Alzahrani and Zeb Boundary Value Problems (2020) 2020:3 @ BOU n da ry Va I ue PrOb I ems
https://doi.org/10.1186/513661-019-01315-1 a SpringerOpen Journal

RESEARCH Open Access
()]

Stability analysis and prevention strategies
of tobacco smoking model

Ebraheem Alzahrani' and Anwar Zeb?”

“Correspondence:

anwar@cuiatd.edu.pk Abstract

’Department of Mathematics, . . . . Lo

COMSATS University Islamabad, This research work is related to a tobacco smoking model having a significance class
Abbottabad, Pakistan of users of tobacco in the form of snuffing. For this purpose, the formulation of the
Full list of author information is model containing snuffing class is presented; then the equilibrium points as regards

available at the end of the article . . . i . . ;
being smoking free and smoking positive are discussed. The Hurwitz theorem is used

for finding the local stability of the model and Lyaponov function theory is used for
the search of global stability. We use different controls for control of smoking and the
Pontryagin maximum principle for characterization of the optimal level. For the
solution of the proposed model, a nonstandard finite difference (NSFD) scheme and
the Runge—Kutta fourth order method are used. Finally, some numerical results are
presented for control and without control systems with the help of MATLAB.

MSC: 92D25;49]15;93D20

Keywords: Tobacco smoking model; Local and global stability; Control strategies;
Pontryagin maximum principle; Nonstandard finite difference (NSFD) scheme

1 Introduction

Mathematical biology is a wide field with many applications. In this field, researchers are
focusing on the description of different types of diseases with controls in the form of math-
ematical models. In 1909, Brownlee [1] took the initiative for the development of mathe-
matical biology. He focused on the theory of chance, further in 1912, he presented basic
laws for epidemic spreading [2]. In 1927, the details of the epidemic study were discussed
by Kermark and McKendrik [3]. Later, many researchers discussed different models of
many other diseases; see [4—17]. On the other hand, one of the social habits that is spread-
ing throughout the world rapidly as an infectious disease is smoking, causing many harm-
ful diseases. Smoking is the process by which people inhale smoke of tobacco consisting of
particles and gas or simply, smoking is the experience in which smoke is taken into mouth
and then released using pipes or cigars. In the sixteenth century, Columbus introduced
smoking to Europe [18], but before and after this date, many other exotic species were
introduced, with great adverse impact on ecosystems and effect on human habits [19, 20].
Nicot spread tobacco as a cash crop in England, he was the first who used it like a business,
and that is why the word nicotine derived from his name. The cigarette making machine
was invented at the end of the 19th century and the capability of that machine was pro-
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ducing 200 cigarettes per minute and now cigarette production has increased up to 9000
cigarettes per minute. Smoking can cause different types of diseases including lung cancer,
mouth cancer, throat cancer and many other diseases that are harmful to human health
[21-30].

For the first time in 1997, Castillo-Garsow et al. [21] formulated a mathematical model
for smoking. In this model, they divided the total population in three different classes
(potential smokers, chain smokers and permanently quit smokers). In 2008, their model
was modified by Sharomi and Gumel [22]. They introduced a new class (temporarily
quit smokers). In 2007, Ham [23] identified the different stages and processes of smok-
ing among students through a survey in different vocational technical schools in Korea.
Zaman [24] extended the model by introducing a new category (occasional smokers) and
presented a dynamical interaction in an integer order. Zeb et al. [28] derived the square
root dynamics of a giving up smoking model for the purpose that the system goes to finite
time extension. Several others presented the smoking models in integer and fractional or-
der [21-30]. The use of tobacco also occurs in the form of snuffing. Till now, no one has
discussed mathematically the snuffing class; by adding the snuffing class in this work, we
divided the total population in five classes X(t), Hi(t), Ha2(t), Y(¢), Z(t) representing the
susceptible smokers, snuffing class, irregular smokers, regular smokers and quit smok-
ers, respectively, at time ¢. First, we formulate the model according to given assumptions;
then, by using the Hurwitz theorem, we find the local stability, and with the help of the
Lyaponov function the global stability is discussed. For prevention strategies, the Pontrya-
gin’s maximum principle is used. Finally, some numerical results are presented for control
and without control system by using the nonstandard finite difference (NSFD) method
and the Runge—Kutta fourth order method.

2 Formation of model

By adding the snuffing class, we divided the total population into five classes X (), H;(¢),
H,(¢), Y (), Z(¢) standing for susceptible smokers, snuffing class, irregular smokers, regular
smokers and quit smokers, respectively at time ¢. The model is given by

ax

—=A.—ﬁ1XH1—H,X+O{Y,

dt

dH,

T B1XH) — poH1Hy — (p + 1) Hy,
dH.

d—tz = ﬂzHng — (d+ w + ,LL)Hz, (1)
ay H, - ( )Y

— = —(x+y+ ,

dr ol —ad+y+U

az Yoz

dt _y /‘L ’

where the parameters used in this model are described in Table 1.
Since the first four equations of system (1) are independent of Z(t), without loss of gen-
erality, we omit this one and then the system (1) is reduced to the following:

dx
E:}"_,BIXHI_MX"'O(Y)

dH;
e B1XH, — BoH1H; - (p + w)Hy, 2)
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Table 1 Parameters and description

Symbols Description

A Recruitment rate (birth or migration)

B Rate at which susceptible population moves to snuffing class
B> Rate at which snuffing class become irregular smokers

w Rate at which irregular smokers become regular smokers

y Quitting rate

" Natural death rate

o Relapse rate

P Death rate of snuffing class due to tobacco use

d Death due to tobacco related diseases

dH.

d—t2 = BoH1Hy — (d + w + L) Ho,
ay Hy — (@ +y +u)Y

— =wH, - (« .

dr 2 y+tu

3 Equilibrium points
3.1 Smoking free equilibrium point
For the smoking free equilibrium point Ey we use H; = H; = Y = 0 in system (2).

So the smoking free equilibrium point Ejy is

A
Ey= (—,0,0,0).
uw

The Jacobian of system (2) is given by

—BiH, — 1 -BiX 0 o
J= B1H: B1X — BoHy — (o + 1) —paH, 0 ,
0 BaH, BoH1 —(d +w+ ) 0
0 0 1) —(a+y+u)

while the Jacobian at free equilibrium point Ej is

- _i—“ 0 o

0 2 _(p+p) 0 0
J(Eo) = Wi

0 0 —(d+w+ ) 0

0 0 w —(+y+u)

For the reproductive number, we consider the following matrices:

(o + 1) 0 0
V= 0 (d+w+up) 0
0 -w (a+y+up
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The dominant eigenvalue of FV ! is £~ 5o
ulo+i)

Ry= D% 3)

u(p + )

is the required reproductive number [13].

3.2 Smoking present equilibrium point
Theorem 3.1 For Ry > 1, there exists a positive smoking equilibrium point E*.

Proof For smoking present the equilibrium E* using the left side of system (2) is equal to
zero, as follows.

The third equation of system (2) implies that

(d+w+u)

Hi=—g

from the second equation of system (2), we have

_ BaH + (0 + 1)
B

X*

the fourth equation implies that

_ wH;
(@+y+p)

*

similarly, the first equation reveals that

Xt = A—aY*
BiH + 1
Now, by comparing the values of X* in terms of H and H; we find that

o laty+u)io+ W)[B2it(Ro — 1) — B1(d + @ + )]
2+ W(BiB) + (@ + Y + W) (Bipald + 1) + BIu)

We have Boi(Ry — 1) > Bi(d + w + u) for Ry > 1. Thus, Hj is positive if Ry > 1. So the
required positive equilibrium point E* is

BoHy +(p+p) (d+w+u)  wHj

B B (aty )
(@+y+u)p+u)pap(Ro—1) = i(d + w + )] )
(v + ) (BrBaw) + (@ + y + ) (Brad + 1) + B311) )

E*(X*, H{,H;,Y*) = (

4 Stability of the model

4.1 Local stability

Theorem 4.1 If Ry < 1, then the system (2) is locally stable and if Ry > 1, then system (2) is
unstable.
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Proof For local stability at E, the Jacobian of system (2) is

- _‘Z—” 0 o
0 2% _(p+p) 0 0
J(Eo) = w TP :
0 —(d+w+ ) 0
0 0 w —(a+y +u)

from which follow the eigenvalues A;, Ay, A3 and Aq,

)\,1=—M<O,
A=—(d+w+pur)<0,
Ay=—(+y+u)<0,

Ay =(p+u)(Ro—-1),
implying that Ay < 0 for Ry < 1, A5 = 0 for Ry = 1 and A, > 0 for Ry > 1. O

Theorem 4.2 If R, > wa)f;%, then the system (2) is locally stable at E*, otherwise un-
stable.

Proof For local stability at E* the Jacobian of system (2) is

-PiHT — 1 -pr1X* 0 o
](E*) _ Bi1HY B1X* = BoHy — (p + ) B2 HY 0
0 By H BoHE —(d + w + 1) 0 '
0 0 w —(x+y+p)
-BiH - = X* 0 o
]( *) _ BiHT 0 -BoHY 0
0 BHE 0 0
0 0 w —(+y+up)
-BiH} - —prX* 0 o
_ - =B X*  —pHY o
BLHY BH;  —p.HY 0
0 0 w —(+y+up)
—BiH] - 1 - X* . 0 ) o
~ 0 —BIX* + *;’Sjjfiz —B,H; - ’;’jﬁl a
BLHY B2H —-BoHY 0
0 0 w —(a+y+np)
_/311_11k - K _ISIX* (af;)/oiu) 0
P HY wBaHY wo
J( *) = 0 —BiX" + ﬂlHl*z ~B2Hi ~ ;‘31H1*1 * Gy 0
BiHT B2H; —-BHy 0
0 0 w —(a+y+up)

For simplification, this matrix can also be written as

J( *):(21 g).
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Here,
(P ) e B )
= x . MB2Hy | = up2HY o ’
0 ~PX" + ~BoHi ~ B+ @ 0
C:(ﬁle ﬁzH;‘) D_(—ﬂzHl
0 o /)’ -

0 s).
w (@+y+p)

Since the eigenvalues of J/(E*) depend on the eigenvalues of A and D, the eigenvalues of
A are given as follows:

A =-piH — <0,

whoHy y
Ay = — A—H Ro),
2 (p+u)+ﬁ1H“( (P + WRo)

. Bor .
if Ry > m, then X, < 0. Now, the eigenvalues of D are

)\,3 = —,BzHik < 0,

A=—(ax+y+u)<0,
which is the required proof.
4.2 Global stability

Theorem 4.3 If Ry < 1, then the system (2) is globally stable.

Proof For the proof of this theorem, first we construct the Lyapunov function L as

H;
L=In—+In—+Hy+Y.
Xo

(4)
1o
Differentiating Eq. (4) with respect to time
L = & -
X

o
ﬂlHl+7—M+ﬂx—ﬁsz—(p+M)—(d+w+M)Hz,

using the values of E in the above equation,

A
L’:M—/Hﬁ—

(0 + W),
%
L'=Ro(p+p)— (o + ),

L'=(p+1)(Ro~1),

therefore, if Ry < 1, then L’ < 0, which implies that the system (2) is globally stable for
R() <1.

O
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5 Numerical method

The NSFD method is used for the numerical solution of the proposed model (1). Basically,
NSED is an iterative method in which we get closer to the solution through iteration [31,
32]. Let the nonstandard ODEs be given by

y;( :f[t’ylyyb . ';yn];

where k =1,2,...,n, then by the NFSD method

_ Yik+1 — Y1,k

yl - h ’
/_ Yo k+1 — Y2,k

y2 h ’
/ YV k+1 — Ynk

Tu= T

Now, using the NSFD method for the numerical solution of system (1) it follows that

h(}» +05Y1() +Xk

Xk+l = m’ (5)

P = 10,08, f;;;&,k o) ©

Fogey = 7 h(—ﬁijzik(d tw+ ) @

Vi = lf‘,‘;(H;—j;fkm ®)
and

T = hyllfil;zk ©)

6 Summary and simulation
In this section, we give approximate values to the parameter of system (1) in Table 2 and
with the help of MATLAB we draw the graph of model (1).

Figure 1 shows the result of system (1) graphically. In these graphs, we used the NSFD
and RK4 methods. According to these figures, the population of each class gradually de-

creases, while the population of quit smokers increases gradually.

7 Control strategies

For reducing the ratio of smokers to non-smokers in the world, we apply the optimal con-
trol scheme on the system (2) presented in this section in a similar way to that used by
many authors for different diseases and smoking [33-36]. For this purpose, two control
variables #; and u; representing education campaign and anti-nicotine gum/medicine,
respectively, are used and by utilizing the Pontryagin maximum principle for the control
strategies. Finally, we will show graphically both the systems with control and without
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Table 2 Values of parameters for numerical solution

Parameter Reference Value
X [e] 68

S [16] 40

5 (el 30

Y [16] 20

Z [16] 15

A Assumption 0.1

B Assumption 0.003
B Assumption 0.002
w Assumption 0.004
Yy Assumption 0.05
" Assumption 0.002
o Assumption 0.003
P Assumption 0.003
d Assumption 0.003

control. Using these control variables on system (1), we have

dX

— =k—ﬂ1XH1—MX+O{Y,

dt

dH;

- B1XH, — BoH1Hy — (0 + w)Hy + uyY,

dH

—p = PrthHy —(d + o+ )H, ~ i Hy, (10)
dy

’n =oH; — (¢ +y +w)Y —uY,

d Y Z H
— = - + urHs.
dr Y 18 1413

Now, we construct the objective function for the system (10), which is given by

aui(t) N Cz'ft%(t)] d.

Juty103) = /0 f[X(t) H0) + Hlt) + V(0 + () + 2 -

with initial conditions

X(0) = X°,

Hi(0)=H),  Hy(0)=HY, Y(0)=Y° and Z(0)=Z2°
Now, the Hamiltonian function is defined as

a u%(t) . Co u%

H=X()+H(t) + Hy(t) + Y(¢) + Z(t) + ) 5

+ M[h = BLXH, — uX +aY]

+ ho[ BLXH: — BoH1Hy — (p + p)Hy + u2Y |
+ A3 [lngle —(d+o+pH, - M1H2]
+ha[oHy = (@ +y + WY —upY]

+ A5y — uZ + u Hp).
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The population of susceptible population

The population of snuffing class
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Figure 1 Plots present the susceptible, irregular, regular and quit smokers
Theorem 7.1 The system (10) satisfies the terminal conditions
. (A3 —A5)H> . (e —219)Y
u] = min| 1, max( 0, ————— and u; =min| 1,max| 0, ————— | |.
a C2

Proof According to the Pontryagin maximum principle for the control of smoking, put

and

dX OH OH
dr o’ aou
A,_-aH ,  —OH N
17 ax T AH;’
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Differentiating the Hamiltonian function with respect to X, Hy, H,, Y and Z, respectively,
we get the values of 1], 1, A5, A}, and A7 in the form of

M==1=rB1Hy — A+ 2 frHy)
=—1+MBiH1 + Mp — Ao fiHy,
My =—(1=MBiX + hafrX — AaBaHy — ha(p + i) + A3faHy)
= =1+ 111X = Map1X + AafaHy + Aa(p + 1) — A3 o,
Ay = —(1 = AaPoHy + AsPaHy — As(d + @ + 1) — Aty + Asidy)
=1+ AyBoHy — A3foH1 + A3(d + @ + ) + Azuy — Asug,
e —(1 + A+ Agty — Mgl + Y + ) — Aqup + )‘53’)
= —1— Ao — Aoty + dal@ + ¥ + ) + Mgty — A5y,
Ay =—(1—Aspt)

=-1+ )»5/,(,.

For u] and u; differentiate the Hamiltonian function with respect to u; and u,, respec-

tively, and we have

oH
— =0
3”1

’

Cll/l’lk - )»3H2 + )\5H2 =0,

Cllfi< = }\BHZ - )»5H2,

. (A3—As5)H,
uj=———,
1
oH
R 0,
8142

Czuz +)\2Y—)\.4Y= 0,
Cgblz = )\4Y - )\.2Y,

 (a-2)Y
Uy = T.

The optimality conditions are given as follows:

A3 —A5)S
uj = min(l,max(o, M)),
1
Ao —A)Y
uy = min(l,max((), M))
2

The terminal conditions for the system (10) are given as follows:

X' = A - BiXH; — pX +aY,

, . (Ag - 22)Y
Hj = p1XH1 - poH1H> - (p + w)H1 + min| 1, max{ 0, ————— ) |Y,
Cc2
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A3 — A5)H:
H) = BoH1Hy — (d + w + u)Hy — min(l,max(O, M))H%
1

Ay —A2)Y
Y = wHy — (o + Y+ u)Y—min(l,maX(O, u))Y,
Cc2

A3 — hs)H.
7 =yY-uZ+ min(l,max(O, M»HZ,
a1

A =-1+MB1H1 + Aip — AaBiH1,

My = =1+ A B1X = A2B1X + AofoHo + Aa(p + 1) — A3 BoH,

A3hg)H:
My = =1+ AoBoHy — AsPoHy + As(d + w + 1) — A3 min(l,max(O, @»

c1
Aa—Ao)Y
My=—1-Aia -2y min(l,max(O, M))
e

Ao —A)Y
+Aalo +y + () + Mg min(l,max(O, u)) - A5Y,
(&)

Ay =1+ Asp. 0

8 Numerical solution

This section is concerned with the investigation of a numerical solution of the smoking
model with controls #; and u,. The NSFD method is used for this purpose and system (10)
is presented graphically by using the values of parameters given in Table 2 with %; = 0.7

and uy = 0.9. Figure 2 shows the results for both systems with and without control.

Control treatment in the Snuffing population Control in the population of regular smokers
40 20
AN wo control N wio control
ETI N — — -with control 19N ——-with control
L 18
kG
17
S ;5
k] g6
g g
& =; g 15
2 5
£ 2
375 g
w
13
7
12
5 "
% L . L L . 10 L . L L .
5 10 15 20 25 Ell 0 5 10 15 20 25 Ell
Time(day) Time(day)

Control treatment in the population of quit smoker

wfa control -
19.5| — —-with control

quit smokers
3
&

5 10 15 20 25 30
Time(day)

Figure 2 Plots present the susceptible, irregular, regular and quit smokers with and without control
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9 Conclusion

In this work, the formulation of a model containing a snuffing class is presented; then the
equilibrium points that are smoking free and smoking positive are discussed. The Hur-
witz theorem is used for finding the local stability of the model and Lyaponov function
theory is used for the search of global stability. For control of smoking we use different
controls and for a characterization of the optimal level we use the Pontryagin maximum
principle. For the solution of the proposed model, a nonstandard finite difference (NSFD)
scheme and the Runge—Kutta fourth order method are used. Finally, some numerical re-
sults are presented for systems with and without control and by using the nonstandard
finite difference (NSFD) method and Runge—Kutta fourth order method with the help of
MATLAB.
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