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1 Introduction
Let  be a bounded domain of RV with sufficiently regular boundary 92, and we study
the following Kirchhoff type equation:

—(a+b [, |Vul*dx)Au=f(x,u) ing,
u=0 on 092,

(1.1)

where a, b > 0 are real constants. The problem (1.1) is related to the Kirchhoff’s model, we
refer to [8, 10] for details and further references.

Moreover, if we assume that

(fo) f €CHRQ x R,R), f(x,0) = 0 and there is ¢ > 0 such that

, 5 . +00, N =12,
[f(x,u)|§c(1+|u|” ), forsome2 <y <2* =
2N N>3
N-2’ =9

then weak solutions of Eq. (1.1) correspond to critical points of the C? functional I :
H}(Q) — R defined by

a b
1) = —|lull® + —||M||4—/ F(x,u) dx,
2 4 o

where F(x, u) = fou f(x,£)dt, and H} () is the Hilbert space endowed with the norm

1/2
il = Vil = (/ |Vu|2dx) ,
Q
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In the sequel, we assume
0<A1<k2§...fkk§...

are the eigenvalues of —A in H}(Q).

In recent years, there have been many papers which have studied the Kirchhoff type
problems by variational methods. When the nonlinearity f is superlinear, the existence
results of solutions can be found in [13, 18, 19, 26], and for the case where the nonlinearity
is asymptotically linear, we refer to [4, 15, 24, 26] for details and further references. For
example, by using the condition

lim/® _
t—0 at

p(x),

where 0 < p(x) € L>(R2) and ||p(x)|lco < A1, one shows [4] that 0 is a local minimizer of I.
Moreover, the authors in [19] assume

a a
Ekktz +Cit* < F(x,t) < Ek;ﬁltz + Cot*,  for |t <6,

where 8, C;, C, are positive constants, and they show that the functional / has a local
linking at zero.

In particular, using the Yang index, the authors in [15] consider the eigenvalue problem

—Nul?Au=pu® inQ,
u=0 on 0€2,

(1.2)

and get an unbounded sequence of eigenvalues

O<pr<pa<- <pp<-.

Furthermore, using this sequence of eigenvalues, when the nonlinearity f is superlinear
near zero but asymptotically 4-linear at infinity, in [18] one computes the relevant critical
groups and obtains nontrivial solutions.

In this paper, the main aim is to give some results on the critical groups estimates at
zero for I and its applications to the existence and multiplicity results for equation (1.1)
by Morse theory. Therefore, we recall the following notions (see [2, 14]). We assume that
U is an isolated critical point of I, U is an isolated neighborhood of u, and I(uy) = c € R,
the group

Cillug) = H(I°NU,I° N U\ {uo}), *€Ng=1{0,1,2,...},

is called the xth critical group of the functional I at uo, where I° = {u € H}(Q) : I(u) < c},
and H,(-,-) are the singular relative homological groups with a coefficient group F.

We impose on f the following non-resonance and resonance conditions:

(fi) there exists A € R such that

lim 7% _

A, uniformly inx € ;
lul=0  au
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(f2) there exists & > 0 such that
ug(x,u) <0, for|ul<a,x€L,

where g(x, u) = f(x, u) — ariu.
Our results read as follows.

Theorem 1.1 Assume that (fy) and (1) hold. If & € (Ak, Ais1), then u = 0 is an isolated
critical point of I such that

C.(1,0) = 8, 4F.

Theorem 1.2 Assume that (fy), (f1) and (f2) hold. If . = 11, then u = 0 is an isolated critical
point of I such that

C* (17 0) = 8*,OF~

Remark 1 Note that, for the semilinear elliptic equation, i.e., » = 0, Theorem 1.1 can be
found in [2], now we can generalize the same results to Eq. (1.1) with any b > 0. However,
we cannot directly use the methods in [2], because there are many difficulties to get the
critical group estimates for the functional /. For example, although we can get a space
decomposition according to the eigenfunctions which is the basis of linking theorem by
(f1), the second derivative of I in each critical point is complex, so that we are not sure
that the generalized Morse splitting lemma can be used. In spite of these difficulties, we
can obtain critical groups estimates at zero by using the basic properties of critical groups
(see [3]), that is, critical groups are invariant under homotopies preserving isolatedness of
critical points.

Remark 2 Obviously, (f2) is known as one of the sign conditions in resonance problems.
For the results of sign conditions with b = 0 we refer to [9, 11, 16, 17] for details and further

references.

Using Theorem 1.1, we can also obtain some multiplicity results for Eq. (1.1). We make
the following assumption:
(f3) there exist M >0 and 8 < % such that
b 4 2
F(x,u) - Z,u1|u| < Bu-, for|u|l>M,x€Q,

and our next result reads as follows.

Theorem 1.3 Assume that N < 3, (fo), (f1) and (f3) hold. If A € (Ak, Ais1) With k > 2, then
Eq. (1.1) has at least three nontrivial solutions.

Remark 3 Using similar conditions, the paper [25] has studied the Kirchhoff type equa-
tions involving the nonlocal fractional p-Laplacian and can get at least two nontrivial so-
lutions by the three-critical point theorem (see [12, Theorem 2.1]). Because of the exact
calculations of the critical groups at zero, our theorem can get more nontrivial solutions.
Then our result is new.
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Remark 4 For the semilinear elliptic equation, if the condition

1
lim (F(x, u) — Emmz) dx=-00, x€K, (1.3)

|u|—o00

holds, then the functional I with b = 0 is coercive ([7]). For Eq. (1.1), because of the exis-
tence of Laplacian operator, we can also prove that the functional I with b > 0 is coercive
with (f3). For other results of (1.1) we refer to [5, 7, 20-23, 25] and references therein.

This paper is organized as follows. The proofs of Theorems 1.1-1.3 are given in Sects. 2—
4, respectively. In the sequel, we use the letter C to denote a suitable positive constant
whose value may change from line to line.

2 Proof of Theorem 1.1
We first recall some notions and results for Morse theory (see, e.g., [2]). By (f1), the func-
tional I is a C? functional with Fréchet derivatives

(F(u),w):zz/ Vqudx+b||u||2/ Vqudx—/f(x,u)wdx, (2.1)
Q Q Q

for all u, w € H} ().
Definition 2.1 If every sequence {u,} C H}(Q2) with
I(u,) being bounded, I'(u,) =0, asun— oo,

possesses a convergent subsequence, then the functional / is said to satisfy the Palais—
Smale (for short (P.S)) condition.

Proposition 2.2 ([3]) Assume t € [0,1], let ®, € C'(H}(RQ)) and
up € K(®;) = {u € Hy(Q) : ¥, (u) = 0}.

IfU C H}(Q) is a closed neighborhood of uy such that
(i) . satisfies the (P.S) condition in U for all T € [0,1],
(i) K(®;)NU ={uo} forall t €[0,1],
(iii) the mapping T — @, is continuous between [0,1] and C*(U),
then we have

C*(q)(), L{()) = C*(CDI: MO); * € No.

Lemma 2.3 Assume that (fy) and (fy) hold. If A € (A, Aiy1) then u = 0 is an isolated critical
point of I.

Proof Clearly, by f(x,0) = 0 we have u = O is a critical point of /. To see that u = O is isolated,
we argue by contradiction: assume that there exists a sequence (u,) in H}(2) \ {0} such
that

u, —> 0, inH}(RQ),
I'(u,)=0, Vn>1.
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Now, we set for all # > 1, v,, = u,,/||u,||, and passing to a further subsequence we can

assume that

V=V, weakly in H} (L),
Vy =V, strongly in L(), (2.2)

Vulx) = v(x), a.e.xe Q.

From (2.1), for all # > 1 and w € H}(2), we have

)
alluy|l
b Sy
:/ andex+—||un||2/ v, vwds— [ L5 (2.3)
o a Q o allul
By (f1) we have
Joomn) _Jom) 5 ), (24)

allu,|| av unl

so the sequence(L%)) is bounded in L%(£2).

allup||

Choosing w = v, — v in (2.3) and using the Holder inequality we get

b  Un
(1 + —||u,,||2)/ Vv,V(v, —v)dx < ’f(x )
a Q allu,|

and the latter tends to 0 as n — 0o. Therefore we have v, — v in H}(Q) and in particular
vl =1.
Since ||u,|| — 0 (n — 00) and (2.2) holds, when we pass to the limit in (2.3) again and

Vi = vll2,
2

using (2.4), we get

/Vvadx:A/vwdx,
Q Q

which implies that A is an eigenvalue of —A with v as an associated eigenfunction, contrary

to the assumption A € (Ag, Axs1). The proof is completed. O
Proof of Theorem 1.1 From Lemma 2.3, we know that u = 0 is an isolated critical point

of I. Next, we will use Proposition 2.2 to compute the critical groups of zero.
(1) First we define the C? functional

QWFZWW—/HmMM,
2 Q

then, by (f;) with A € (A, Ak41), we know that u = 0 is an isolated nondegenerate critical
point of I, such that (see [2])

Ci (Ia: 0) = 8*,/(]F~ (25)
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(2) Now define a homotopy by setting for u € H} (),
Js(w) = sl(u) + (1 = s)I,(u), se€]0,1]. (2.6)

Then, by (fy), J; € C}(H}(£2),R) and satisfies (P.S) condition on the bounded domain in
H}(R) for any s € [0, 1]. Clearly, u = 0 is a critical point for all s € [0,1]. We claim that
there is a neighborhood U of 0 such that z = 0 is the only critical point of J; in U for all
s€[0,1].

By contradiction, we assume that there exist sequences s, € [0, 1] and (x,,) in H}(2) \ {0}
such that

u, — 0, in H}(Q),
]sn/(un) =0, Vun>1

(2.7)

If we set v, = u,,/||u,|, then passing to a further subsequence we can assume that

Vy—V, weakly in H} (),
V=V, strongly in L*(),

Vu(lx) = v(x), a.e.xe Q.
For any w € H} (), using (2.6) and (2.7) we get

0= Usn/(un)’ w)

allull
) 9
= | Vv,.Vwdx + —||u,l| Vv, Vwdx
Q a Q

[ S un)

Q aly

vawdx. (2.8)

Using the methods in the proof of Lemma 2.3, we deduce that v, — v in H}(S2) and
[lv|| = 1. Passing to the limit in (2.8) again we get a contradiction.
(3) Now, by the homotopy invariance of the critical groups in Proposition 2.2, we have

Ci(o,0) = Ci(ls, 0) = Ci(1,0) = Ci (1, 0). (2.9)
Then (2.5) and (2.9) give

C(1,0) = 8, k.
The proof is completed. d

3 Proof of Theorem 1.2
Now, we give the proof of Theorem 1.2.

Lemma 3.1 Assume that (fy), (fi) and (f;) hold. If . = A1, then u = 0 is an isolated critical
point of I.
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Proof By contradiction, assume that ||u,|| — 0, I'(4,) = 0 and u, # 0, then by the elliptic
estimates we have

lnllci) — 0, asn— oo,

this together with (f;) and u, # 0 gives

(l)q/ |u,,|2dx§a/ |Viu,|? dx
Q Q

bl + s [ fun P+ [ gtoinunds
Q Q
<ak1/ |1, |? dx, for n large enough,
Q

which is a contradiction. Then « = 0 is an isolated critical point of the functional I. d

Assume that § € C}(R, [-a, «]) is a non-decreasing mapping with

u if |u| < a/2,
0(u) = (3.1)
+o if fu>a,

where « is defined in (f;). We define a functional ®, € C}(H}(Q),R) by setting (see for
example [6, Lemma 4.4])

a b a
¢T(u)=§||u||2+1||u||4—71/ |u|2dx—f G(x, (1 - D)u +10(w)) dx,
Q Q

where G(x, u) = fou g(x,t)dt,and T € [0, 1]. Moreover, for any 7 € [0, 1], by (f;) we also know
that @, (u) satisfies (P.S) condition on any bounded domain in H} ().

Proof of Theorem 1.2 By Lemma 3.1, we know that & = 0 is an isolated critical point of I.
(1) First, we want to prove that there is a ball B, (0) with & > 0 small enough such that

K(®,)NB,(0)={0}, Vrel0,1]. (3.2)

By contradiction, we assume there exist sequences 7, € [0,1] and u, € H} () \ {0} such
that

@;n(un) =0, u,— 0(n— 00).
By the elliptic estimates we have
l#allci — 0, asn— oo,
which implies that, for n big enough,

u, €B:(0), and |lu,llce) <a/2,
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then 6(u,,) = u, and ®¢(u,,) = ®-, (1) by definition (3.1). Now, for n big enough, we get
I,(un) = @6(14”) = (D/Tn(un) =0,

which is a contradiction with the fact that # = 0 is an isolated critical point of / in
Lemma 3.1. Then (3.2) is true.
(2) Next, we want to prove

C.(®1,0) = 8,,oF. (33)

Indeed, from (3.1), we know |0(«)| < « for u € H}(2), then (f;) gives

a b a
&1 (u) = §||M||2+ EIIMIILL—TI/ |u|2dx—f G(x,60(n)) dx
Q Q

> —/ G(x,@(u)) dx
Q
>0,
which implies that 0 is a local minimizer of ®4, so (3.3) is true.
(3) Now, by (3.2), (3.3) and the homotopy invariance of the critical groups in Proposi-
tion 2.2, we have
C*([x 0) = C*((DO» 0) = C*(Cbl,O) = 8*,015"

The proof is completed. O

4 Proof of Theorem 1.3
We introduce two truncated energy functionals by setting

b
L) = Sl + 2l —/ Felou)dr, ueHNQ),
2 4 o
where Fy(x,u) = [ fi(x,5) ds and

falnt) = flx,t) ££>0,
+t<0.

Clearly L. € C'(H;(2),R). Obviously, a nonzero critical point #4. of Ly is a nontrivial non-
negative (non-positive) solution of problem (1.1). Indeed, for any w € H}(£2) we have

0=(Ifr(u+),w)=a/ Vu+dex+b||u+||2/ Vu+dex—/f+(x,u+)wdx.
Q Q Q

Choosing w = u, = min{u,, 0}, we get |u] || = 0. Therefore, u, > 0 for a.e. x € Q. The case

for I_ is similar.

Lemma 4.1 If (fo) and (f;) hold, then I and 1. satisfy the (P.S) condition.
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Proof It suffices to show that I and ;. are coercive on H}(2). The following method is
similar to [7]. For the functional , by contradiction, there is a sequence {u,} C H}(2)

such that
I(u,) <C, as|u,| — oc. (4.1)
If we set v, = ”u i then ||v,| = 1 and there is a vy € H}(2) such that
Vi — Vo, weakly in H&(Q),
Vi — Vo, strongly in L*(Q), (4.2)

Vu(x) = vo(x), ae.xe Q.

From the condition (f3), we get

b
/(F(x,u)—%|ul4>dx§ﬁ/uzdx+C, foranyueHé(Q),er, (4.3)
Q Q

this together with (4.1) gives

C _ Iw) C + Cln?
> Ll + —|| vall* ——/|n| e S Ml

Ilunll4 T lluall* T2 2, |I*

then we obtain

lim sup ||vn||4§lt1/ vol* dx.
Q

n—00

On the other hand, by the variational characterization of x; and the lower semiconti-
nuity of the norm we get

o [ oty < Il < timint v, 1,
Q n—0o0
which implies that

lim [v,]|* = Ivoll*

n— o0
and

Ry

Q

Therefore

v, — Vo strongly in Hy ().
Then we get |vo| # 0 for a.e. x € 2, and by (4.2) we also have

’u,,(x)’ — +00, a.e.x€ Q. (4.4)

Page 9 of 12
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Using 8 < ”M , (4.3) and (4.4) give

1(un)>—/ |Vitu|* dox — /(P(x,un) z —1 n|‘*) x
/| el dix - ﬂf|un|2dx

— +00, asn— oo,

this is a contradiction with (4.1).
The case of I, (I_) is similar. O

Let e; > 0 be the eigenfunction associated with ;.
Lemma 4.2 If (f) with k > 2 holds, then there exists t > 0 such that I.(fte;) < 0.

Proof By (fy) and (f1), for ¢ > 0 with Ax — & > A1 there exists 2 < v < 2* such that
F(x,u) > = (Ak -’ —Clu|”, VueR,xeQ.

Then we get

ah i o
Itte) < /|e1|2dx+—|| 15

A
_ et /|e1| dx + Clt|" /|e1| dx

<-Cltl> + Cle/* + Clel,

<0, ast>0small

The other case is similar. O

Proof of Theorem 1.3 I,1. are coercive on Hj(2) and satisfy the (P.S) condition by
Lemma 4.1. From Lemma 4.2, the functional I has a positive critical point #; and a negative
critical point u; such that

C*(I, ul) = C*(I, l/lz) = 8*’0F.

Using the mountain pass lemma in [1], we know that equation has a solution u3 such that

(see [2])
Ci1(l,u3) #0.
Moreover, using (f;) with k > 2, Theorem 1.1 gives
Ci(1,0) = 8, 4T,

which implies that u3 # 0. The proof is completed. O
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5 Conclusions

There are many difficulties if we want to obtain critical groups estimates for the Kirch-
hoff type equation; for example, we are not sure if the generalized Morse splitting lemma
can be used. Then in this paper, by using the basic properties that critical groups are in-
variant under homotopies preserving the isolatedness of critical points, we can compute
critical groups at zero when we impose on f the non-resonance and resonance conditions.
Moreover, using these critical groups estimates our theorem can get more nontrivial so-
lutions. The main results presented in this paper improve and generalize many results in
[4, 19, 25].
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