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1 Introduction

Today, fractional order calculus has a great many of uses in engineering, science, econ-
omy, biology, physics and other scientific disciplines (see [1-3]). Numerous phenomena
and processes in the real world are described by differential equations of fractional order.
Given their wide applications, there are numerous scholars focusing on the study of the
differential equations of fractional order recently. To acquire more general knowledge of
fractional order calculus and equations with fractional derivatives, the reader may refer to
[4-28].

Now, nonlocal evolution equations of fractional order have become one of the hot re-
search topics in the field of differential equations with fractional derivatives, which play a
role in modeling physics phenomena. For the first time, the existence of mild solutions for
the nonlocal problems was discussed in [29]. In [30], Byszewski and Lakshmikantham in-
dicated that as regards describing physical phenomena nonlocal conditions could be more
applicable than standard conditions.

In [19], El-Borai obtained the existence results for fractional abstract equations of the

following kind:

=~ B(s)a(t) + Azls), s < [0,al,

z(0) = zo,

where0< g8 <1,a>0.
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In this paper, the equivalent integral equation in regard to the abstract equations is firstly
described by means of some probability densities using Laplace transform and its inverse
transform. Since then, many researchers have drawn on El-Borai’s results to investigate
fractional evolution equations, such as in [20-28].

To the best of our knowledge, fractional evolution equations have attracted more and
more attention recently [18—28]. For instance, in [20], Zhou investigated a class of nonlocal
evolution equations of fractional order

CDg+z(s) =f(s,z(s)) + Az(s), se€(0,al],
2(0) + g(2) = 2o,

Zhou and Jiao obtained many good conclusions about the existence and uniqueness of
mild solution for this equation.

Yet despite all that, a fair number of those papers investigating the mild solutions of
evolution equations with fractional derivatives are concerned with bounded intervals, and
conclusions on the right half-axis are still rare.

Motivated by [19, 20, 31], we discuss a class of nonlocal functional differential equations
of fractional order in a Banach space E

DY u(t) = f(t, u(m(2))) + Au(t), te(0,+00),
k(ze) + u(0) = uy,

(1.1)

where 0 < g < 1, “Df, denotes the fractional derivative in the Caputo sense, ug € E,
{T(t)};>0 is a Cy semigroup on Banach E and A is the semigroup’s infinitesimal genera-
tor, m € C[0,00), m(t) > 0 is an increasing function, f: [0,400) X E — E, and k: E — E
satisfy certain conditions.

Here, entirely different from those already obtained in the previous literature, we obtain
a correct equivalent integral equation for the main equation. Applying Knaster’s theorem,
the existence of positive mild solutions of the main problem (1.1) is given. Then, employing
the Banach contraction theorem, the uniqueness of the mild solution is given.

The layout of the rest of the article is listed now. In Sect. 2, fractional derivative, frac-
tional integral and several useful preliminaries are introduced. In Sect. 3, our main conclu-
sions are presented by using Knaster’s theorem and Banach contraction theorem, respec-
tively. In Sect. 4, one example is provided to show the application of our main conclusion.

2 Preliminaries
In the following, we assume that E is ordered Banach space. Let P C E be a cone, which
defines a partial order by y < z if and only if z — y € P on E. We refer the reader to [32, 33]
for more details as regards the cone.

Throughout the paper, we set a normal positive cone P = {z € E | z > 0} with N as its
normal constant. Let

BC(J,E) = {v(s) | v(s) is bounded and continuous on ]}, J = 1[0, +00).
Evidently, it is a Banach space equipped with the norm ||v||, = sup,; [[v(£)||. Set

Ppc = |v|v(t) =6, €],veBC(,E)).
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Obviously, Psc is a normal cone in BC(J, E) with the normal constant N, the same nor-
mal to the cone P. Meanwhile, an ordered Banach space BC(J, E) is induced by Ps¢ (for
convenience, we also denote the partial order by “<” both on BC(J, E) and on E without
confusion).

Let S C E be a subset such that

S={zeE:y<zVyeS).

The point z* € E is called the infimum of Sifz* €S andforeachze S, z* <z

Similarly, we can define the supremum of S by reversing the inequality in the above
definition.

Next, we present the theorem established by Knaster [34].

Theorem 2.1 ([34]) Let E be a Banach space ordered by partially ordering “<”. Assume
that S C E is a subset of E, which has properties as follows: (1) Each nonempty subset of
S has a supremum belonging to S; (2) The infimum of S is in S. Assume that the map
T:S — Sisincreasing, i.e., y <z implies that Ty < Tz (y,z € S). Then T has a fixed point
inS.

Next, we list two definitions of fractional integral and fractional derivative and one
lemma, which will be used.

Definition 2.1 ([1-3]) The fractional integral of order « > 0 in the sense of Riemann-—
Liouville for a function g : (0,00) — R is defined by

18.9(t) = Dyg(0) = ﬁ /0 (¢ 9" 1g(s) ds, @.1)

provided that the integral above is pointwise defined on (0, 00).

Definition 2.2 ([1-3]) The fractional derivative of order « > 0 in the sense of Caputo for
a function g : (0, 00) — R is defined by

“D§,g(t) = ﬁ fo (t — )" g (s) ds, (2.2)

where 7 = [«] + 1, provided that the integral above is pointwise defined on (0, c0).

Lemma 2.1 ([1, 3]) Let DY, g(t) € L*(0, +00), o > 0. Then one has
I8.°D8 g(t) =g(t) + C1 + Cot + -~ + Cyt™™, £>0, (2.3)
for some constants C;, i=1,2,3,...,M, where M = min{m | m > o, m is a integer}.

Remark 2.1 If the function g appearing in the above lemma and two definitions takes val-
ues in the Banach space E, then the integrals here are all to be taken in the sense of Bochner.
In addition, if the abstract function g is measurable and its norm is integrable in the sense
of Lebesgue, it is Bochner integrable.
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Next, we set out to present a series of concepts and results about the semigroups of
linear operators. The reader can find more details in [35, 36].
Given a strongly continuous semigroup {7T'(£)};>o (i.e. Co-semigroup), we can define the
infinitesimal generator of {T'(¢)};>0 as
T(S)z-z
Az = lim L, z€eE.

s—0t S

The domain of A is given by

T —
D(A) = {z: lim T)z~2
s—0t S

exists,z € E}.

Lemma 2.2 ([35, 36]) Assume that {T(t)};>o is a strongly continuous semigroup, then
1T ()| < Ce®, where w and C > 1 are two constants.

Lemma 2.3 ([35, 36]) Given a strongly continuous semigroup of contractions {T(t)};>o
and a linear operator A, we have the following results: A is the infinitesimal generator of
{T(t)}e=0 if and only if

(1) D(A) =E and A is closed.

(2) (0,+00) C p(A), and Vu > 0, one has

|RGs, )] <

’

T

where p(A) is the resolvent set of A, and
R(u,A)z:= (ul -A) 'z = / e™T(t)zdt, zeE.
0

Definition 2.3 ([37]) For a given strongly continuous semigroup {7'(¢)};o, it is positive
onkE,if0 <T(f)z,¢t>0,z€E.

Definition 2.4 ([35, 36]) For a given strongly continuous semigroup {7'(¢)}>o, it is uni-
formly exponentially stable under the condition that wg < 0, where wy denotes the growth
bound of the semigroup, and it is given by

wo =inf{w | || T(8)] < Ce”,t>0,C > 1}.
By Definition 2.4 and Lemma 2.2, for a uniformly exponentially stable Cy-semigroup
{T()}es0, 1T@)| < Ce®, t>0,C>1and w € (0,|wy|] (wp is the growth bound of the

above semigroup). Next, define a norm on E as follows:

Izl = sup||e” T(s)z].
s>0

Obviously, one has ||z|| < ||z, < C|lz||, which implies that || - || and || - ||, are equivalent
norms. Denote by || T(¢)||,, the norm of T'(¢) which is induced by || - ||, then, for each ¢ > 0,
we obtain

[T®], <. (2.4)
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Meanwhile, it is easy to verify that the norm

V]l = sup | v e BC(J,E),
sef

is an equivalent one on BC(/, E). Evidently, if v(t) = vy, t € ], vo € E, then we have

Vllzew = IVollow = V]l

Given the stable probability density of one-sided [20, 21, 38]
q 1) qk-1
¥, (0) = Z sm(knq) 671 9 e(0,+),

where 0 < g < 1. Noting Remark 2.8 in [21], if 8 € [0, 1], we have

+oo N r1+p)
o P do = ——- 2.5
fo U0) s (25)
From [20, 21, 38], the Laplace transform of v,(6) is
L[v,0)] = /Oo ey, 0)do =™, 0<q<1. (2.6)
0

In the remaining part, we show that the semigroup {7'(£)};o is strongly continuous of
contractions and is uniformly exponentially stable with the growth bound wy, and w €
(Or |CL)0 |] .

Lemma 2.4 Define an operator

(THO= - )// a1 - f)q“”q(@) ( (eq’)q>h(s)d9dr,

heBC(,E). (2.7)

Thus, J maps BC(J,E) into BC(J,E) and
1T hllbew < 1hllpe-

In particular, if h(t) =x,t €], x € E, then
1T %l b < Il

Proof Since

[Tmol,

q Y -1,- qu(g) ti(1-1)?
SFU—Q)/O/O -0t H( 61 )h(s)

dodt

w
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e A (ﬂ“ ”)
F(l—q)fo/o - o1 /1,
q b gq-1 —qw‘l(e) —w(
rl-gq) // 7
0
< ot [ =[S )de)d

=< l17llpos

|h(s)||wd0 dt

”h”bw dg dr

the proofis finished.

Lemma 2.5 Set

(Kh)(t)z/: ON 1//ZEI)( s)q‘1T<(t;—qS)q)h(s)d9ds, heBC(J,E).

Thus, IC maps BC(J,E) into BC(J,E) and

1 1 1
”(Kh)(t)Hw = F( Do ||h||bw; H(’Ch)”bw =< manhnbw

Proof Since

(Kh)(t)z/: Ooo 1//ZEIQ)( —s)q‘1T<(t;—qS)q)h(s)d9ds

Ly, (0) _ 1-1)i4
=/O 1 Zq 1-z)7 1th<T)h(tr)d0dr,

we have

[l < / "y

T((l - r)qtq)
01 ®

1 oo .
5/ VD a1y o™ T e | do de
o Jo 01

o 1 t1(1-t _
< L [T ([ e a0 O ) O g
@ 0 0 94 041

1 o ()
=;||h||bwf0 (1-e* )’”’f dg

(tr)”wdé dr

1 1
< ————"lo-
ol(g+1)
Therefore,
[, <~ Il
bo = o I'(g+1) b

Lemma 2.6 The evolution equation of fractional order

CDngu(t) =h(t) + Au(t), te<(0,+00),
u(0) = uo,

(2.8)

Page 6 of 13
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where h € BC(J,E) and uy € D(A), has a unique solution in BC(J, E)

u(t) = (Juo)(t) + (Kh)(£)

q  Ve0) o (L =1)t1
// ri-g Gq 1-7)71 qT(T>uod9dT

f / Wq q1T<(t g:)q)h(s)deds. (2.9)

Proof By Lemma 2.1, Definition 2.1, and Definition 2.2, (2.8) is equivalent with the fol-
lowing integral equation:

u(t) = up + /(;t %q)(t - 8) T [Au(s) + h(s)] ds. (2.10)

By a similar method used in [18, 19], after Laplace transformation of the above equation,
we can get

1 1 1
u()\.) = Xuo + EAU()\.) + EH()\.), A>0, (2.11)

where H(A) and U()) are the Laplace transform of /(¢) and u(¢), respectively.
Then one has

(A = A)UM) = 2T ug + H(R).
From Lemma 2.3 and (2.6), we obtain
UQ) = (M- A) 29 ug + (A - A) T H ()
=01 / e ST (s)ugds + / e S T(s)H (L) ds
0 0
G [T g
= / / e Y (0)T(s)uo db ds

/ / "0y (0)T(s)H (%) d6 ds

et [T [T tqlwqw)T( Yuods e
/[// w"(e)(t )q1T<(t )>h(8)d9d3} - dt.

Taking the inverse Laplace transforms on the above equations, according to the convo-

lution theorem and Lemma 2.5, we have

ut)=L1! [)ﬂ’l] x L7 [/w[quwq( )tq;l (;Z)uo d9:| At dt:|
0
s L [ / ( / / wq(e)T((t g:)q)h(s) 9 ds) dt:|
1 o0
A AL o]

Page 7 of 13
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LR (sl (s
[ [0S (S Y avas

-1 i (t—9)Tt _((t—s)1
_F(1_q)/0/0 S O0)—; T( o )uondS+(lCh)(t)

= (Juo)(t) + (Kh)(2).

Since

[ + (T, < |(B®], + [(Tu) O], < luollo + - ———— Iilse,

o (g+1)
we have
I Tuo + Khllpw < luolle + l#”h”bw'
w(g+1)
Hence, u € BC(J,E). O

In consequence, it leads to the conclusion.

Lemma 2.7 The main equation (1.1) can be written in the equivalent form
u(t) = Tu(t) = [T (o — k()] (&) + (KK)(®). (2.12)
It is obvious that problem (1.1) has a mild solution if 7" has a fixed point.

3 Main results
In the part, we give the main conclusions about the existence of mild solutions for the
main equation on the right half-axis.

First, we give the result about the existence of positive mild solutions for problem (1.1).

Theorem 3.1 Assume that the normal cone P is positive in the Banach space E with the
normal constant N. We assume that semigroup {T(t)}:>0 is strongly continuous and is uni-
formly exponentially stable with the growth bound wo(wy < 0), and the infinitesimal genera-
tor of {T(t)};>0 is the operator A. Let m € C[0, 00) and m(t) is increasing and non-negative.
Provided that uy € P,ug #6, f(t,u) :] x E— E, fo(t) :=f(£,0) > 0 is bounded on ], k(u)
maps E into E, both f(t, u) and k(u) are continuous. If k(u) and f(t, u) satisfy:

(F1) foranyte],

f62)=f(ty), VO <y=<z

(F2) For a given w; € (0, |wol], there exists a positive number R such that

1
Upllp + —————Rr <R,
lluolls o Tlgr DY =

where

R = sup Hf(s, ) ”b < +00.
s€],0=|lzllp<R
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(F3)
0 <k(y) <k(x)<wuyp, VO <x<y.
Thus, there exists a positive mild solution for Eq. (1.1) in BC(J, E).
Proof Define a nonempty subset of BC(J, E)

D= {uePBc 2l oo <R}

By (F1), Yu € D, one has

0 < Tu(t) (3.1)
= (K@) + [T (o — k(1)) ] (2)
< (K@) + [T (u0)](2)

//‘ I/Iq(e) )qlT( tgqs)q)j(s’u(m(s))deds

q  Y,0) oo (L=T)1t1
// ri-g Z)q 1-7)7t qT<T)u0d9dt. (3.2)

Then, combined with Lemma 2.4 and Lemma 2.5, one has

1
| Tu(t)|, < = —=——Rr + lluoll.

1
I'(g+1)
Thus,

Tu| pe < ——— Ry
Il Tl _||u0||b+wF(q+l) %

From condition (F2), one can get

Tut||pey < —R
I Totllper < Nutollp + — o Tg+ D) <
which shows that T(D) C D.
From condition (F1) and (F3), it is obvious that 7’ maps D into D and it is also an in-
creasing mapping. Then, applying Theorem 2.1, the map T possesses a fixed point in the
nonempty set D. Thus, Eq. (1.1) has a positive mild solution in BC(J, E). O

Corollary 3.1 Assume that the normal cone P is positive in the Banach space E with the
normal constant N. Provided that semigroup {T(t)};>¢ is strongly continuous and is uni-
formly exponentially stable with the growth bound wy (wg < 0), and the infinitesimal gen-
erator of {T(t)}i=o is the operator A. Let m € C[0,00) and m(t) be increasing and non-
negative. Provided that uy € P,uy # 6, f(t,u) : ] x E — E is continuous and bounded,
fo(8) :=f(t,0) > 6, and k(u) : E —> E is continuous. If f (¢, u) and k(u) satisfy the conditions
(F1) and (F3), respectively, there exists a positive mild solution for Eq. (1.1) in BC(J, E).

Page9of 13
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Proof Since f(t, u) is bounded and continuous on J x E, condition (F2) is fulfilled, then
Theorem 3.1 implies that there is a positive mild solution of Eq. (1.1) in BC(J, E). (]

Theorem 3.2 Provided that {T (t)};>o (the semigroup of operators on Banach space E) is
strongly continuous and is uniformly exponentially stable with the growth bound wgy (wy <
0), and the infinitesimal generator of {T (t)};>¢ is the operator A. Assume that m(t) > 0 and
m € C[0,00). If f(t, u) and k(u) satisfy:
(H1) For a given w* € (0, |wo|], we have two positive numbers Cy and Cy satisfying
M < w*[x such that

Crla -zl = |f(6,21) - f(t,2)|| .0 VZu,22 €E,

and

Chllzs - 22llor = |k(z1) - k(22)| ,.» V21,22 €E.

(H2)

Cr

1
Ekf Ck + — —(q+ 1)

Thus, one has a unique mild solution for Eq. (1.1) in BC(J, E).

Proof By condition (H1), Lemma 2.4, Lemma 2.5, and Lemma 2.7, Vv, u € BC(J,E), one

has
” Tv(t) — Tu() | -
= || [ (uo - k(v))](t) + le(t, V(m(t))) [j(uo - k(u))](t) - le(t, u(m(t))) o
= |Kf (& v(m®)) ~f (& u(m®))]] - + (T [k(@) - k0)]) (&)
= [Klr (e ( ®)) ~f (& u(m®O)]] - + |(T[kGw) - kW)])@) ],
1
< For e ©) S leulm @) |, + Ik(u0) - )
C
< D o ®) ~ (@), + &) @),
1 Cf
< (Ck e T+ 1)>|IV— U] peo-
Therefore,
Ligllv — ullpor = | TV — Tl poo -
Then, according to condition (H2), Eq. (1.1) has a unique mild solution. O
4 Examples

In order to certify the effectiveness of the main conclusion, an example is given in the
following. Consider the following partial differential equation of fractional order.
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Example 4.1

diz(t,x) = E(t, m(z(t,x))) + 922(t,x), t € [0,+00),
2(0,%) + k(z(t, x)) = zo, xe[0,7], (4.1)
z(t,0) = z(t, ) = 0, t € [0, +00),

where 9 (g € (0,1)) is fractional partial derivative of fractional order in the Caputo sense.

Set E = L*([0,7],R) and Az = 32z, in view of [39], we can conclude that A is a linear
operator mapping D(A) into E, and the domain D(A) = {v | v(0) = v(r) = 0,v' € E,v € E}.
In addition, the operator A generates a semigroup {7'(¢)};>0, which is strongly continuous
and uniformly exponentially stable. Denote wy as the growth bound of {T'(¢)}:>0, then we
can get wp < —-1.

Set v(t) = z(¢,-), vo = zo, g(t, m(v(t))) = F(t,z(t,-)). At this point, the above problem can
be written as

DI v(t) =f(t, m(v(t)) + Av(t), t € (0,+00),
v(0) + k(v) = vo.

(4.2)

Consider the function

9) 2+ t? 5 1
V) = -—
g 1+¢#2 1+v2

and

1

k(v)=1+ ———.
4 + arctanv

Take g = 1/2, vo = 3 and m(v) = v,
Then the conditions of Theorem 3.1 are all fulfilled. Therefore, there one has a positive
mild solution for Eq. (4.1).

5 Conclusion

Here, using Laplace transform and its inverse transform, we obtain a correct equivalent
integral equation for some kind of nonlocal abstract differential equations (fractional or-
der) on the right half-axis, which is different from those given in the existing literature.
According to this equivalent integral equation as obtained above, we investigate a kind
of abstract fractional order differential equations. By using Knaster’s theorem, we get the
existence of positive mild solution for the main equation, and the uniqueness of a mild

solution by the Banach contraction theorem.
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