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1 Introduction

The Darboux problems have been studied by many authors (see [1-3]). In [2], the authors
used a fixed point theorem and some properties of measure of weak noncompactness to
prove the existence of pseudo-solutions for the Darboux problem in a Banach space E:

82u

andy %)) =gy ulxy),  (xy) €A,
u(x,0) =0, (1)
u(0,y) =0,

where A = {(%,7) : 0 < x < a;,0 <y < ay}, g is Pettis-integrable but not necessarily
82u
dxdy
In this paper, instead of the pseudo-derivative, we use the distributional derivative to

Bochner integrable, and

denotes the second-order mixed pseudo-derivative.

establish the existence of solutions for the following Darboux problem involving the dis-

tributional Henstock—Kurzweil integral (Dyg-integral):

deytt(x,y) = g%,y u(x, ) +f(x,9),  (x%,9) € A,
u(x,0) — ¥ (x, 1) = (), (2)
M(O»J’) - 1#20/’ M) = hZ(x)’

where 0,, denotes the second-order mixed distributional derivative, g is Henstock—
Kurzweil integral (HK -integral), v;, h; are continuous, f is Dy -integrable.

If there exists a continuous function F € Cy(Q) on Q such that f is the distributional
derivative of F (the definition of Co(Q) will be introduced in Sect. 2), then the distribution
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f is Duk-integrable on Q. In other words, F is the primitive function of f. So we can see
from the definition of Dyg-integral that the Dyg-integral is a kind of integration that is
more extensive than the Riemann integral, Lebesgue integral, Henstock—Kurzweil integral
and Denjoy integral (see [4-9]).

In order to prove the existence of solutions of the Darboux problem involving the distri-
butional Henstock-Kurzweil integral, the method associated with the technique of mea-
sure of noncompactness and the Darbo fixed point theorem will be used.

This paper is organized as follows. In Sect. 2, we recall some fundamental concepts and
basic results of the Dyk-integral and measure of noncompactness. In Sect. 3, we apply
the Darbo fixed point theorem [10, Theorem 2] related to measure of noncompactness
to verify the existence of solutions of Eq. (2). In Sect. 4, we give an example to illustrate
Theorem 3.3 in this paper.

2 Preliminaries
In this section, we provide preliminary material with respect to the Dyk-integral and the
measure of noncompactness.

2.1 Dy integral
Let Q be an open rectangle (a, b) x (¢, d) in the plane R?, and D(Q) be a subset of C*(Q)
such that each ¢ € D(Q) has a compact support in Q. The continuous linear functional on
D(Q) is called a distribution on Q.

We denote by 0 = 0,, = 9,, the mixed distributional derivative, by 9; and 9, the distribu-
tional derivatives with respect to x and y, respectively, and by ‘ /” the Dyk-integral.

Let

Co(Q) = {F € C(Q) : F(a,y) = F(x,c) = 0 for (x,5) € Q},

where Q is the closure of Q.
Obviously, Cy(Q) is a closed subspace of C(Q) endowed with the norm ||F|, =

max{|F(x,y) : (+,y) € Q F(x.5) € C(Q)}.
We define the distributional Henstock—Kurzweil integral:

Du(Q) = {f € D'(Q)If = 9F,F € Cy(Q)}.
Definition 2.1 ([11, Lemma 2]) If f € D'(Q), then

Fi(x,9) + Fi(a,c) — Fi(a,y) — F1(x,¢c)

= Fy(x,y) + Fa(a, ¢) - Fa(a,y) = Fa(x, ¢)
for all F1, F, € Co(Q), (x,7) € Q. Moreover, there exists a unique Fr € Dyx(Q) such that
Fr(a,y) = Fy(x,¢) =0,
Vx € [a,b],y € [c,d].

This leads to the next definition.
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Definition 2.2 A distribution f is Dyg-integrable on Q if f € Dk (Q).

The Dyk-integral of f on Q is given by fo = Fr(b,d), where Fy is given by Definition 2.1.
We consider the structure of space Dyx(Q). For f € Dk (Q), endowed with the norm

|[f||:sup”/( )x( >f‘:(x'y)eé}'
a,x)x(c,y,

Lemma 2.3 ([11, Theorem 1]) The normed space (Dux(Q), || - ||) is complete, separable

and isomorphic to (Co(Q), || - |lco)-

Before stating a Fubini-type theorem for Dy-integral which will be used later, we in-

troduce some definitions.

Definition 2.4 Let f € Dyx(Q), x € [a, D),y € [¢,d]. We define

f f(&,)dg = :F;(x,-) inD'((c,d)),
y
/ fGn)dn =01F(.,y) in D’((a, b)).
It is clear that
* y
/ f(S, )dS € DHK((C: d)), / f(, t) dt e D]—{K((ﬂ, h)),

where Dyk((a, b)) and Dyk((c, d)) are, respectively, the spaces of Dyg-integrable distribu-

tions on (a, b) and (¢, d), i.e.
Dy((a,b) = {f € D'((a,b))\f = 9F,F € Co(Q)},
where Co(Q) = {F € C([a, b]) : F(a) = 0}, and f is the distributional derivative of F.

Lemma 2.5 ([11, Theorem 4]) For all f € Dyx(Q), we have

[y L ([ ) ([ o)

Lemma 2.6 ([4, Theorem 4.3]) If the following conditions are satisfied:
(i) fulx) = f(x) almost everywhere in [a, b] as n — oo where each f,, is Henstock
integrable on [a, b].
(i) glx) <fulx) < h(x) for almost all x € [a,b] and all n. If g and h are also Henstock
integrable on [a, b],

then f is Henstock integrable on [a, D) and

b b
/fn—>/ asn— oo.
a a
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2.2 Measure of noncompactness

In this subsection, we recall the definition and some basic properties concerning measure
of noncompactness [10]. Let (E, || - ||) be a real Banach space with zero element 0, B(x, r)
be the closed ball in E centered at x and of radius r, and B, be the ball B(0,r). Denote by
X,convX the closure and the closed convex hull of a nonempty subset X of E, respectively.
Finally, denote by mg and ng the family of all nonempty and bounded subsets of E and the
subfamilies of all relatively compact subsets, respectively.

Definition 2.7 ([12]) Let (E,d) be a metric space and X a bounded subset of E. The Haus-
dorff measure of noncompactness (;-measure or ball measure of noncompactness) of the
set X, denoted by (X) is defined to be the infimum of the set of all reals ¢ > 0 such that X

can be covered by a finite number of balls of sets with diameters < ¢, that is,
(X)) = inf{e > 0: X has a finite e-net in E}. (3)
The function u is called the Hausdorff measure of noncompactness.

Definition 2.8 ([10]) A mapping u : mg — R, is said to be a measure of noncompactness
in E if it satisfies the following conditions:

(1) The family ker u = {X € mg : u(X) = 0} is nonempty and ker p C ng.

(2) f X CY = u(X) < u(Y).

(3) w(convX) = u(X) = n(X).

(4) X +(1-20)Y) <AiuX)+ @ -1)u(Y) for » €[0,1).

(5) If (X,,) is a sequence of closed sets from mg such that X,,,; € X,,(n > 1) and if

lim,,_, oo £(X,,) = 0, then the intersection set X, = ﬂflil X, is nonempty.

In what follows, we will work in the space C(A) consisting of all real valued continuous

functions on A. The space C(A) is equipped with the supremum norm

llu]| = sup{|u(x,y)| ((x,y) € A}.
For each u € C(A), we define

w(u, &) = sup{ |ulxa, y2) — ulwr, y1)| : lv2 —x1] < &, y2 — 31| <}

Obviously, w(u, ¢) — 0, as ¢ — 0, since u is uniformly continuous on A. Moreover, if this
limit relation holds uniformly for # running over some bounded set X C C(A), then X is

equicontinuous, and vice versa. Therefore, we have the following.

Lemma 2.9 ([13, Theorem 2.2]) On the space C(A), the measure of noncompactness (3) is

equivalent to

w(X) = lim sup w(u, &) (4)

e=>0 ,ecx

for all bounded sets X C C(A).
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Lemma 2.10 ([10, Theorem 2, Darbo]) Let §2 be a nonempty, bounded, closed and convex
subset ofa Banach space E and let T : 2 — $§2 be a continuous mapping. Assume that there
exists a constant k € [0,1) such that

w(T00) < kp(X)
forany X C 2. Then T has a fixed point.

3 Main results
In this section, we shall prove the existence of solutions of Eq. (2).
Firstly, we give the following assumptions:
(D1) The functions ¥; : [0,4;] x R — R are continuous, and there exist nonnegative con-
stants ¢; > 0(i = 1,2) such that, for each u,v € C(A),

|¢1(?€, M) - I/fl(x, V)i = C1(|I/l - V|)’

[Va( ) = (V)| < ca(lu=vl), cr+er<l.
Let Ml = SUP{WII(VC; 0)| HUAS [Orall}rMZ = SUP{HﬁZO’, 0)| 2y € [O’ﬂZ]}~
(Dy) The functions k7 : [0,a3] — R,y : [0,a1] — R are continuous, and /;(0) = /4,(0),
let M3 = sup{|h1(y)| : y € [0, 2]}, M4 = sup{|ha(x)| : x € [0,a1]}.
(D3) The function f is Dpk-integrable on A, and Ms = supy, )< Al Is Jof(s,t)dtdsl}.

(D4) The function g: A x R — R is HK-integrable, for each (x,y) € A, z+> g(x,7,2) is
continuous, and there exists HK -integral function g_, g, : A — R such that

gl(" ) Sg(’ ',Z) §g+('7 ')r

and Me = sup(,, e a | Is [y g-(s,t)deds| +| [y [J g (s,t)dtds|}.
(Ds) There exists r > 0 such that

My + My +2Ms3 + My + Ms + Mg + (c1 + co)r < r.

Theorem 3.1 Under the assumptions (D1)—(Ds), Eq. (2) is equivalent to the integral equa-
tion

x py
5) = Va0 + ) + Y0+ o) = )+ [ [t e
o Jo
x ey
+/ / g(s, t, u(s, t)) dtds, (x,y) € A. (5)
o Jo
Proof For all (x,y) € A, by the properties of the distributional derivative, we have
y y y
/ 05 (s, t) dt = / g(s, t, u(s, t)) dt + / f(s,t)dt. (6)
0 0 0
Since

y y
Asu(s, y) — dsu(s,0) = / g(s, t, u(s, t)) dt + / f(s,0)dt, (7)
0

0

Page5of 11
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then
x x X ry X ry
/Oasu(s,y)ds=/0 Bsu(s,O)ds+/(; Ag(s,t,u(s,t))dtds+/; /Of(s,t)dtds. (8)
We obtain
X py X ry
,y) = u(x,0 0,y) — u(0,0 Lt u(s,t))dtd t)dtd
u(x,y) = u(x,0) + u(0,y) — u( )+/o ‘/Og(stu(st)) t S+/0 /Of(st) tds
x ry
=10 + )+ 20u10) + o) - @)+ [ [ fts, 00t
o Jo
x pry
Lou(s, b)) dt ds. 9
+‘/0/0g(stu(st))ts 9)

On the other hand, it is not difficult to see that Eq. (2) holds by taking the derivative of
both sides of (9). This completes the proof. O

To simplify, we define an operator F on C(A) by
x ry
Fu(x,y) = ¥1(x, 1) + h1(y) + Yo (y, u) + ha(x) — h1(0) + / / f(s,t)dtds
o Jo
x py
+/ f g(s, t, u(s, t)) dtds, (x,y) € A. (10)
0o Jo

Then we have the following statement.

Theorem 3.2 Under the assumptions (D1)—(Ds), the operator F given in (10) has at least
one fixed point in the space C(A).

Proof (i) For any u € C(A), with ||u|| <7,

|Fu(x,y)| < |v16xe,w)| + [ )| + |[v20,0)| + |ha(x)| + | 11(0)] +

/x /yg(s, t, u(s, t)) dtds
0 0
< |1 (e u) — Y1 (x, 0)| + |1 (x, 0)| + M3 + |2 (3, 1) — Y2 (3, 0) | + [¥2(3, 0)]

Xy X ry
/ / g (s,t)dtds / / g.(s,t)dtds
o Jo o Jo

<M + My +2M3 + My + Ms + Mg + (c1 + ¢2) |||

/Ox /Oyf(s,t)dtds

+

+ My + Ms + Ms + +

<r.
This implies that F maps the space B, into B,, where B, = {u € C(A) : |lul| <r}, risa
constant appearing in assumption (Ds).
(ii) We prove that the operator F is continuous on B,. For arbitrary u € B, and ¢ > 0, now
let u,, € B, with ||u,, — u|| < &, then we have

| Futy (x,) — Fu(x, )]
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< |10 1) — Y1 (6, 0) | + |2 ) — Y2 (3, )|

y x ry
g(s, t, uy,(s, t)) dtds—/ / g(s, t, u(s, t)) dtds|. (11)
o Jo

Now by the uniform continuity of the function v;(i = 1,2) on the set [0,a;] X [-7,7], we
infer that

nlin;o Y (%, 1) = Y1 (%, u),nlin;o Yoy, ) = Vo (y, ).

According to (D) and Lemma 2.6, we have

X ry X ry
lim / / g(s, t, uy,(s, t)) dtds = / / g(s, t, u(s, t)) dtds.
n=ce Jo Jo o Jo

From estimate (11), for each (x,y) € A, we get
| Fitu(x,y) — Fu(x,y)| <e.

Hence, we conclude that the operator F is continuous on B,.
(iii) Let us take an arbitrary nonempty subset V of the ball B,. Fix ¢ > 0, choose arbitrarily
(%1,91), (x2,%2) € A such that |x; —x1| <&, |y2 —y1| < €. Then for arbitrary u € V, we get

| Fuu(x2, y2) — Fu(x1,1)|
< ’Wl(xz,u(xz,yz)) =1 (1, e, ;1 )’ ’h (2) h1()/1)|
+ |2 (y2, (g, y2)) = Vo (v, e, 31)) | + [ x2) = Bra (1)

2 y2 X1 Y1
(s,t)dtds—/ / f(s,t)dtds
0 o Jo

y2 X1 Y1
g(s, tu(s, t)) dtds — f [ g(s, & uls, t)) dtds
0 o Jo

< W1 (w2, (32, 72)) — V1 (01, (2, 32)) | + [ W1 (o1, (2, 92)) — Y1 (01, 261, 91) ) |
+ w(hy, &) + |2 (y2, u(x2,72)) — Vo (y1, u(x2, )|
+ [V (y1, w2, ¥2)) = V2 (y1, u(x1,1)) | + (b2, €)

/xl f(s,t)dtds+/ / f(s,t)dtds

2 2
s,t us,t) dtds+/ / s,t u(s, t dtds

J1

+

< w(lﬂbé“) + Cl(|u(x2¢y2) - ”(x11y1)|) + w(hlre) + w(‘ﬁzyé‘)

+ CZ(|”‘(’C2’)’2) - u(xbyl)D + w(hy, €)

2 X2 y2
f(s,t) dtds+/ / f(s,t)dtds
X1 0

N

2 x2 V2
g(s.tuls,t)) dtds + / / g(s,t,uls,t)) dtds
1 0

, (12)
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where

w(Y1,€) = sup{ |1 (2, u) — Y1 (1, 1) | s 1 € [, 7], 2y — 21| < €},
w(h,e) = sup{ | @2)—h1(y1)| Hy-nl<el
(P2, €) = sup{ [Ya(y2, ) — Y21, )| : w € [-1,7), y2 = 31| < ¢},
iy, ) = sup] |Ia(2) — haer)| |t — 31| < ).

By (D1)—(Ds), ¥:i(i = 1,2), h1, hy are uniformly continuous on [0, 4], [0, a;], [0,41] respec-

tively, so
w(Y;,e) = 0, w(h;,e) =0 ase— 0.

Further, by the condition (D), we have the following inequalities:

y2 X L
g(s, t, u(s, t)) dtds + / / g(s, t, u(s, t)) dtds
1 X1 0

L)
/ / g.(s,t)dtds
0 Iy
x2 2
/ / g (s, t)dtds|.
X1 0

Since g_, g, are HK-integrable, the primitives of g_, g, are continuous and so are uniformly

y

»2
g (s,t)dtds| +

J1

2
g (s,t)dtds| +
0

continuous on A.
Moreover, the fact that f € Dy also implies that the primitive of f is uniformly contin-
uous on A.
From (12), we get
’Fu(xg,yz) - Fu(xl,y1)| <cwes)+co(ue), ase— 0. (13)
Since u is an arbitrary element of V' in (13), we obtain
w(FV,¢e) < cro(u, &) + cow(u, €).
Hence,
liII(l) supw(FV,e) < (c1 +¢p) lir% supw(y, €). (14)
&> e—>
It follows from (14) and Lemma 2.9 that

w(EV)) = (1 +e2)u(V). (15)

According to Lemma 2.10, F has at least one fixed point in the space B,. The proof is

therefore complete. O

According to Theorem 3.2 and (10) the definition of the operator F, we have:
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Theorem 3.3 Under the assumptions (D1)—(Ds), Eq. (2) has at least one solution in the
space C(A).

4 Application
Example 4.1 Consider the following Darboux problem:

L (x,9) = x%e7 sin ”y +yR (x) + xR (), (x,9) €[0,1] x [0,1],

dxdy
u(,0) ~ (g + foy)) =5 (16)
u(0,y) - %arCtan[gfc\yf) + 132] = jarctanx + 1

Dok sinn?mx

where R'(x) is the distributional derivative of the Riemann function R(x) = X%, .
With the following choices, it is evident that Eq. (16) is a special case of Eq. (2) with

g(x,y,ulx,)) = x> sin M,

f(x,y) = yR (x) + xR (),

u(x,y)
)= S
2
Vo(y,u) = = arctan[:ixj)_ . +yy2:|,
1
h1()’)= 4+y2y

1 1
hy(x) = 3 arctanx + v

-[0,1] x [0, 1].

Now we show that all the conditions of Theorem 3.2 are satisfied for Eq. (16).
(i) Obviously, ¥;(i = 1,2) are continuous, and suppose that (x,y) € [0,1] x [0,1] and
u,v € C(A). Then we can get the following estimate:

V1 (e, 1) — Y1 (x,v)| <

1 1 1
lu—v|<-lu-v|, soc =-,
4+ x2 4 4

1 1 1 1

|2y, 0) Wz(J/V‘S - —V|§1—6|M vl, s0¢2= 2o
1
M1=sup{|w1(x,0)|:xe[0 1} 3
M, = sup{|y(,0)| :y € [0,1]} = %

(i) Clearly, the functions 4; are continuous, /1;(0) = /1,(0) = i, and

»-l>|>—‘

, My = sup{|h2(x)} x € [0, 1]} %

I

M; = sup{|lm(y)| :y € [0,1]} =

(iii) The function f is Dyxk-integrable on A, and

f/fs,t)dtds

Ms = sup <2.

(x)EA

Page9of 11
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(iv) The function g is continuous, and
—x'e” < g(%,y, u(x,y)) <x’e”,

if we put g_(x,y) = —x%e 7, g, (x,y) = x*¢”?, then we have

[ [ ewomal+|[[ [awoaaf-3-2
_(s,t)dtds (s, t)datds|; = = — —.
0 og 0 Og 3 3e

(v) Itis easy to check that for each number r > 5, we have the following inequality:

+

Mg = sup {
(xy)ea

M1 +M2+2M3 +M4 +M5 +M6+(C1 +C2)I"<T’.

Consequently, all the conditions of Theorem 3.2 are satisfied and Eq. (16) has at least one
solution in the space C(A).

Remark 4.2 1t is well known that the function R(x) given by Riemann is continuous but
pointwise differentiable nowhere on [0, 1] (see, e.g.,[14]), then the distributional derivative
R'(x) in Eq. (16) is neither HK nor Lebesgue integrable. Hence, this example is not covered
by any result using HK or Lebesgue integral. Thus, Theorem 3.3 is more extensive.

5 Conclusions

In this research, by using the method associated with the technique of measure of non-
compactness and the Darbo fixed points theorem, we studied the existence of solutions
for the Darboux problem involving the distributional Henstock—Kurzweil integral, and we
obtained the existence of at least one solution for the Darboux problem we considered.
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