x,} is equicontinuous.
Taking {u,} C K and f, € Selg(x,), for each t € ],

X ({2 (®)}) < x (QO)Eu,(0)) + x ({/0 (= 8)T Pt = 5)gu(s) dS})

52/3/0 (¢ =" () x ({u(s)}) ds.

By using the known Gronwall’s inequality, we conclude that x ({x,(¢)}) = 0 for each ¢ € J.
Thus, the Arzela—Ascoli theorem implies that {x,} is relatively compact, which yields @
is quasi-compact. Performing the same argument as in the later proof of Theorem 3.2, we
obtained that @ is closed. Therefore, Lemma 2.5 ensures that @ is u.s.c. O

4 An example
Let X = Y = L*(0, ) and denote its norm by | - || and the inner product by (-,-). Consider
the following system of partial differential inclusion:

DI (x(t,€) — x5 (1,6)) — xee (1, £) € F(1,6,%(8,€)),  (1,€) €[0,T] x [0, 7],
x(£,0) = x(t,w) =0, te[0,T], (4.1)

x(O,E) :xO(S)r 5 € [0,7‘[],
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where 1 < g <1, F(t,§,%) = [fi(t,€,%),/2(t,&,%)] is a closed interval for each (t,£,x) €
[0,T] x [0,7] x R.
Let the functions

fi:[0,T]x[0,r] xR—>R, i=12,

be such that
+ fiisls.c.and f; is us.c.,
o filt,&,x) < fo(t,&,x) for each (t,&,x) € [0, T] x [0,7] X R,
« there exist [1, 1, € L*(0, T; R*) such that

V;‘(t;é;x)’ Sll(t)|x| +l2(t): i=1,2

for each (¢,&,x) € [0,T] x [0,7] x R.
Then one can verify (see [21]) that the multi-valued function F: [0,1] x X — 2% defined

as
F(t,x) = {y € X : y(8) € [f1(6:€,%(8)),/2(t,,%(8))] ace. in [0, 7]}

satisfies assumptions (Hy)—(Hs) (with n(¢) = /7 max{l1(¢), l,(¢)} appearing in (Hs)).
Define A:D(A)C X — Yand E:D(E) CX — Y by

Ax = —xg¢, Ex =x—xge,
D(A) = D(E)

= {x € X : x,x¢ are absolutely continuous, xz; € X,and x(¢,0) = x(¢t,w) = 0}.

Asin [16], A and E can be written as

[e¢]
Ax = Z 12, %)%, x € D(A),
n=1
o0
Ex= Z(l + nz)(x, Xu)%,, x € D(E),

n=1

T

where x,,(§) = ﬁsin(ng), n € N* is the orthonormal set of eigenfunctions of A. It is clear
that A and E are closed linear operators. Moreover, for any x € X,

nd 1 S —n?
Elx= Xy X1 )X —AEx= — (%, %)%
> > gt

Evidently, E~! is continuous. Hence, assumptions (H,)—(H3) are satisfied.
From the definition of AE~!, we can verify that —~AE~! is a bounded linear operator and

it generates a semigroup 7T'(¢) on X,

© o
T(t)x = Zemt(x,xn)xn, xeX,

n=1
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which is continuous for ¢ > 0 in the uniform operator topology. It is easy to see that
IT(#)| <e?<1,and hence M = 1.

Therefore, hypotheses (H;)—(Hs) are satisfied. If F satisfies (Hg), then Theorems 3.1, 3.2
enable us to obtain that the set of all mild solutions of system (4.1) is nonempty and it is a
compact set.
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