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1 Introduction
Let us consider the p-Laplacian Hamiltonian systems

d . .
S (ol 2i(e)) — a)|u(@)|"ul@) + VW (5, u(t)) =0, (1)

where t e R, u e RN, p>1, a € C(R, [ag, +00)) with gy >0 and W € C'(R x RY,R). As
usual, we say that u is a nontrivial homoclinic solution (to 0) if u = 0, u(t) and #(t) — 0 as
[t] = +00.

If p =2 and a(t) = L(¢), (1) reduces to the second order Hamiltonian system

i(t) - L(O)u(t) + VW (t,u(t)) =0,

where L € C(R,RM’) is a symmetric and positive definite matrix for all £ € R. In the last
30 years, the existence and multiplicity of solutions for Hamiltonian systems or other dif-
ferential systems have been investigated in many papers via variational methods (see [1—
4,9, 11, 14-18, 23]). It is well-known that homoclinic orbits play an important role in
analyzing the chaos of dynamical systems. Since the problem is considered on the whole
space, one of the difficulties to find the solutions of Hamiltonian systems is the lack of
compactness of the Sobolev embedding. To overcome this difficulty, L(t) and W (¢, x) were
assumed to be periodic in £. Without periodicity, Rabinowitz and Tanaka [9] introduced
the following coercive condition:
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(L) there exists a continuous function « : R — R* satisfying
(L), x) = a(t)|x]> and a(t) > +oo as|t] — +oc.

The operator % (12(2)|P~2it(¢)) in (1) is said to be p-Laplacian. In the last decade there has
been an increasing interest in the study of ordinary differential systems driven by the p-
Laplacian. The existence and multiplicity of homoclinic orbits for the p-Laplacian Hamil-
tonian system were studied in recent papers [5-7, 10, 12, 13, 19, 20, 22] and the references
therein. Similarly, to overcome the lack of compactness of the Sobolev embedding, the

following coercive assumption on a was assumed in [5]:

(A) ais a positive continuous function such that
a(t) > +o0o  as|t| — +o0.
It is clear that the coercive conditions are much restrictive. In a recent paper, Zhang et al.
[22] proved the existence of two nontrivial homoclinic solutions of problem (1) without
coercive conditions. They assumed that a is bounded, that is,
(A") there are two constants t; and 7 such that
O<ti<a(t) <ty<+oo forallteR.
Besides, they considered the concave—convex nonlinearity, which is of the form
W(trx) = Wl(t’x) + WZ(t’x);
where W1 is of super-p growth at infinity and W5 is of sub-p growth at infinity. Explicitly,
the authors supposed the following conditions:
(V1) there exists a constant ¢ > p such that
0<¥Wi(tx) < (VWi(tx),x), V(tx) e R x RN\ {0}
(V) there exists a continuous function w: R — R* such that
lim w(t)=0
|t|—+00
and

‘VWl(t,x)’ <w@)|x"! forall (£,x) e R x RY;

(V3) Wa(t,0)=0forallt e R, W5 € C'(R x RN,R) and there exist a constant 1 < ¢ < 2
and a continuous function b : R — R* such that

Wal(t, %) > b(£)]x|°

for all (t,x) € R x RY;
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(V4) forallt € Rand x e RN,
|VWi(t,)| < c(t)ul®™,

where ¢: R — R* is a continuous function such that ¢ € L (R, R) for some constant
1<&=<2

<P||C||gcgg* 0—@)0_’9 ( B p—g)g_”
L (—=__£7°)
e Y-p pllollCy ¥ -0

where £* is the conjugate component of §.

(Vs)

Obviously, we can deduce from the conditions (V1) and (V5) that
(Wp) there exist constants ¢y, ¢y > 0 and p > p such that

|VW1(t,x)| <alx* T+, forall (£,x) eR x RV,

(W1) VWi(t,x) = o(|x[P71) as |x| — O uniformly in ¢

(W2) Wi(t,x)/|x|P — +oo as |x| — +oo uniformly in £;

(W3) there exists d; > 0 such that W7 (¢,x) > —d;|x|? for all (t,x) € R x RY;
(W4) there are constants v > p and py, dy > 0 such that

(VWi %),x) —vWi(t,x) > ~ds|xl?, Yt eR,V|x| > po.

Motivated by the above facts, in this note, we try to drop both conditions (A4) and (4)
and consider the following conditions:

(A7) fR a(t)fg dt < +00, where ¢ is the conjugate component of p, that is, % +==1;

1
q
(A,) there exists a constant A > g~! such that

meas(t € R| [¢|7a(t) < M) < +00, VM >0,

where meas(-) denotes the Lebesgue measure and g is the conjugate component of p.
Using conditions (A;) and (A,) separately, we prove some new compact embedding the-
orems and discuss the multiplicity of homoclinic solutions for problem (1) with weaker
combined nonlinearities. Now we state our main results.

Theorem 1 Suppose that W (t,x) = W1(t,x) + Wa(t,x). Assume (A1), (Wo)—(Wy) and the
following conditions hold:
(Ws5) Wa(t,0) =0 for all t € R and there exist a constant 1 < 6 < p and a continuous
function b: R — R* such that

Wia(t, x) > b(t)|x|®

forall (t,x) € R x RN;
(W) W, e CHR x RN, R) and there exists a continuous function ¢ : R — R* such that

VWi (t,%)| < c(0)]x”,

where c € L5 (R, R) for some constant ¢ > 1 and ||c||; is small enough;
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(W7) ¢*(6 — 1) = p, where £* is the conjugate component of ¢.
Then problem (1) possesses at least two nontrivial homoclinic solutions.

Remark 1 From Theorem 1, we see that the conditions related to the sup-p term W} are
weaker than that in [22]. There are functions satisfying the conditions (W,)—(W,) but not
(V1) and (V3). Moreover, we can also give some examples of a not satisfying the conditions
(A) and (A’). For example, let

3

—lol* + [x]?, | < % € 22
Wit %) = 443 64-43 4 Walt,x) = 23 3

(lx| = =)+ == x| > 2, (1+1t%)2

and
W+ 1)*(tl-n)+co,  n=Z|tl<n+ o,
2

a(t) = 1 (n* + 1) + co, n+ﬁ§|t|<n+#,

2
(P + 12+ 1-|t) +co, n+-F=<[t|<n+1,

where n € N, ¢y € R. A straightforward computation shows that W;, W, and a satisfy the
4

assumptions of Theorem 1 withp =2, ©=5,0 = %, (=3

and € > 0 small enough.
By replacing the condition (A;), we have the following theorem.

Theorem 2 Assume that W(t,x) = W1(t,x) + W, (¢, x). Suppose that (Ay) and (Wy)—-(W7)
hold, then problem (1) possesses at least two nontrivial homoclinic solutions.

Remark 2 There exist functions that satisfy the condition (4;) but do not satisfy the con-
ditions (A) and (A’), such as a(t) = t*sin’*t + 1 with p = 2 and A = 1. Thus Theorem 2 is
different from the previous results.

2 Proof of Theorem 1
First, we introduce the space in which we can construct the variational framework. Let

E= {u e W' (R,RY) :/ (li@®)|” + a(®)|u@)|") dt < +oo}
R

with the norm

el = (/R(w(t)r“ +a(®)|u®)]) dt)p.

Then E is a uniform convex Banach space. Denote by L” (R, RY) (1 < y < +00) the Banach
spaces of functions with the norms

lull, = (/Riu(t)lydty,

and L>®(R,RY) is the Banach space of essentially bounded functions under the norm

[|]| 0o = €S8 sup{’u(t)| (te R}.
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Lemma 1 ([22]) The embedding E — LY (R,RY) (p <y < +00) is continuous.

Lemma2 Under the condition (A1), the embedding E — L'(R,RN) is continuous and com-
pact.

Proof By (A;) and Holder’s inequality, for all € E one has

/ lu®)| dt = / alt) P a(t)? |u(®)| dt
R R

Y Y
< (/Ra(t) dt) (Aa(t)|u(t)| dt)

< ( /R alt)y s dt) lull,

which implies that the embedding is continuous.
Let {u,} C E be a sequence such that &, — 0 in E. By Banach—Steinhaus Theorem, there
exists My > 0 such that

sup [[u,|| < Mo.
neN

Since the embedding is compact on bounded domain, it suffices to show that, forany ¢ > 0,
there exists r > 0 such that

/ |u,,(t)| dt<e.
|t|>r

In fact, we have

/ 0] e < / alty P a(t)? |u,(0)| dt

[t]>r

Y )\
([ ) ([ st

1

< UE. dt)q it

(/|t|>ra .

< () r dt) ! Mo,
(/|t|>ra 0

It follows from (A;) that this can be made arbitrarily small by choosing r large. Hence, we
get u, — 0 in L} (R, RN). O

Remark 3 From Lemma 1 and Lemma 2, for y =1 or p <y < +00, there exists C, >0
such that

”u”y SC;/”M”’ YuecE. (2)

Lemma 3 Suppose that the conditions (Ay) and (W1) hold, then we have VW(t, u,) —
VWi(t,u) in LIR,RN) ifu, — uin E.
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Proof Assume that 4, — u in E. By the Banach—Steinhaus theorem and (2), there exists
M; > 0 such that

sup lupllee <My and  |ulloo < M. (3)

neN -

We can deduce from (W;), (W7) and (3) that there exists M, > 0 such that
[VWi(t, )| < Ma|un@)]'™ and  |VWi(t,0)| < Mo |u@)]P™,
which implies that

VWAt 1) = VWt )| < Mo (a7 + )P 7)
< My[ 277 (| () — @) [ + ) P71) + |u@) ]

< M| () - u@)" + |u®)" ), @
where Ms is a positive constant. By (2), (3), (4) and Lemma 2 one gets
Aval(t,un)—vwl(t,u)|th
<M /R (|n(®) = )"~ + [e) )" at
<211 pd /R(|un(t) ~u@®|’ + |u@)|") dt
< 20U, — w5 /R 140 (6) - 4(0)| e + 27 M a2

<277 MiMy)P ! / |t4a(8) = ul®) | it + 297 MEC | ull”
R

< +0Q.

Using Lebesgue’s dominated convergence theorem, we can get the conclusion. O

The corresponding functional of (1) is defined by

I(u)=/R}?(}a(t)k’+a(t)|u(t)\’”)dt—/RW(t,u(t))dt
1
= Zlull -
p||u|| /R W (£, u(t)) dt. (5)
For convenience, let
J() = /R 119 (@) +a(®)|u@)]?) dt,
@(u):/Rwl(t,u(t))dt,

(y) = /R W (¢, u(t)) dt.
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Lemma 4

(i) J € CH(E,R) and
HOYE /R [P~ (i(®), "0)) + a(®)|u(®)[" (u(e), v(#)) ] dt, Vu,veE.
(ii) Under the conditions of Theorem 1, I € C1(E,R). Moreover, one has
('), v) = /R [|ic@) [ (i2(0), 0)) + a(@)| (@) [P~ (ule), v(2))
- (VW(t,u®),v(t))]dt, Vu,veE. (6)

(ili) The critical points of I in E are homoclinic solutions of (1) with u(o0) = i(£o0) = 0.

Proof Since it is routine to prove that (i) holds, we just need to prove (ii) and (iii). First, we
show I in (5) is well defined. By (W;) and (W1), for any € > 0, there is C; > 0 such that

|Wi(t,%)| < elxl? + Celxl”,  V(tx) e R x RN, )

Then by (2) and (7) one gets
/ | Wi (8 u(®))|dt < e/ lu®)|” dt + C. / |u()|" dt < eChl|ull” + C.Ch|lu|l” < +o0.
R R R

Besides, by (2), (W), (W7) and Holder’s inequality we have

/R|W2(t,u(t))]dt§ %/}Rc(tﬂu(t)]edt

1 6
= gllcleliul,

Ch.
< lellelul” < +oo. (®)

Therefore I is well defined. Next, we show that I € C}(E,R). In view of (i), it is sufficient
to show that ® € C1(E,R) and ¥ € C'(E,R). Let ¢(u) be as follows:

P(u)y = /R (VWi (6, u(®),v(t))dt, VveE. )

Obviously, ¢(u) is linear. We show ¢(u) is bounded in the following proof. By (2), (9), (W)
and Holder’s inequality, one has

n-1
lpGu] < /R )" |n@)| e + ¢ /R Iv(0)| dt

1 1
gcl(f|u(t)|“’“‘”“* dt> " <f|v(t)|"dt)“ +olvih
R

n
F
<aluli vl +eClv

"

/1'7+1 o
< (aCi  llull*™ +cCr)livl, (10)
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where u* is the conjugate component of p. It follows from (10) that ¢(u) is bounded.
Subsequently, we show that @ is of C! class. For any u, v € E, by the mean value theorem,

(Wp) and Holder’s inequality, one gets

/ Wi (2, u(t) + v(¢)) dt - / (Wl(t,u(t))dt‘
R R

/ (VWA (2, u(t) + h(t)v(t), v(2)) dt’
R

< / |u(t) + h(t)v(t)|u_1 |v(t)| dt + cz/ |V(t)| dt
R R

"
E
<cllu+hviy [Vl +cCrlvl

HL*H s
<(aCl  lu+hv|i¥ +cCi) vl (11)

where 4(t) € (0,1). Combining (10) and (11), we get

/Wl(t,u(t)+v(t)) dt—/ Wi (¢, u(t)) dt—f(VWl(t,u(t)),v(t)) dt— 0
R R R

as v — 0 in E, which shows
(@/(u), ) = / (VW (0)), v(0)) dt
R

for any u, v € E. It remains to prove that @’ is continuous. Assume that u — u, in E and
note that

sup |<Q§’(u), v) - <¢’(uo),v)|

Ivii=1

= sup
Ivii=1

/R (VWA (6 u(®) = VWi (8 u0(0)), v(2)) dt‘

< sup ||VW1(t,u)—VWl(t,uo)Hq</R|v(t)|pdt)p

Ivii=1

< sup ||VW1(t,u)—VWl(t,u0)||q(é|v(t)|pdt)p

Ivii=1

< C, sup | VWi(t,u) - VWi (2, u0)|

Ivl=1 |”'

Then, by Lemma 3, we have (®'(u),v) — (P’ (uo), v) as |lu|| — ||uo || uniformly with respect

to v, which shows that @’ is continuous. Moreover, by (Ws) and (W7) one has

f (VW (2, u(t)), v(r)) dt‘ < / o®)|u(®)|” " |ve)| dt
R R

1
T
< lullfsio_y ( / ¢ (t)dt) [Vlloo
R
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for any u,v € E. Similar to the above proof, we can see that

(0 (), ) = / (YWa (), (1)) dt

R

for any u,v € E. Now we prove that ¥’ is continuous. Suppose that # — ug in E. By (W),
for any ¢ > 0, there exists T > 0 such that

%
(/ c{(t)dt> <e. (12)
|¢)>T

On account of the continuity of VW5 (t,x) and u — ug in Lf; (R, RY), it follows that

/ (VWh (8, () - VWa(t, uo(0)), ) it < . (13)
[t1=T
By (12), (13), (W), (W) and Holder’s inequality, one gets

sup (90, v) = (#ao).)

= sup
Ivii=1

fR (VW2 (2, u(t)) = VW (t, uo(2)), v(2)) dt‘

< sup
Ivii=1

/I | T(V Wa(t, u(t)) — VWa(t, uo(t)), v(t)) dt‘

+ sup
Ivii=1

/ T(V%(t,u(t)) — VWy (8, uo(t)), v(2)) dt’
1¢]>

<&+ sup
[vll=1

1
3
<6+ Ca ( / ¢ (2) dr) (el + s )
|t|>T

6-1 6-1
=&+ 5Coo(||u||(9_1);* + ||u0||(9_1);*):

/H Tc(t)(|u(t)|9_l + |uo()|" ) [ve)| dt‘

which shows that ¥’ is continuous. Thus (ii) holds.
Finally, similar to the proof of Lemma 3.1 in [21], one can check that (iii) holds. O

Subsequently, we display the useful critical points theorem.

Lemma 5 ([8]) Let E a real Banach space and I : E — R be a C'-smooth functional and
satisfy the (C) condition, that is, {u,} has a convergent subsequence in E whenever {I(u,)} is
bounded and ||I'(u,)| g+ (1 + ||uy|l) = 0 as n — +o0. If I satisfies the following conditions:
(i) 1(0) = 0;

(ii) there exist constants o,a > 0 such that I|3p, ) > @;

(iii) there exists e € E \ B,(0) such that I(e) <0,
where B, (0) is an open ball in E of radius o centered at 0, then I possesses a critical value
¢ > « given by

= inf I ,
¢= inf max 1(e(s))

Page9of 15
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where
I ={geC([0,1],E) : g(0) = 0,g(1) = e}.
Lemma 6 Assume that the conditions of Theorem 1 hold, then I satisfies the (C) condition.

Proof Suppose that {u,} C E is a sequence such that {I(u,)} is bounded and ||I' (u,) || = (1 +
llu,]l) — 0 as n — +00. Then there exists a constant M, > 0 such that

()| <Ma, || T ()

po(1+ 1) < Ma. (14)

Now we prove that {u,} is bounded in E. Arguing in an indirect way, we assume that
||ty = +o0 as n — +00. Set z, = HZﬁ’ then ||z,|| = 1, which implies that there exists a
subsequence of {z,}, still denoted by {z,}, such that z, — zj in E. By (2), (5), (8) and (14),

we obtain
Wl(t’ un) _ l‘ _ I(un) WZ(t; un) ‘
R lunll? P luall?  Jr luall?
M, IICII;C&* l[24]1°
= uall? O ||z |17
— 0 asun— +00. (15)

In the following, we consider two opposite cases.

Case 1:z9 #Z 0. Let 2 = {t € R||z¢(¢)| > 0}. Then we can see that meas(§2) > 0, where meas
denotes the Lebesgue measure. Then there exists x > 0 such that meas(A) > 0, where A =
£2NP, and Py = {t e R||t| < x}. Since |lu,| — +00 as n — +00, we have |u,(t)| — +00 as
n— +oo for a.e. t € A. By (W3), (W3) and Fatou’s lemma, one can get

Wl(t,bin(t)) dt
n=+00 Jgp o [l |l

Wilt,un(®) o Wit un(®)

1
n=roo J o (lunll? n+00 g [luall?

1. Wl(ti L{n(t))
1m _—
n=voo Juo (un(B)P

: Wi (2, un(t))
lim —_—
=00 J4 |un(£)P

v

(@) dt - dy / (0] dt
R\A

v

|zu(0)|” dt - dy C2 1z, |1P

+00,

which contradicts (15). So ||u,|| is bounded in this case.
Case 2: zp =0. Set

Wi(t,x) = (VWi(t,),x) — v Wi (2, %),

where v is defined in (W},). From (W7), we can deduce that Wl(t,x) = o(|x|P) as |x| — 0O,
then there exists p; € (0, po) such that

| Wit < Il (16)
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for all |x| < p;, where py is defined in (W,). It follows from (6), (8), (14), (16), (W) and

(W6) that
My + M
0(1) — w
22, 1P
> \)I(un)—(l/(un)yurl)
2, |1?
v 1 /~ v+6
= (2o1)+ W (8, un(8)) dt — ————llell; Cho-
(p > ltnll? Jr 16 n(2) Olluale”
> (K — 1> + 1 / Wl(t, un(t)) dt + ! / Wl(t; Mn(t)) dt
P Iz |17 lun|<p1 ll22. 17 p1<lun|=po
1 / ~
+ Wi (t, u,(t)) dt — o(1)
12t 1?00 1(6:(0)
v 1 V4 P
> (2-1)- |un(8)| it + dy |un(®)|” dt
p N2 1P \J 1< 1 litn|>po
_maxm<|x|5p;|\/\’/1(t,x)|/ |un(t)|p dt—O(l)
P1 p1<lunl=po ll2tn [P
<|x|< W 2
> <K_1> B <1+d2+ maXx,, «| \_pg' 1( x)|>/|z,,(t)|pdt—0(1)
)4 P R

v
— — =1 asn— +0q,

which is a contradiction. Therefore, ||, || is bounded.
Going if necessary to a subsequence, we can assume that u#,, — u in E, which yields

(1,(%1) —I’(u), Up — M) = |luy —ull?
- /R(V\Vl (& un()) = VW1 (£, (), un(£) — u(t)) dt
_ /R (VW (8, () = ¥ Wi (6, 0)) 1 (6) — () dlt
— 0 asn— +00. (17)

It follows from (2), (Wy) and Lemma 2 that
/R(V Wi (2, un(2)) = VWi (&, u(t)), un(6) — u(t)) dt

< / (1@ + e |u@)|* " + 260) | (0) — ()| dt
R

-1 -1 -1 -1
< (a CE M N+ et CES Nl + 262) N1ty — ually

— 0 asn— +o0. (18)

On account of the continuity of VWj(¢,x) and u,, — u in L (R, RY), there exists 1y € N

loc
such that

/| T(VWZ (£ un(t)) = VW (£, u(0)), un(t) — u(t)) dt <&, Vn=> no, (19)

Page 11 of 15
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where T is defined in (12). In addition, by (12), (W7) and Hoélder’s inequality, we have

/| T(V% (& un()) = VWi (£, u(0)), un(2) — u(t)) dt

< / @) ([ + (O] ™) |in(0) - )| it
|t|>T

. :
snun—unwf @ de ) (s + lull )
1t)>T

< et = wlloo (a1 yyy + el 9535y (20)

Hence, by (17)—(20) we conclude that ||z, — u|| — 0 as n — +00, which means that the (C)
condition is fulfilled. O

Lemma 7 Suppose that the conditions of Theorem 1 hold, then there exist 01, a1 > 0 such
th&lt]laggl > oy, where By, ={u € E: ||lull <01}.

Proof In view of (7) and (8), foranyu € Eand 0 < ¢ < (ng)‘l, we have

I(u) = I%||u||”—/ Wl(t,u)dt—/ Wo(t, u) dt

1

—||u||1’—ef|u|f’dt C/|u|“dt——||c||;nun9
p

1 Ch..

> Ll — el — C.Clhul — < el il

p 0

1 Cor
> (5 - o0y )bl - C.Clul - = el

which combined with (W) implies that there exist positive constants p; and «; such that

>
Ilyp,, = o1. O

Lemma 8 Assume that the conditions of Theorem 1 hold, then there exists v, € E such that
lvill > 01 and I(v1) <0, where 01 is defined in Lemma 7.

Proof We choose vy € C°([-1,1],RN) such that ||| = 1. For 8 > (pf_l1 o) dt)71, it
follows from (W>) that there exists T > 0 such that

W(t,x) > Blxl?
for all |x| > 7. By (W53), we get

W (t,0) = (lxl” — o) — dy o (21)
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for all (t,x) € R x R¥. For n > 0, by (21) and (W) we have

4 1 1
tawe) = 2.~ | wite oo de- / Wit pvole)) de
-1 -1
oot
<—- / Wi (t, UVQ(t)) dt
p -1
0P 1 1 1
5——/ ﬁ|nvO(t)|"dt+/3/ rpdt+d1/ P dt
p -1 -1 -1
1 1
< (— —,3/ ’Vo(t)’pdt>77p + 2877 +2d, 77,
p -1
which implies that

I(nvy) > —00 asn — +00.

Therefore, there exists 79 > 0 such that I(novg) < 0. Let v; = vy, we can see I(vy) <O,

which proves this lemma. d

Proof of Theorem 1 By Lemmas 4—8, we can see that I possesses at least one nontrivial

critical point. Then the critical point is the first homoclinic solution to (1). To get the sec-

ond solution, we just need to prove that infyep,, I (u) < 0, where B,, is defined in Lemma 7.
We choose v, € C3°([-1,1], RN) \ {0}. Then, by (W3) and (W5), for any / > 0 we get

/4 1 1
I(lv,) = ;||v2||1’—/ Wi (8, Iva(2)) dt—/ W (8, Iva(2)) dt
1 1

. 1
< l;pHVz”p tdilf /_1 @ dt -1’ /_1 b(t)i"Z(t)W at

w ! » of - ' o
< —||V2||p+dllp/ ‘vz(t)‘ dt -1 ( min b(t))f |V2(t)| dt
V4 -1 -1

te[-1,1]

<0

for [ small enough, which implies that §; = inf,,cg o (#) < 0. Then it follows from Ekeland’s

variational principle that there exists a minimizing sequence {v,} C B,, such that

1 1
81 <I(vy)<b1+— and I(u)>1(v,)— —llu—-v,| foruehB,.
n n

Thus, {v,} is a bounded (PS) sequence, which means that it is also a (C) sequence. Then

from Lemma 6, there exists u; € E such that I’(¢#;) = 0 and 1(x;) < 0. In conclusion, prob-

lem (1) possesses at least two nontrivial homoclinic solutions. O

3 Proof of Theorem 2

In this section, we still work in the Banach space

E= {ue WI'F(R,RN):/(|1lt(t)|p+a(t)|u(t)|p)dt<+oo}
R
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with the norm

llul| = (/R(Iit(t)lp+a(t)|u(t)|")dt)5.

Lemma 9 Suppose that the condition (A;) holds, the embedding E — L*(R,RN) is contin-

uous and compact.

Proof Assume that {u,} C E such that u,, — 0in E. We will show that #,, — 0in L;(R,RN).
By the Banach—Steinhaus theorem, there exists M5 > 0 such that

sup |lu, || < Ms.
neN

For any ¢ > 0, by condition (A;) there is ry > 0 such that
meas B; < ¢,

where
B, = {t e R\ (=ro, 7o) |E]*Palt) < 8’1}.

Let

D, =R \ ((—V(),l”()) UBs);

fie = inf ] a(2),
teDg
then i < &. On the one hand, one has

/ lu,|dt = |u,| dt + |u,| dt
[t|=ro Be D,

A -\
snunnoo-meast/ (e 1027 e
Dg

1 1

p q

§sCocM5+( |t|*1’|un|1’dt> (/ |t|“1dt)
Dg [t|=ro

1
_1 »
< eCooMs + Sajte” (/ a(t)u,? dt>p
De
< £CooMs + €7 8,Ms, (22)
where 8, = ( fl Hsro || ~*4 dt)é. On the other hand, it follows from the Sobolev compact
embedding theorem that u, — 0 in L'((=ro, 1), RY). Therefore, the embedding E <

LY(R,RN) is compact.
Now for ¢ = 1, by (22) we have

/ luldt < Cu 1t + 8311l = (Coo + 82)llull,  Vu € E,
[t|=ro

which implies that the embedding is also continuous. O
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Proof of Theorem 2 By similar steps to the proof of Theorem 1, we can obtain the conclu-

sion of Theorem 2. O
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