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1 Introduction
Eigenvalue theory has numerous applications in mathematics and applied sciences. More-
over, problems linking the coefficient of an operator to the sequence of its eigenvalues are
among the most fascinating of mathematical analysis. The sharp estimate of eigenvalues
for ordinary or partial differential equations with different kinds of boundary conditions
are very important in the theory of eigenvalues and play very important roles in the study
of nonlinear differential equations. For both ordinary and partial differential operators,
there have evolved a lot of results [1, 5-7, 9, 14, 18].

In this paper, we will study the optimal lower bound for the lowest eigenvalue in the

more general setting of measure differential equations (MDEs). Let
M(,R) = {pL 1 — R:p(0+) 3, u(t+) = u(t) Ve € (0,1), V(w, I) < oo}

be the space of non-normalized R-valued measures of /. Here I = [0,1] and for any ¢ €

[0,1), u(t+) :=limgy, pu(s) is the right limit. The space of (normalized) R-valued measures

1S

Mo(LR) = {u € MLR): u(0+) = 0}. (1.1)
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We consider the fourth order measure differential equation
dy®(e) + ay P (2) de + y(t) duu(t) =0, te[0,1], (1.2)
for a given a measure p € My := My (I, R) with the asymmetric boundary condition

¥(0) =y"(0) = 0=y(1) =y (1). (1.3)

By establishing a variational characterization (3.3) in Sect. 3, we can show existence of an
eigenvalue A = A1(u). Since the eigenvalue X in (3.3) is characterized by taking minimum
over, we call it the first eigenvalue of (1.2)—(1.3). In this paper, we will solve the following

minimization problem:

L(r) := inf{A1 (1) : w € Bolr]}, (1.4)
here

Bolr] == {pn € Mo(L,R) : || ullv < r}.

To this end, we will first establish a variational characterization for the first eigenvalue
of the fourth order measure differential Eq. (1.2) with boundary (1.3). Then as in [12] for a
second order linear MDE, with the strong continuous dependence results of solutions and
the zeroth eigenvalues of (1.2) on measures p with the weak* topology (see Theorems 2.7
and 3.3), we will find the explicit optimal lower bounds of the first eigenvalue of problem
(1.4) as follows.

Theorem 1.1 Given r > 0, one has
L(r) = 11(-784,). (1.5)

Here 3, is the Dirac measure at a, and a, satisfies the equation E(X,a) = 0, where §, is as
in (4.3) and

E(A,a) = —4sin wa — 4wa cos wa + 2w cos w(2a — 1)

+2sinw(2a — 1) — 2w cos w + 4wa cos w + 2 sinw. (1.6)

This paper is organized as follows. In Sect. 2, we will recall basic facts on the measure
differential equation (MDE). In Sect. 3, we will use the variational method to establish
the basic theory for the first eigenvalue of the fourth order MDE. In Sect. 4, based on
the minimization characterization of the first eigenvalues we will prove Theorem 1.1. In
Sect. 5, As an application of Theorem 1.1, we will find the explicit optimal lower bound for
the first eigenvalue of a vibrating beam which represents the smallest axial compressive

force necessary to cause the beam to buckle.
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2 Preliminaries
In this section, we will recall some basic facts on MDE.

By the Riesz representation theorem [8], (M(Z,R), || - |lv) is the same as the dual space of
the Banach space (C(Z,R), || - || o) of continuous R-valued functions of 7 with the supremum
norm || - |0, where we write for V(m)ul, as |||y is the total variation of i (over I),

n-1

V(w,I) = suPiZW(t”l) —u(ti)| 0=fy<ty<--<ty1<t,=1,meNy,
i=0

In fact, u € (Mo(,R), || - lv) defines u* € (C(I,R), || - [lo0)* by

W (F) = [1 FOdu), feCUR), @.1)

which refers to the Riemann-Stieltjes integral, or the Lebesgue—Stieltjes integral [2].

Moreover, one has
lleellv = V(u, 1) = Sup{/fd,u f €CULR), flloo = 1}.
I
Lemma 2.1 ([15]) Let v € M(I,R). Define

—|v(0)] fort=0,
V(v,(0,£]) forte(0,1].

Then v € My(I,R) satisfies ||v|ly = V(1) — V(0) and

‘ / £(5)du(s)
[a,b]

For the general theory of the Riemann—Stieltjes integral and the Lebesgue—Stieltjes in-

< / [f(s)|db(s) VfeCUR)[ablCI (2.3)
(@]

tegral, see, e.g., [2].

Let £:1 — R be £(t) = t. Then ¢ yields the Lebesgue measure of I and the Lebesgue in-
tegral. More generally, any F € £!(I,R) induces an absolutely continuous measure defined
by

we(t) ::/ F(s)ds, tel. (2.4)
[0,£]

In this case, one has

lellv =11FlL = IFll zrgm) (2.5)

and
i S@©)durp(t) = i fOF()dt = rf(t) dur(t)

for any f € C(I,R) and subinterval I, C I.
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In the space M(I,R) of measures, one has the usual topology induced by the norm
Il - [lv. Due to the duality relation, one has also the following weak* topology w*.

Definition 2.2 Let wo, 1, € Mo(I,R), n € N. We say that pu, is weakly* convergent to 1o
iff, for each f € C(I,R), one has

lim [ fdu, = /fduo,
n—00 I I
which refers to the limit of Riemann-Stieltjes integral.

As for the compactness of balls By[r] in weak* topology, we have the following result.

Lemma 2.3 ([8]) Let r>0. Then By[r] C (Mo(l,R), w*) is sequentially compact.

Definition 2.4 A function y:I — R is called a solution to Eq. (1.2) on the interval [ if
+ yeC(,R), and
« there exist (y0,¥1,¥2,¥3) € R* and functions y(l),y(z),y(3) :[0,1] — R such that the
following are satisfied:

y(£) = yo + / yWV(s)ds, te0,1], (2.6)
[0,¢]

W) =y + / »s)ds, te0,1] (27)
[0,¢]

y2() =y + / Y3 (s)ds, te[0,1], (2.8)
[0,¢]
) t:O;

=" (2.9)

93— Jlon 2P ) ds = [io 1 ¥(s) ds), ¢ €(0,1].

The initial condition of MDE (1.2) can be written as

((0),5(0),y?(0),52(0)) = (0, 71,32, ¥3)- (2.10)

Since we have assumed that y € C := C([0, 1], R), the right-hand sides of (2.6), (2.7), (2.8)
are the Lebesgue integrals and (2.9) is the Lebesgue—Stieltjes integral, respectively.

Because solutions of (1.2)—(2.10) are defined via fixed point equations, there are many
methods to prove the existence and uniqueness of solutions. For example, one can find a
proof from [4, 13, 16] based on the Kurzweil—-Stieltjes integral, which applies also to the
first order linear MDE.

Lemma 2.5 For each (yo,1,y2,y3) € R, problem (1.2)—(2.10) has the unique solution y(t)
defined on [0, 1].

For p € [1,00], let L7 := [?([0, 1], R) be the Lebesgue space of real-valued functions with
the L” norm || - ||,. For n € N, let W"# := W"?([0, 1], R) and

Wy? = WyP ([0,1],R) = {y € W™ : 5(0) = (1) =0}

Page 4 of 15
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be the usual Sobolev spaces with the norm || - [[yyns. For p = 2, W% and W, 2 are denoted
simply by H"” and Hj, respectively, with the norm || - ||
By the properties of the Lebesgue integral and the Lebesgue—Stieltjes integral, some

regularity results for solutions y(¢) are as follows.

Corollary 2.6 Let y(t) be the solution of (1.2). Then y € H® and y* € M := M([0,1],R).
Hence,

W)=y @) eC :=C'([0,1LR),  y?@) =y"(t) € AC:= AC([0,1],R),
and y®(t) = y"(t) a.e. t € [0,1). Here' denotes the derivative with respect to t.
We use y(t,¥0,1,¥2,¥3) to denote the unique solution of (1.2)—(2.10). Let

(Pl(t) = y(t) 170)010)7 (pZ(t) = }/(tyo; 110)0)’

@s3(t) :=»(¢,0,0,1,0), wa(t) :=(¢,0,0,0,1),

called the fundamental solutions of (1.2). By the linearity of (1.2) and the uniqueness of
the solution, one has, for ¢ € [0, 1],

Yt 90,91, 2, 93) e1(®)  @at) @3t <p B\ [y
O(t,y0,905295) | | e"©) V@) 1<t> Do) | | n
At,y0,909273) | | eP@® 020 oD () ¢4’(t> ¥
O, y0, 91, ¥2,93) o2t) o1 P WP

In [12], the authors have obtained the continuity of solutions in measures for the second
order linear MDE. For the fourth order linear MDE, we can argue in a similar way to prove

the following conclusion.

Theorem 2.7 Let y(t, i) be the solution of (1.2)—(2.10). Then the following solution map-

pings are continuous:

(Mo, w") > (Gl lloo)s 11— (5 10), (2.11)
(Mo, w*) = (Cll - lloo)s 1= ¥V o), (2.12)
(Mo, w*) = (Cll - lloe)y =52 m), (213)
(Mo, w*) > (Mw*), =y, p). (2.14)

By Corollary 2.6, we have the following corollary.

Corollary 2.8 The solution mapping

(Mo, w*) = (C2 1l - lag2), = y(o1), (2.15)

is continuous, where C? := C*([0,1], R).
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3 Variational characterization for the first eigenvalue of MDE

In this section, we will use the variational method to establish the basic theory for the first
eigenvalue of the fourth order MDE. Though the question what is the complete struc-
ture of eigenvalues of problem (1.2)—(1.3) remains open to us, it is a standard result that
any (possible) eigenvalue A € R of problem (1.2)—(1.3) with eigenfunction u € Hj . must
satisfy

) f[o‘l](u”)2 dt + f[o,u u* dp(t)

A s 3.1
f[o,l] (u’)z dt ( )
where
Hwor = {y € H? :9(0) ="(0) = (1) =¥/ (1) = 0}. (3.2)

In the following theorem, we show that problem (1.2)—(1.3) does admit the first eigen-

value and we explicitly present the minimization characterizations as follows.

Theorem 3.1 Let u € M, problem (1.2)—(1.3) admits the lowest eigenvalue A1 (1), which

has the following minimization characterizations:

f[o,l} (") det + f[o,1] u?du(t)

A1(u) = min . (3.3)
e weH3 0, \ (0} Sy @) dt
Here M is as in (1.1).
Proof Denote
() dt + w? du(t)
R(u) := o /f[;)'” =, (3.4)
f[0,1] (u')?de

where

ue Mg, ={yeH:50)=y(1)=y(1)=0}. (3.5)

With the standard estimate we have

2
lullZ, < (f |u/|dt> ff u'u dt
[0,1] [0,1]

= uu’|é—/ uu”dtf/ |uu”|dt
[01] [0,1]

< llull2]u"],,

e[|, = NaallZ /Nl (3.6)
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Since

Cllivlially V2lul%

f W2 dpt) = — el el =
[0,1]

V2 llull2
200,112 4
Z_;(nunvnunz . 2||u||§o>. 67
2 2 llully
Thus, we have from (3.6) and (3.7)
lleelly 2
Rw)z === VOFueHy, (3.8)
Due to (3.8), one has
A= inf R(u) > —o0. (3.9)
ueH2 \ {0}
Take a sequence {u,} C H3, such that
||, =1 and lim R(x,)= 2. (3.10)

n—+00

Then

/ ()’ dt = R(uy) f W2 di f W2 due) < |RGwy)| + ity
[0,1] [0,1] [0,1]

is bounded and {u,} C H3, is bounded. As H3_ is a Hilbert space and is compactly em-

bedded into C!, there exists a non-zero ug € H3, such that
uy— o in (H3,w) and u,—uo in (CL 1" llc1),

going to a subsequence if necessary. Thus

1/2 1/2
/ (ug)Z d¢ = lim ugu, dt <liminf < / (ug)Z dt) ( / (”Z)Z dt) .
[0’1] n—+00 [0,1] n—+00 [0‘1] [0‘1]

This implies that

liminf,_, ;00 f[O,l] (ul)*de + f[O,l] uldu(t)

R(up) < 5
f[O,l] uy-de
2 2
limint Joy @) de + [,y up dpa(e)
T n>+o0 f w 2dt
[0,1] *n

= liminf R(u,,) = A1.
n—+00

Combining with (3.9), one has

R(ug) = A1 = mzin R(u). (3.11)

ueHg, \{0}

Page 7 of 15
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Take any
¢ €CX:={¢ € C([0,1]) : suppg C (0,1)}.

Then ug + s¢ € H2\{0} for all s € R with |s| small enough.
As a function of s, it follows from (3.11) that R(u + s¢) takes a minimum at s = 0.

Thus

_ dR(ug + 59)
- dS s=0

2 (/ 72 (/ 1" /
I — u,” dt uyg” dt + uop du(t)
(f[o,l] ”62 de)? \Jio.1) 0 [0,1] 0 (01]

_</ (ug)zdt+/ uédu(t))/ u6¢’dt)
[0.1] (0,1] [(0,1]

2
= uye” dt +/ uod du(t) — A / upg’ dt). (3.12)
f[o,ﬂ uf) de </[0'1] ° [01] ’ ' [01] 0

Here (3.11) is used and the derivative is found using definition (3.4) for R(u).
Since ¢ € C2°, one has

0

9'(t) = ] ¢"(s)ds

[0t

and

o(t) = / ( ¢ (1) dr) ds = (t—s)¢"(s)ds.
[0,¢] [0,s] [0,¢]

Then

/ / d — / 12 d d
/M (O () dt /M( /M (D6 (5) s) ¢
_ / ( / ug(t)dt)zp”(s)ds

[0,1] (s,1]
_ / ( / uf)(s)ds)qb”(t)dt

[0,1] (£,1]

and

/ o) () dyu() = / ( (t—S)uo(t)fl’”(S)dS)dM(t)
[0,1] [0,1] [0,¢]

_ / ( / <t—s>uo(t)du(t))¢”<s>ds
[0,1] (s,1]

= / ( (s—t)uo(S)dM(S))¢”(t)dt-
[0,1] (1]

Substituting into (3.12), we obtain

/ (ug(t) +/ (s — t)uo(s) duls) —)\.1/ 1y (s) ds)([)”(t) dt=0
(0,1] 1] 1]
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for all ¢ € C2°. Hence uy(t) satisfies

ug(t) + / (s = Huo(s) dp(s) — Aq / uy(s)ds=ct+¢ ae.tel0,1], (3.13)
1] 1]

where c and ¢ are constants. Note that

]a (/’ uo@nuuw>dr= (¢ = s)uo(s) da(s)
[0,¢] [0,7] [0,£]

= | (s—t)uo(s)duls) + /[0 1](t — $)uo(s) dju(s)

(1]

=/'@—nw®dmg+qm¢h
(1]

where ¢; and ¢; are constants. Hence Eq. (3.13) can be rewritten as

uy(t) + / (/ uo(s) d,u(s)) dr — 2 / up(s)ds=cot +é ae t€[0,1], (3.14)
[0,¢] \J[0,7] (£1]

where ¢; = ¢ — ¢; and ¢; = ¢ — ¢1 By the properties of Lebesgue integral and Lebesgue—

Stieltjes integral, one knows from (3.14) that u(z) is absolutely continuous and satisfies

uy () + /[‘M uo(s) du(s) + AI/

o ug(s)ds=¢ ae.te[0,1]. (3.15)
0.t

Equation (3.15) implies that u € H3 . and A; is necessarily an eigenvalue of problem
(1.2)—(1.3) with the eigenfunction u,. Because of (3.11) and the fact that ug € H3 ., A1 =
A1(u), which is characterized as in (3.3) and we know that A;(¢) must be the smallest
eigenvalue of problem (1.2)-(1.3). O

Let us introduce the following ordering for measures. We say that measures py > pq if
/ f(&)dua(t) = f@)dur() forallf €C,:={f eC:f(t) > 0,£€[0,1]}.
(0.1] [0,1]

As a consequence of (3.3) in Theorem 3.1, we can obtain the following result.

Corollary 3.2 One has

Mo =1 = A(pa) = A(u),

Sor p1, pa € M.

Now the continuity of the first eigenvalue in measures with the weak* topology can be

proved by the same arguments as those in [10].

Theorem 3.3 A;(w) is continuous in (. with weak* topology in M.
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4 The optimal lower bound of the first eigenvalue of MDE
In this section, we will solve the minimization problem (1.4) explicitly for the lowest eigen-
value A;. To this end, we use the lemma that follows.

Lemma 4.1 Given r > 0, consider the following minimization problem:

L(r):= inf{)q(u) ‘U E Bo[r]} = min{kl(u) 1 € By [r]}. (4.1)
One has
L(r) = inf Aq(-rd,), (4.2)
a<(0,1)

where for a € (0,1]

5.0 = 0 fortel0,a), (4.3)
1 fortela,1],

is the unit Dirac measure at t = a.

Proof Given u € By[r], we take an eigenfunction y(¢) associated with A; () which satisfies

the normalization condition ||y’||» = 1. There exists a € (0, 1) such that
= B = .
1¥lloc = max [y(®)] = [y(@)|
We have

= [ e [ du
[0,1] [0,1]

> f O de— vy,
[0,1]

> / (')’ dt - ry*(a)
1]

:/ (y”)2 dt+/ ¥ d(=r84(2))
[0.1] [0.1]

> A (=1d,). (4.4)

Here the last inequality in (4.4) follows from characterization (3.3) for A;(-rd,) since
Ily'|l2 = 1. Hence

L(r) = inf Aq(=r8,).
(r)  Inf 1(=réa) 0

The proof of Theorem 1.1 Let us explicitly find the first eigenvalue for Dirac measures
—184, where a € (0,1) and r > 0. To this end, we need to solve the following equation:

dy® @) + Y@ @) dt — ry(t) ds,(t) =0, £ e[0,1]. (4.5)
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One knows that a solution y(¢) of (4.5) satisfies the classical ODE
y" () +2y" () =0 (4.6)

for ¢ on the intervals [0, ) and (a, 1]. At t = a, one has the following relations:

yla+)=yla-),  y'(a+)=y(a-),

4.7)
y'(a+) =y"(a-),  y"(a+)=y"(a-) +ry(a-).
From the first two conditions of (1.3), let us consider the initial value
((0),5'(0),5"(0),5"(0)) = (0,¢,0,¢) #0,
and we obtain
A1 -1 .
y(t) :ct+c(—2t+ —Bsma)t> =1t + ¢ Sinwt (4.8)
w w

for t € [0,a) and (c1, ¢3) # 0. Here,

IreR  forr>0,
W= (4.9)
HAie C for A <O0.

By (4.7), we have

y(a+) = a1a + ¢y sinwa, ¥ (a+) = ¢c1 + cawcos wa,

y'(a+) = —co0” sinwa, y"(a+) = —co0° cos wa + r(cia + ¢y sin wa).

By using this as the initial value at ¢ = a4, we obtain from ODE (4.6)

1 -1
y(t) = c1t + ¢ sinwt + (r(cra + ca sinwa)) <—2(t —a) + — sino(t - a)) (4.10)
o ®

and

1 -1
Y (t) = c1 + o coswt + (r(cla + ¢y sin wa)) (—2 + — cosw(t - a))
w?

for t € (a,1]. Now the last two conditions y(1) = /(1) = 0 of (1.3) imply the following linear

system for (c1,¢2):

. . 1 -1 .- _
c1+csinw +r(cia+cy 51nwa)(07(1 —a)+ = sinw(l —a)) =0, (@.11)
€1+ cawceosw + (r(cra + ¢; sin a)a))(ﬁ + ;—% cosw(l —a)) =0.

In order that system (4.11) has non-zero solutions (c3, c2), the corresponding determi-
nant of (4.11) is necessarily zero. This yields the following equation:

G\ a) =r, (4.12)
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where G : (00, 7Z] x (0,1) — [0, +00) is defined as

2w3(— sin w+w cos ) f
—_— or A 0,
G(M,a) = Glwa) 4 (4.13)

12 —
a(a+3)(1-a)3 for 2 =0,

where

G(w,a) : = —4wasinwa + w sin(2wa — ) + cos w — cos(2wa — )

—2w?acosw + wsinw + 2w?a’ cos w + 2wasin w,

7o (A 4.4934) is the minimal positive root of the equation x cosx — sinx = 0. Then, by the
existence of the first eigenvalue, we conclude

A (-r8,) = min{i € R: G(x,a) - r = 0}.

It is easy to check that G(1, a) is a well-defined real function of (A, a) € (oo, 73] x (0,1)
with G(r,a) = 0 and G(A,a) = G(A, 1 — a). Moreover, the following properties of G(,a)
can be proved with a standard calculation.

(P1) When a € (0,1) is fixed, G(A,a) is decreasing in A € (o0, 72];

(P2) when A € (o0, 7d] is fixed, G(A, a) is decreasing in a € (0,a;), where a; € (0,1) is

such that

G(A,a;) = min G(A,a)
ae(0,1)

and E(A,a;) = 0, where E : (—o0,¢] x (0,1) — R is defined as in (1.6).
Since

lim G(A,a) = lim G(A,a) = +o0,
a—0 a—1
there exists a; € (0,1) such that
G\, a;) = min G(A,a),
a€(0,1)
which is equivalent to

G(w,a;) = max G(w,a).
a€(0,1)

Thus one has 0 = %@(a), @)|a=q, and %é(w, @)|a=a, > 0 which implies E(},a;) = 0.

By properties (P1) and (P2), we have
)"1(_7‘851;) = inf )\,1(—7'8“),
ac(0,1)
with which one has

L(r) = A1 (=78,,). O
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Remark 4.2 In [11, 17], the authors have solved the minimization problem of eigenval-
ues of the second order equation and pointed out that the critical measure of the Dirich-
let eigenvalues is located at the center a = % By the conclusion of Theorem 1.1 one can
check that a; # % with a straightforward calculation, which illustrates the very interesting
phenomenon that the minimizing measure will no longer be located at the center of the
interval (i.e. a = %) when the boundary condition is asymmetric.

5 Application to ODE
The eigenvalue problem of a vibrating beam described by the fourth order ODE

Y (&) + Ay (€) + F(t)y(t) =0, te]0,1], (5.1)

with the boundary condition (1.3) describes a vibrating beam which is subject to an axial
compressive load A that causes it to buckle. It is well known that (5.1)—(1.3) admits a se-
quence of eigenvalues A1 (F) < Ap(F) < - -+ < A,(F) < - -+ . Associated with each eigenvalue,
there is only one linear independent eigenfunction (see [3]). Specifically, A1 (F) is called the
first eigenvalue and represents the smallest axial compressive load. People are concerned
with the lowest eigenvalues A;(F) which represents the smallest axial compressive force
necessary to cause the beam to buckle. To get their sharp lower bounds one has to solve
the following minimization problem:

L(r) := inf{A,(F) : F € By[r]}. (5.2)

Here Bi[r]:={F e L':||F|1 <r},r>0.

We usually do not know if minimization problem (5.2) can be attained by some F from
By [r] since the L! balls B; [r] lack compactness even in the weak topology of £!. Precisely,
these extremal value problems cannot be solved directly by variational methods, because
eigenvalues A,(F) are implicit functionals of potentials F, the space £! is infinite dimen-
sional, and the balls B; [r] with radius r in £! are non-compact non-smooth sets.

As an application of results of Theorem 1.1, we can overcome the difficulties described
above by building a relationship between the minimization problem of the first eigenvalue
for the ODE and the one for the MDE. With the conclusion we obtained for MDE we give
the explicit optimal lower bound for the first eigenvalue of the vibrating beam (5.1) with
boundary condition (1.3).

In general, a measure cannot be a limit of smooth measures in the norm || - ||y. However,
in the w* topology, the following conclusion holds.

Lemma 5.1 ([9]) Given po € Mo([,R), there exists a sequence of measures {j,} C
C*(I,R) N My(I,R) such that

pn—> o in (Mo, R), w").

Moreover, if | is increasing (decreasing) on I, then the sequence {j1,,} above can be chosen
such that, for each n € N, ,, is increasing (deceasing) on I and ||y |lv = || tollv-

Finally, because of Lemma 5.1 and Theorem 3.3, we can obtain the relationship between
the minimization problems of ODE and of MDE as follows.
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Theorem 5.2 Given r > 0, one has that
L(r) = L(r). (5.3)

Proof Given F € By[r], the measure ur € M, is defined as
We(t) == / F(s)ds, tel (5.4)
[0,¢]

and we see that ur € By[r] is absolutely continuous with respect to the Lebesgue measure.
So for any F € B;[r],

L(r) < M(up) = M (F),
which implies that
L(r) <L(r). (5.5)
On the other hand, there exists ji € By[r] such that A1 (z) = L(r). By the monotonicity of

11(w), without loss of generality, we can assume that ji = —j is decreasing. By Lemma 5.1,

there exists a sequence of measures {ft,,} C C* N M, such that

djun(t)
de

= Pn(t),

I 2nlly = IEallz = lllv <7,

fn—> i in (Mo, w").

Therefore, by Theorem 3.3, we have

L(r) = () = lim A(fi,) = lim 2(Fy) > lim L(r) = L(r). (5.6)
Now (5.5) and (5.6) imply that L(r) = L(r). a

Remark 5.3 To compute L(r), it suffices to solve the following optimization problem:

minf(A,a) = A

subject to the constraints

G(ha)-r=0, O<a<a,

where G(A, a) as in (4.13).
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