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Abstract
This paper is concerned with the following nonlinear fractional Kirchhoff equation:

<a+b ](—A)%ufdx)(—A)qurV(x)u:f(u), xeR3,
R3

where s € (%, 1),a>0,b>0,(-A) denotes the fractional Laplacian operator. Based
on the methods of mountain pass theorem and invariant sets of descending flow, the
existence of a positive solution, a negative solution, and multiple sign-changing
solutions is obtained.
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1 Introduction

Consider the following nonlinear fractional Kirchhoff equation:

(a + b/ |(—A)%u|2dx)(—A)Su +V@u=f(), xekR? (1.1)
R3

where a > 0and b > 0 are parameters, V and f are continuous. (—A)® denotes the fractional
Laplacian operator of order s € (2, 1) which is defined as

(~AYu(x) = C3,P.V. / ulx) - uly)

dy, xeR3
RS |x_y|3+2s Y ’

where u € §, P.V. denotes the Cauchy principle value and Cs; denotes a normaliza-
tion constant. For simplicity, we omit the constant Cs; hereafter. Here, S stands for the
Schwartz space of rapidly decaying C* functions in R3. It can be viewed as the infinitesi-
mal generator of Lévy stable diffusion process [1-3]. Obviously, (—A)® is a nonlocal opera-
tor. In the last few years, the research of nonlocal operators has appeared in various areas
such as phase transitions, chemical reaction in liquids, optimization and finance, popula-
tion dynamics, crystal dislocation, flames propagation, and so on. One can see [4—6] and
the references therein. That is one of the reasons why the fractional problems have been
widely investigated by more and more mathematical scholars.
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When s =1, Eq. (1.1) reduces to the following Kirchhoff equation:

(a+b/ |Vu|2dx>Au+V(x)u=f(u), x e R3, (1.2)
R3

which is related to the stationary version of the Kirchhoff equation

Uy — (a + b/ |Vu|2dx)Au = f(x, u). (1.3)
2

Equation (1.3) was first presented by Kirchhoff [7] as a generalization of the classical
D’Alembert wave equation

Pu (Py E [Lfou\®  \o%u
Po ™ (%0 tof \ (B_x) dx)a—x2 =f(x,u)

for free vibrations of elastic string in order to describe the changes in the length of the
string during the vibrations. Here, p, po, /1, E, L are constants which represent some phys-
ical meanings respectively. For more details in physical background, we refer to [8, 9].
In particular, after an abstract framework to (1.2) was proposed by Lions [10], Eq. (1.2)
received more and more attention. For different nonlinearities, many important results
have been obtained for Eq. (1.2), especially on the existence and nonexistence of solutions,
ground state solutions, semiclassical state solutions, positive and negative solutions, high
energy and least energy solutions, and sign-changing solutions. Those results can be found
in [11-17] and the references therein.

Whena =1andb =0, Eq. (1.1) reduces to the following fractional Schrédinger equation:

(~AYu+Vx)u=f(u), xeR3 (1.4)

In the last decade, many results have appeared for Eq. (1.4). For example, see [18—21] and
the references therein.

Recently, Fiscella and Valdinoci [22] first proposed a stationary Kirchhoff model involv-
ing the fractional Laplacian, see [22, Appendix A] for more details in physical background.
Then, many papers have been devoted to studying the existence of solutions for fractional
Kirchhoff equation like (1.1). For instance, Peng, Tang, and Chen [23] investigated the ex-
istence of ground state solutions for Eq. (1.1) by using the method of Nehari manifold. Liu
et al. [24] proved the existence of ground state solutions by using the monotonicity trick
and the profile decomposition. Zhang et al. [25] studied the critical case of (1.1) and ob-
tained the existence of ground state solutions by establishing Pohozave type identity when
s€ (%, 1). They also obtained the non-existence result when s € (0, %).

To our best knowledge, there is no result on the existence of positive, negative, and sign-
changing solutions for Eq. (1.1). The main reason is that the operator (—A)* is nonlocal
and very few things are known about it. The purpose of this paper is to fill this gap. In this
paper, we are interested in the existence of one positive solution, one negative solution,
and infinitely many sign-changing solutions for Eq. (1.1). Firstly, one positive solution and
one negative solution are obtained by using the mountain pass theorem. Then we apply
the method of invariant sets of descending flow to the situation of fractional Kirchhoff
equation to prove the existence of infinitely many sign-changing solutions for Eq. (1.1). Itis
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worth mentioning that our method does not depend on the existence of Nehari manifold,
and the sign-changing solutions are obtained without any symmetry.

For convenience, we state our assumptions on potential V and nonlinear term f.

(V) Ve C(R%R), infyps V(%) >0, and limpy .00 V(%) = 00.

(i) f € C(R,R) and lim;_,¢ Q =0.

() limsup,, |[:|<T)‘ <00 for some p € (4,2}), where 2} = 5.

(fs) There exists u >4 such that tf(tr) > uF(t) > 0 for all T #0, where F(z) = forf(u) du.

As a consequence of (f,) and (f3), one has 4 < . < p < 2¥. Here are the main results.

Theorem 1.1 Assume that (V) and (f1)—(f3) hold. Then Eq. (1.1) has at least a positive
solution, a negative solution, and a sign-changing solution.

Theorem 1.2 Assume that (V) and (fi)—(fs) hold. If, in addition, f is odd, then Eq. (1.1)
has infinitely many sign-changing solutions.

The rest of this paper is organized as follows. Section 2 contains preliminary results. In
Sect. 3, we apply the methods of mountain pass theorem and invariant sets of descending
flow to prove Theorem 1.1 and Theorem 1.2.

Throughout this paper, || - ||, denotes the norm in LP(R3) for p € [2,00). C, C; denote
the different positive constants.

2 Preliminaries
In this section, we offer some preliminary lemmas and definitions which will be used later.
Let us list some facts of the fractional order Sobolev space as follows.

For 0 < s < 1, the fractional Sobolev space H*(R?) can be defined as follows:

3+2$

HY(R®) = {ueLZ(R3) it} = u0) L2(R3><R3)},
eyl

endowed with the natural norm

1

|ua(x) — u(y)? 2 )2

: dxd dx)
Vil = </ ./]R3 oy T [ e

and the inner product is

(1, V) s (m3)y = ./]R3 - () - r;bi);(";gs) —v0) dxdy + ./]1«3 uvdx.

Furthermore, according to [21], we know that the norms on H*(R3),

2 3
U /f () - u(y)l dx dy+/ |u|2dx
R Jrs e —yPE R3

and

U (/ (|(—A)%u’2 +|ul?) a’x)2
R3

are equivalent.
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In this paper, because of the presence of potential V(x), we consider its subspace
E= {u € H°(R?) : / V(x)u? dx < oo}.
R3
Define the norm in E by

u(x) = u(y)? ,\?
llulle = (/RB/RS PpYET dx dy+/ﬂ;3 V(x)u dx) .

Obviously, E is a Hilbert space with the inner product

(u,V)g = ,/]RS R3 () - 4 - v(y))

dxdy + / V(x)uvdx.
|x _y|3+2s R3

Moreover, || - || is equivalent to the norm

flull = (/RS(|(—A)%M|2 + V() |ul?) dx)z.

The corresponding inner product is
(u,v) = / (=A)2u(-A)2v + V(x)uv) dx
R3

Throughout this paper, we will use the norm | - || in E.

Lemma 2.1 ([26]) Under assumption (V), E is continuously embedded into LP(R3) for p €
[2,2}] and compactly embedded into LP(R3) for p € [2,2}).

The energy functional I : E — R for (1.1) is defined by

1 _AYEu? 2 é( _A)E >2_
I(u)—Z/Rs(aK A) u| + V(x)u )dx+4 A@J( A) u| dx /RSF(u)dx. (2.1)
It is standard to show that I € C}(E,R) and
(I'(w),$) = /R i (a(-A)2u(-A)2¢ + V(x)ug) dx
S 2 s S
+b/Ra|(_A) u| dx[l;{s(—A) u(-A)2¢dx
—/ fwodx, u¢peL. (2.2)
R3

Recall that I € C(E, R) is said to satisfy the (PS) condition if any sequence {u,} C E such
that {I/(u,)} is bounded and I'(«#,) — 0 as n — oo admits a convergent subsequence.

Lemma 2.2 Assume that (V) and (f1)—(f3) hold. Then the functional I satisfies the (PS)
condition.

Page 4 of 21
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Proof Assume {u,} is a (PS) sequence of I. Then |I(«,)| < C and I'(4,) — 0 as n — 00. By

(f3), Holder’s inequality, and Lemma 2.1, we have

C+ o(1) gyl > Iy~ %(1’(»!”), )

1 1

_(z2_= AV |2 2
= (2 M),/RS(IZ“ A) un| +V(x)un)dx

2
+b<1-l)( y(-A)iunfdx)
4 M R3

. f (1f(un)un—P<un))dx
R3 \ M

1 1
. <_ _ _> min{a, 1)1,
2

which implies that {«,} is bounded in E. Then there exists u# € E such that u,, — u in E. By
Lemma 2.1, u, — uin L?(R3) for p € [2,2?) and u,(x) — u(x), a.e. x € R3. From I'(u,,) — 0,
we know that

(I'(n), 4y — ) > 0, 11— 00.
Also from u,, — u in E, we have

(I'(w), uy —u) > 0, n— oo.
So,

(I'(wn) = I' (), 18y —16) > 0, 11— o0.
By (f1)—(f2), for any fixed § > 0, there exists Cs > 0 such that

If @) < 8lul + Cslul™. (2.3)

According to (2.3) and Holder’s inequality, we have

fR () )ty )
5/ (81ttn] + Cy 1P + 8121+ Cslual?™) 1t — ]
]R3

—1 -1
< 81 (lleanll + Nleell2) Nt = walla + Cs, (lanlly™ + Naall™ ) M1t = uill

—0, n— o0.

Set

3+2s

E- {ueLz(RS);M e I*(R? xR3)}
x—=yl 2
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endowed with the norm

2
o= ([, " ) = ([ et o)

Then E < E. So, u,, — u in E. Thus
f (|23 u,|” = |(~A) 2l dx/ (=A) 3 u(=A)3 (u, —u)dx — 0, 1 — oco.
R3 R3
Then

o(1) = (1’(un) —I'(w), u, - u)
= / (a‘(—A)%(u,, - u)’2 + V(x)(u,, — u)z) dx
R3

+b(/3|(-A)%un|2dx/3(-m%un
A)S (uy - u)d VoulPdx | (~A)2u(=A)3 (uy — d)
x (-A u)x/| u‘ x/RB( )2u(-A)2 (u, — u) dx

000 s s
R3

> min{a, 1}|u, - u|*
+b/Rs(](—A)%u,,|2— |(=A)3ul?) dx/Rs(—A)%u(—A)%(u,,—u)dx
o [ (760 =) - s
> min{a, 1}||u, — ul|> + o(1).
That means u,, — u in E. Then [ satisfies the (PS) condition. (]

Lemma 2.3 (Mountain pass geometry) Assume that (V') and (f1)—(f3) hold. Then the func-
tional I satisfies the following conditions:

(1) There exist B, p >0 such that I(u) > B for ||ul| =

(2) There exists e € E with ||e|| > p such that I(e) < 0.

Proof (1) According to (2.3), Holder’s inequality, and Lemma 2.1, for ||u«|| = p, we have

8
() > - minfa, 1}|ul* - IIuIIZ—;CpIIuII”

l\JlF—‘

)
< min{a, 1 ——)IIMIIZ——C lluell”.
p

Then there exists 8 > 0 such that I(x) > B for ||u| =
(2) By (f3), we have

F(u) = Cslu|* -
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Thus, taking v € E and v > 0, we have

(a + ) .
I(tv) < ———Iv|I* + ||V|| = Gst"|vl" + Ce <0

for large ¢. Consequently, we can take e = £*v for some large £* such that (2) holds. O
Set u* (x) = max{u(x),0}, = (x) = min{u(x),0}. Then u(x) = u*(x) + u~(x).
Note that (—A)* is a nonlocal operator. Generally speaking, for u € E, (u*,u~) =0 is not
true.

Lemma 2.4 (u*,u”) >0 foruecE.

Proof For u € E, it is well known that u*,u” € E. So

(u',u7) = / ((—A)%u"(—A)%u’ + V(@)u'tu)dx
R3

zf (u (%) — u* )(u (%) —u™(y)) dxdy
]R3 ]R3

|x_y|3+25

|x y|3+2s

+ ot - -
+/ (u*(x) —u*(y)) L;ix) u(y)) dxdy
{(2)=0) x {u(y) <0} | — y[3*e

/ W) —uw N W) -u()
{u(x)>0} x {u(y)>0}

s / (u* (%) —u* () (u™(x) —u” (y))
{(x) <0} x {u(3)=0} o — y[3+2
+/ (u*(x) —u*(y)) Z;_Zx -u (y) dxdy
x (u(3)<0) | — y[+=s
/ u(x)lé()z/) dx dy+/ ——u(x)L;()zl) dxdy
)=0)x {uly) <0} % = Y[>+* () <0} x {u(y) =0} 1€ = Y[>+2
> 0.

Then (u*,u™) > 0. O

Remark 2.5 Lemma 2.4 implies that
(i) (,u*)> W u*),ueck;
(i) (u,u™)> W ,u"), uckE.

In the end of this section, let us list the following two critical point theorems which will
be used to prove the existence of sign-changing solutions.

Let X be a Banach space, P,Q C X be opensets, W=PUQ,M=PNQ, ¥ =0PN3Q
andJ € CY(X,R).ForceR,J.={xe X:J(x) <c}and K, = {x € X : J(x) = ¢, ]/ (x) = 0}.

Definition 2.6 ([27]) {P,Q} is called an admissible family of invariant sets with respect
to ] at level ¢ provided that the following deformation property holds: if K. \ W =, then
there exists &9 > 0 such that, for ¢ € (0, &9), there exists n € C(X, X) satisfying
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(1) n(P)CP,n(Q CQ
2) nlje-ze = id;
(3) nU*\ W) cJj*.

Lemma 2.7 ([27]) Assume that {P, Q} is an admissible family of invariant sets with respect
to ] at level ¢ > c, := inf,c 5 J(u) and there exists a map ¢ : A — X satisfying

(1) @o(314) C P, go(324) C Q,

(2) @o(A)NM =9,

(3) SUPuey(ag)/(4) < Con
where A = {(t1,) € R t,t, > 0, + t, <1}, 3; A = {0} x [0,1], 32A = [0,1] x {0}, dpA =
{(t1,t2) €eR%: 11,8, > 0,81 + ty = 1}. Define

c=inf sup J(u),
Pl yep(A\W

where I' := {¢p € C(A,X) : 9(01A) C P,p(02A) C Q,¢laga = @olaga}. Then c is a critical
value of ] and K.\ W # (.

Assume that G : X — X is an isometric involution, that is, G* = id, d(Gx, Gy) = d(x,y)
for any x,y € X. Also assume that J is G-invariant on X in the sense that J(Gx) = J(x) for
any x € X. Assume Q = GP. A subset F C X is said to be symmetric if Gx € F forany x € F.
The genus of a closed symmetric subset F of X \ {0} is denoted by y (F).

Definition 2.8 ([27]) P is called a G-admissible invariant set with respect to J at level
¢ if the following deformation property holds: There exist &y > 0 and a symmetric open
neighborhood N of K\ W with y (N) < oo such that, for & € (0, &), there exists n € C(X, X)
satisfying

(1) n(P)cP,n(QcQ

(2) noG=Gon;

(3) nlje-2e = id;

(4) nU*\N(NUW)) CJ.

Lemma 2.9 ([27]) Assume that P is a G-admissible invariant set with respect to ] at any
level ¢ > ¢* := inf,cx J(u), and for any n € N, there exists a continuous map ¢, : B, = {x €
R”: |x| <1} — X satisfying

(1) @u(0) € M:= PN Q, pu(~t) = Gpy(t) for t € By,

(2) ¢u(3B,) "M =9,

(3) SUPycrixgUpn(aB,) /(M) < €*, where Fixg := {u € X : Gu = u}.
Forj € N, define

¢i=inf sup J(u),
! Bel} yep\w

where

I;= {B

B=¢(B,\Y) for some ¢ € Gy,n > j,and open Y C By,
suchthat - Y =Y and y(Y) <n—},
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and

G,:= {go

Then, for j > 2, ¢; are critical values of ] with ¢; — 00 as j — 00 and K;; \ W # 0.

¢ € C(B,, X), p(=t) = Go(¢) for t € By,
¢(0) e M and ¢|yz, = uls,-

3 Proof of the main results

First, we introduce some notations. Let D* be the positive and negative cones. Precisely,
define

D'={ueE:u>0} D ={ueE:u<0}
For ¢ >0, set
D; = {u eE:dist(u,D*) < 8}, D; = {u eE,dist(u,D‘) < s},

where dist(u, D*) = inf,cp+ ||[u — v||. Obviously, D! = -D;. Set W = Df UD;. Then W is a
symmetric and open subset of E and E \ W contains only sign-changing functions.

Next, define an operator A : E — E, which is used to construct a descending flow for
functional /. For u € E, let v = A(u) € E be the unique solution of the following equation:

(a + b/ }(—A)%u|2 dx)(—A)Sv + V(x)v =f(u). (3.1)
R3

Clearly, the three statements are equivalent: # is a solution of (1.1), u is a critical point of
I, and u is a fixed point of A.
Moreover, the operator A has the following properties.

Lemma 3.1
(1) A is well defined and continuous.
(2) Foranyu € E, we have

(I'(u), u — A(u)) > min{a, 1}]|u— AQw) |

) (3.2)
@) <(a+1+ b/RB (=A)2ul® dx)||u — AQw)]|. (3.3)
(3) There exists g9 > 0 such that
A(IDF) Cc DF, Ve €(0,8).

Moreover, every nontrivial solution u € D} is positive and every nontrivial solution u € D,
is negative.

Proof (1) Define

T.(v) = %(d+b/l;3|(—A)§u|2dx) AJ(—A)%VFdx

1
+—/ V(x)vzdx—/f(u)vdx, veE.
2 Jr3 R3

Page 9 of 21
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By (f1), (f2), and Lemma 2.1, it is easy to see that J, € C' and is coercive, weakly lower
semicontinuous, bounded below, strictly convex. Therefore, /, admits a unique minimizer
v = A(u) € E, which is the unique solution to (3.1). Thus, A is well defined.

In the following, we show that A is continuous. Let {u,} C E with u, — u in E. Set
v, = A(uy,) and v = A(u). We need to show that ||v, —v|| — 0. By the definition of A, for any

w € E, we have

s 2 S S
<a+b/l‘{3|(—A) u| dx> AS(—A) v(=A) de+/1;<3 Vix)vwdx

= / fywdx (3.4)
R3
and
(a +b |(—A)5un|2dx> f (—A)%V,,(—A)%de + f V(x)v,wdx
R3 R3 R3
= / flu,)wdx. (3.5)
R3
Choosing w = v, — v in (3.4), (3.5) and subtracting, we get

min{a, 1} v, - v < A; (Fa) ) 0 —)
S 2 S S
+h(/Rs|(—A) u| /Rs(—A) v(=A)2 (v, —V)

—/ |<—A>%un|2f (—Aﬁvn(—m%(vn—v))
R3 R3
:A1+A2.

Let ¢ € C§°(R) be such that

]-; |t| E 11
p(t) =
0, [t =2

Let
() =e@O)f (1), ha(t) =f(&) = h(2).
According to (f1) and (f;), there exists C > 0 such that
MmO =<Cltl,  h@)=Cle’, teR

Therefore, by Holder’s inequality and Lemma 2.2, we get

A = / (12 (00) = I (1)) (v = ) + / (ra(00) = In(e)) (v = )
R3 R3

< (/1;3|h1<u>—h1(un>|2>7 (/R |v—vn|2)i
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T (s
*(/Rs'hZ‘”’ Tl ) (/st vn|)
< Clnv—vnn[(/RJhl(u)—hl(un)|2>7 + (/Rg|h2<u)_h2(un)|fﬁ)7}

and

Ay < ”[/Rg|(‘A)%”|2/RS(‘A)%”(‘A)%(V"‘”)
- / (A, / (A U(=A) (v, =)
]R3 ]R3
+fRS|<—A>%un|2/Rg(—m%v(—m%m—v)
— [ A, (—A)%vn(—m%(vn—v)}
]R3 ]R3
<o [ e - [ earinf) [ carv-ario,-v

= b(/ma|(_A)%”|2 - /RJ(‘A)%MZ) VIV = vall.

Then
min{a, 1}[|v - v,| < C1|:</ |1’11(u)—/’11(14n)|2)7 + </ |h2(u)—h2(un)|ﬁp1> : ]
R3 R3

+c2<ng|(-A)%u|2-fRSy(-A)%unP).

By virtue of u,, — u, we have ||u,|| — ||u«||. Together with

lim V(x)ufl = f V(x)u?,
R3

n—>00 Jp3

we get

S 2 s 2
AJ(_A) " _/R$|(_A) w|? = 0.

Thus, by (3.6) and the dominated convergence theorem, we obtain that ||v — v,|| — 0 as

(3.6)

n— oo.
(2) Since A(u) is the solution of Eq. (3.1), we have

(a+b/Rs|(—A)%u de> /RB(—A)%A(u)(—A)%qbdx+/RB V() A ()¢ dax

:/f(u)¢dx, V¢ € E.
R3

(3.7)

Taking ¢ = u — A(u) in (3.7) and (2.2), we get

<a + b/Ra [(-A)5u)? dx) /RS(—A)%A(u)(—A)% (u—Aw)) dx
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+ / V(x)A(u)(u - A(u)) dx
R3
= /Rgf(u)(u —A(u)) dx (3.8)
and
(' (w), u — Aw) = (a + b/ [(-A)u)? dx> / (~A) S u(=A)? (1 - A(w)) dx
R3 R3
+ / V(x)u(u —A(u)) dx — / f(u)(u —A(u)) dx. (3.9)
R3 R3
Combining (3.8) and (3.9), it follows that

(1’(u), u—Au))
U TENY 2,1) “A) (- Aw)[*d —A(w)*d
(a+ / |( A) u| x /3\( A) (u (u))| x+/]RS V(x)(u (u)) x

>u/ [(=A)% (- Aw)| dx+/l;3 V() (u— Aw)’ dx
> min{a, 1}||u — A(x) || )
In the same way as above, for any w € E, we have
(I'(w),w) = (a +b R3|(-A)iuyzdx> /RB(—A)%(M—A(M))(—A)%wdx
. /R V@ (- Aw)wa

By Holder’s inequality, we get

(I’(u),w) < (a+b/ \(—A)3u|2dx) </ |(—A)5(u—A(u))|2dx>7
R3 R3
_Aiwltd >7
X </R3|( A) w| x
+ (/W V(x)(u—A(u))zdx>2 (/Rs V(x)w? dx) '

< (a+b/ }(—A)§u|2dx> Hu—A(u)” lw|l + ||u—A(u)”||w||
R3
= (a+ 1+b/ ’(—A)Euyzdx> ”u—A(u)H lw]l.
R3

Thus,

Il = =46,
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(3) We need only to show that A(0D}) C D}. The other case can be shown similarly.
According to (f1) and (f;), for any & > 0, there exists C¢ > 0 such that

[f ()| < &Izl + Cele P (3.10)
Let u € 3D} and v = A(u). Then

dist(v,D") = inf |lv—wl < v (3.11)
By Lemma 2.1, for any g € [2,2}], there exists C, > 0 such that

|, = nf flu—wlly = Cy inf Jlu-wl=C, dist(u, D). (3.12)

Choosing w = v~ in (3.4), we get

<a+b/Rs|(—A)%u|2dx> /Rs(—A)%v(—A)%vw/Rg V(x)w dx

:/ f(u)v™ dx. (3.13)
R3

By (3.13), we obtain

min{a, 1}(v,v") < / fluy dx—b / (~A) | dx / (-A)2v(=A)2v dx.  (3.14)
R3 R3 R3
Together with (3.10)—(3.12), (3.14), (ii) of Remark 2.5, and (f3), we obtain

dist(v, D) v < v [

=(w)

ch f(u)v’dx—bf |(-A)%u|2dxf (—A)%v(—A)%vdx}
R3 R3 R3

§C/ S )v dx
R3

<C [ (el |+ Celu )
R3
< Celw [, Iv I, + el I 1,

< Cu(g dist(u, D7) + Ce (dist(, DY) Y ™) v .
It follows that
dist(A(u), D*) < Cy(& dist(u, D*) + Ce (dist(u, D))" ™).
Therefore, taking & small enough, there exists &9 > 0 such that, for & € (0, &),

dist(A(u), D*) < %dist(u,D*). (3.15)
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This means that A(dD}) C D} . If there exists u € D} such that A(u) = u, it follows from
(3.15) that dist(x, D*) = 0. Then u € D*. If u # 0, by the maximum principle (see [28]), we
have u > 0. O

Lemma 3.2 Let a; < by and By > 0. Then there exists B, > 0 such that ||u — A(u)|| > Bo if
u ek, I(u) € [ay,b1], and |[I'(u)|| = p1.

Proof Taking ¢ = u in (3.7), we obtain
<a+b |(—A)3u|2dx>/ (—A)%A(u)(—A)%udx
R3 R3
+ /]R3 V(x)A(u)udx = /Rsf(u)udx. (3.16)
By virtue of (3.16), (2.1), and (f3), we get
1 S 2 S S
I(u) - ;<ﬂ+b/1;<3‘(_A) u‘ dx) /RB(—A) u(=A) (u—A(u)) dx
1
- ; /RB V(x)u(u —A(u)) dx

-t _A)ul A uA) udx— & 2
=1(u) M<u+b/R3|( A) u| dx)/Rs( A)2u(—=A)2udx M‘/RSV(x)u dx

1 s 2 s s 1
+ ;(a+b/Rs|(—A)7u| dx) /RS(—A)?L{(—A)?A(u)dx+ ;./]R3 V(x)uA(u) dx

B 1 AV A2 L 2
=I(u) M<a+b/RJ( A) u} dx)/ﬂg( A) u‘ dx M/}RSV(x)M dx

:a(%— %) /Rs|(—A)%u “dx + <%— %) ./R3 V(x)u® dx
11 s 2\
{53 (Lleorifa)
1
+/Ra(ﬁf(u)u—F(u)> dx
2
Z(l—l)mmMJMuW+b<l—l)< |FAﬁuFm9.
2 M 4 M R3

Thus,

1 1
(— - —) min{a, 1}|u>
2 p

< \1(u)| + %(d+ 1 +b/l;{s|(—A)§u|2dx)(u,u—A(u))

11 s 2oV
() ([t )

< |I(u)| + l(¢z+ )] u ||u—A(u)|| + lb||u||||u—A(u)|| / |(—A)%u|2dx
W W R3

Page 14 of 21
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11 s o\
i) (et )

b
< |I(u)| + l(u+ )|« ||u—A(u)H +—
n u(

vy oo — AGu) | (3.17)

If there exists {u,} C E with I(u,,) € [a1,b1] and ||I'(u,,)|| > B1 such that ||u, — A(u,)|| — O
as n — 00, it follows from (3.17) that {||u,||} is bounded. According to (3.3), it is easy to
see that ||I'(u,)| — 0 as n — oo, which is a contradiction with ||I'(«,)|| > B1. Thus, the

proof is completed. O

Denote K = {u € E,I'(u) = 0}, Ep = E\ K. Observe that A is merely continuous and cannot
be used to construct a descending flow. So, constructing a locally Lipschitz continuous op-
erator B which inherits the main properties of A is necessary. Similar to ([29], Lemma 4.4),

we give the following lemma.

Lemma 3.3 There exists a locally Lipschitz continuous operator B : E — Ey such that
(1) B(dD%) C DE, Ve € (0, 50);
(2) (I'(w),u—Bw) = 3 |lu—-A@W)|* u € E;
(3) 3llu—-B@| < llu—-A@W)l <2llu—-Bw)l, ueckE;
(4) IfA is odd, so is B.

To apply Lemma 2.7 to prove Theorem 1.1, we take X = E, P=D}, Q=D;,and ] = I.
Then M =D} ND;, ¥ =9D! N 3D, and W = D U D;. In the following, a deformation
lemma is given in order to prove that {D}, D} is an admissible family of invariant sets with

respect to J at level c € R.

Lemma 3.4 If K.\ W =0, then there exists gy > 0 such that, for 0 < & < &' < gy, there exists
a continuous map o : [0,1] x E — E satisfying

(1) o(0,u) =u foru cE;

() o(t,u)=uforte[0,1)andu¢ I c—¢,c+e];

(3) o (LI \ W) C I;

(4) o(t,D¥) c D, te0,1].

Proof For & >0, let N(8) = {u € E : dist(u, K,) < 8}. If § is small enough, then N(§) C W. By
Lemma 2.2, [ satisfies the (PS) condition. So, there exist &g, 81 > 0 such that

é
”I'(u) H >pBy, forue I’l([c —£0,C+ 80]) \N(E)
According to Lemma 3.2 and Lemma 3.3, there exists 8, > 0 such that
1 )
|~ B@w)|| = B2, foruel™([c—eo,c+eo]) \N 3 )
Without loss of generality, assume that gy < % Let

-B
V(u) = ”u (w) , forueEy=E\K.

u—Bu)|
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Define two locally Lipschitz continuous functions 4, p : E — [0, 1] such that

0, N(&),
) - ueN(3)
L, uéN(3),
and
0, u¢lc—-¢,c+e),
p(u) =

1, uel(c-ec+e)).
Consider the initial value problem
% =—h(@p()V (1),

dt ~
7(0,u) = u.

For u € E, this problem admits a unique continuous solution t(t,u). Define o (¢, u) =

r(%t, u). Now we shall prove (3) and (4) since (1) and (2) are obvious.

To prove (3), we need only to show that

I(o(1,u)) =I(t(lﬂﬁ,u>) <c-¢ foruel*\W.

2

In fact, from Lemma 3.3, we know I(z(¢,u)) is decreasing for ¢ € [0, 1—625]. If there exists
ty € [0, %] such that I(t(¢y, #)) < ¢ — ¢, then

I(U(l,u)) =1<r<1ﬁﬁ,u>> 51(r(to,u)) <c-e¢.
)

Otherwise, if I(t(¢t,u)) > c—¢ forall t € [0, %], then p(z(t,u)) =1 for ¢ € [0, %].
On the other hand, if there exists #; € [0, %] such that t(¢,u) e N (%), noting that u ¢
N(§), then we have

t
8 < ||r(t1,u)—u|| §/l||t’(s,u)|| ds<t < 1_68,
2 0 B2

which contradicts the fact that ¢ < gg < % So, t(t,u) ¢ N (%) forall £ € [0, %9]. Therefore,
h(t(t,u))=1fort € [0, %]. Immediately, it follows from (2) and (3) of Lemma 3.3 that

I(o(1,u)) = I(r(lﬂij,u»

16e

= I(u) —/ﬁz (I’(r(s, u)),V(t(s,u)))

0
51
2
SI(M)—/ gllr(s,u),B(r(s,u)) I
0
§c+8—1—68&
B2 8
=c-g¢g,

which implies that (3) holds.

Page 16 of 21
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Finally, similar to [29], (4) is a consequence of (1) of Lemma 3.3 (see [30] for detailed
proof). d

Proof of Theorem 1.1 In order to prove the existence of positive and negative solutions for

Eq. (1.1), it is necessary to introduce the following functions:

), t=0,
fH(o= 4

0, t<0,
and

3 0, t>0,
(t) =

f@), t<o.

Then

t
FE(t) = / fE(u) du.
0
Observe that f*(¢) satisfy assumptions (f;)—(f2), while assumption (f3) is verified by f* and

F* for any ¢ >0 and by f~ and F~ for any ¢ < 0.
Define functional I* : E — R as follows:

1 ; b ; 2
I*(u)= 5 /Rs(a(|(—A)7u|2 + V(@)u?) dx + E(/Rgi(—A)fu|2dx>
—/ FE(u) dx. (3.18)
R3

It is easy to show that /* € C*(E,R) and

((Ii)/(u),v) =/ (a(—A)%u(—A)%v+ V(x)uv) dx
R3
s 2 s s
+b/RB}(—A) u| dx/;@(_A) u(-A)2vdx
—/ fE(u)yvdx, u,veE. (3.19)
R3

Moreover, by the same arguments as Lemma 2.2 and Lemma 2.3, we may show that I+
satisfy the (PS) condition and mountain pass geometry. Then, according to the mountain
pass theorem, I'* has a critical point #; and I~ has a critical point u;.

Let u be a test function. By (3.19) and Lemma 2.4, we get

0= ((I*)’(ul),ui)

= /]1‘@ (a(—A)%ul(—A)%uI + V(x)uluf) dx

Y SRRy OSSN
R3 R3
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—/ S (ur)uj dx
R3
= / a(=A) 2y (~A) 2y dx + b/ |(-A)2uy |2dx/ (-A)2ui(-A)2uy dx
R3 R3 R3
+ / V(x)(u])2 dx
R3
> (a +b |(—A)%u1 ‘de) / (—A)%uf(—A)%u[ dx + / V(x)(u[)zdx
R3 R3 R3
> min{a, 1} ||u] ||2
Thus, we have u] = 0, which means #; > 0. Notice that #; 0, by the maximum principle
(see [28]), we have u; > 0. With the same arguments it is easy to show that u; < 0.

In what follows, we claim the existence of a sign-changing solution.

According to Lemma 3.4, if we set ¢’ = 2¢ and (1) = 0 (1, u), it is easy to see that {D}, D }
is an admissible family of invariant sets with respect to J at level ¢ € R. Suppose v;,v; €
C(R3?) \ {0} satisfying

supp(v1) Nsupp(v2) =@, v1<0,v,>0.
Let ¢y : A — X be such that

@o(t,s) = R(tvy +sv2),  V(t,s) € A,

where R is a positive number to be determined later.
Obviously,

(pO(O)S) = RSVZ € D;r ‘Po(t: 0) = Rtvl € D;;
which guarantees that
wo(01A) C Dy, @o(d,A) C D;.

Therefore, assumption (1) of Lemma 2.7 holds.
Next, we verify assumption (2) of Lemma 2.7. By a direct calculation, we have

0 =min{||tv1 + (l—t)vz||2 :0<t< 1} > 0.
Then

lull = pR, 1 € po(doA). (3.20)
By (3.12), for q € [2,27), there exists 1, > 0 such that

lully <mge, ueM. (3.21)

Immediately, ¢o(dpA) N M =@ if R is large enough.
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Finally, it remains to verify assumption (3) of Lemma 2.7.
In fact, for u € 9D} N 0D;, we have

||uﬂt H > dist(u,D:F) =¢.

This together with Lemma 2.4 guarantees that

Nl = (ut + ™0t +u”) > (uh,u’) + (™, u7) > 262

Notice from (f;)—(f2) that

min{a, 1}

o 7> + CylTl?, VreR.
2

F(r) <

Therefore, by virtue of (3.21)—(3.23), for ¢ > 0 small enough, we have

1 b . >
I(#) > = min{a, 1}||u|? + - / |(—A)7u|2dx —/ F(u)dx

2 4 R3 R3
1 . , min{a,1}

23 minf{a, 1}|u|” - 27}%%”'4”2 - Glluly

. 2 1 . 2

> min{a, 1}e” — 2 min{a, 1}e* - szze"
1 )

szm{a,l}s , uelX.

Then
. 1 . 9
¢, = inf I(1) > — min{a, 1}¢° > 0.
uex 4
On the other hand, by (f3), we have
F(r) = G3|t|* - Cy.

For u € ¢y(dgA), it follows from (3.25) that

a+l b
1) = 5 Hut? + Dl - [ Fw)
4 supp(v1)Usupp(va)
a+1 b
< Sl + el - Gl + Co

-2

This together with (3.20) guarantees that

sup I(u)<O.
uepo(dpA)

Then, by virtue of (3.24) and (3.26), we know

sup I(u)<c,
u€pp(doA)

for R large enough, which means that assumption (3) of Lemma 2.7 holds.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Page 19 of 21
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Then, by Lemma 2.7, I has a critical point u € E \ (D} U D7), which is a sign-changing
solution of Eq. (1.1).

In summary, there exist a positive solution, a negative solution, and a sign-changing
solution for Eq. (1.1). O

Now we are in a position to prove Theorem 1.2. For this sake, take X = E, G = —id, P = D},
Q=D;,andJ=1.Then M =D} ND;, ¥ =9D; NdD;, and W = D} UD;. I is even since
f is assumed to be odd. In the following, a deformation lemma is given in order to prove
D} is a G-admissible invariant set with respect to J at level c. Owing to the proof being
similar to that of Lemma 3.4, the details are omitted.

Lemma 3.5 There exists gy > 0 such that, for 0 < € < &' < &, there exists a continuous map
0 :10,1] x E — E satisfying

(1) o(0,u) =u foru e E;

(2) o(t,—u) =—o(t,u) for (t,u) € [0,1] x E;

(3) o(t,u)=u, forte (0,1 andu ¢ I'[c—¢',c+¢'];

4) o (LI \ W) C I,

(5) o(t,D) C DZ fort €[0,1].

Proof of Theorem 1.2 According to Lemma 3.5 and Definition 2.8, it is easy to see that
D} is a G-admissible invariant set with respect to J at level c. For any n € N, suppose
{vi}i € CP(R3) \ {0} such that

supp(v;) Nsupp(v)) =@, i #].

Let B, be the same as in Lemma 2.9. Define ¢,, € C(B,,,E) as

n
Ou(t) =Ry Y tvi,  t=(t1,ty...,1,) € By,
i=1

where R, > 0. Similar to the proof of Theorem 1.1, it is easy to verify that all the assump-
tions of Lemma 2.9 are satisfied.

Consequently, by Lemma 2.9, I has infinitely many critical points in E \ (D} UD;), which
are sign-changing solutions of Eq. (1.1). O
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