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1 Introduction

In recent years, due to the wide application in many engineering and scientific disciplines
as the mathematical modeling of systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of a complex medium, polymer rheology, etc., the frac-
tional differential equations have been widely studied. An extensive literature related to
the existence of solutions of boundary value problems for fractional differential equations
addressed by the use of various nonlinear functional analysis method. For example, fixed
point theory [5, 7, 9-11, 19, 21, 25-28, 32, 33, 39, 50, 52, 56], the Mawhin continuation
method [3, 6, 54, 57], the Green function method [5, 44, 45], the integral operator method
(4, 8, 13, 14, 17, 22, 30, 31, 35, 36, 38, 49, 51, 53], the upper and lower solution method
[12, 15, 18, 29], the numerical method [40-43, 46, 55], and the technique of barrier strips
(4, 16, 20, 24, 34, 37].

In [24], Kelevedjiev got the existence of the solution by using the technique of barrier
strips. Then some researchers studied the solvability of vary boundary value problems
under the barrier strip conditions. For example, in [32], by using a nonlinear alternative
of Leray—Schauder, the existence results for the second-order three-point boundary value
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problem are obtained,

&) =f (Lx(2), 4 (1), 0<t<1,

x(0) = A, x(n) —x(1) = (n - 1)B,

where n € (0,1),f: [0,1] x R?2 — Ris continuous, and A, B € R. After that, the barrier strip
technique was used to research the solvability of the difference problem [16] and the time
scale problem [34]. Recently, in [20, 37], the author obtained the existence of solutions for
the fractional Dirichlet boundary value problem

D%x(t) :f(t,x(t),D"“lx(t)), O<t<l1,

x(0) = A, x(1) = B,

under barrier strip conditions, where 1 < « < 2 is a real number, D*x(t) is the conformable
fractional derivative, and f : [0,1] x R? — R is continuous.

To the best of the authors’ knowledge, there were few papers discussing the solvability of
the multi-point fractional boundary value problems with the technique of barrier strips.
Our effort is to use the nonlinear alternative of Leray—Schauder to the unreached areas.
In this paper, we consider the following fractional boundary value problem:

D*x(t) =f(t,x(¢), D 'x(t)), O0<t<l, (1.1)

x0)=4,  x(n)-x(1)={-1B, (1.2)

where 1 < @ < 2 is a real number, D*x(¢) is the conformable fractional derivative, € (0, 1),
f:[0,1] x R? — R is continuous, and A, B € R. We note that if x is a solution of (1.1), (1.2),
then there exists § € (1,1), such that #'(§) = B. Accordingly, the boundary value problem

D%x(t) :f(t,x(t),D”“lx(t)), O<t<l1, (1.3)

x(0) = A, x(1)=B, 0<n<l, (1.4)

can be considered as a limiting case of the problem (1.1), (1.2) when 7 = 1. Consequently,
our result for problem (1.1), (1.2) gives an existence result for problem (1.3), (1.4).

It is true that the conformable derivative has some controversy. Some researchers
think that the conformable derivative does not contribute “new mathematics” The con-
formable derivative for differentiable functions is equivalent to a simple change of variable
D*[f(x)] = x1~f"(x). It was noted that a criticism of the conformable derivative is that, al-
though conformable at the limit @ — 1 (lim,_,1 D¥f =f"), it is not conformable at the other
limit, « — 0 (limy—o D“f #f) because x*/« is undefined at « = 0.

However, some other researchers think that the conformable derivative and its gener-
alizations can still be interesting and valuable, specially leading to some physical insight
with use in the applied settings. We refer the reader to [1, 2, 47, 48] for details as regards
the conformable fractional derivative.

The main results of the paper is based on the following nonlinear alternative of Leray—
Schauder.
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Theorem 1.1 ([32] (Nonlinear alternative)) Assume that U is a relatively open subset of a
convex set K in a Banach space E. Let N : U — K be a compact map and assume p € U.
Then either

(1) N has a fixed point in U; or

(2) thereisau e dl and X € (0,1) such that u = ANu + (1 — A)p.

The paper is organized as follows. In Sect. 2, the definitions of the conformable fractional
order derivative and integral are given. In Sect. 3, by the use of the technique of nonlinear
alternative of Leray—Schauder and barrier strips, the existence of the solution is obtained.

In Sect. 4, some examples are presented to illustrate the main results.

2 Conformable fractional order calculus
Definition 2.1 ([23]) Suppose « € (n,n + 1], u: [0,00) — R, and u is nth-order differen-
tiable for ¢ > 0. Then the ath-order fractional derivative of u is defined as

Dutt) = tim 2T =80
B e—0 &

provided the limit of the right side exists.
If u is ath-order differentiable on (0,a), a > 0, and lim,_, o+ D*u(t) exists, then define
D%u(0) = limy_, o+ D*u(t).

Lemma 2.1 ([13]) Lett >0, o € (n,n + 1]. Function u(t) is ath-order differentiable if and
only if u is (n + 1)th-order differentiable, moreover,

D~ Ix[(t) _ tn+1—otu(n+1) (t)

Definition 2.2 ([23]) Let « € (1,1 + 1], ath-order fractional integral is defined as
1 t
Jeu(t) =" [t u(t)] = - / (¢ = 8)"s* " Ly(s) ds,
n: Jo

where I"*! is the (1 + 1)th-order integral.

Remark 2.1 With Lemma 2.1 and Definition 2.2, forx € (n,n+1],i=0,1,...,n, there hold

Da—i []g+u(t)] — tn+1—oan+l—i[In+1 (ta—n—lu(t))]

— tn+1—a1i [toz—n—lu(t)]'

Lemma 2.2 ([23]) Leta >0, f : [a,b] — R satisfy,
(i) f is continuous on [a,b),
(ii) f is ath-order differentiable on (a, b).
Then there exists c € (a, b) such that
f(b) - f(a)

A vy
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Given « € (1,7 + 1]. Define

cY[0,1] = {u | u(t) = Jgex(t) + Cut” + - - + Cit + Cy,

x(t) € C[0,1],C; € R,i=0,1,...,n}.

By the linearity of integral operator Ji;, the space C*[0, 1] is a linear space. For u € C*[0,1],
according to Remark 2.1, there are D*~'u(t) € C[0,1],i=0,1,...,7n. Let

lulla = [D%ully + D uy+ -+ [ D] + o

where ||ulo = maxse,1 |#(¢)|. The following lemmas obtained in [13] are fundamental to
our main results.

Lemma 2.3 ([13]) The space (C*[0,1],]l - |l) is a Banach space.

Lemma 2.4 ([13]) The set F C C*[0,1] is sequentially compact if and only if F is uni-
formly bounded and equicontinuous, i.e., for Ve > 0,38 > 0, s.t. for any |t; —t;| <5, Yu € F,
i=0,1,...,N -1, we have

(D iu(e) - D ulty)| <o, () - u(er)| <e.

Lemma 2.5 ([13]) Assume that u € C[0,1] with a fractional derivative of order o €
(n,n + 1] that belongs to C(0,1) N L(0,1). Then

ID%u(t) = u(t) + co + crt + - - - + c,t",
forsomecreR,k=0,1,...,n.
Now, we present the Green function.

Lemma 2.6 Giveny e C[0,1] and 1 <o <2,1 < n <2, the unique solution of

D*w(t) +y(t) =0, O0<t<l, (2.1)

w(0) =0, w(n) -w(l) =0 (2.2)

2
ts¥ =,

7 72(s-1)

0
so1 _ pea=2 _ 721 0<n<s<t<l;
0<t
n-1 0
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Proof Applying Lemma 2.5, we reduce Eq. (2.1) to an equivalent integral equation,
w(t) = =I%y(t) + co + 1
t
—/ (t—s5)s"2y(s) ds + co + c1t,
0
for some ¢y, c; € R. By the boundary condition (2.2), we have

CO=01

Tp_g 11_
c :/ n—s""zy(s) ds —
o n-1 0o n-

Therefore, the unique solution of problem (2.1), (2.2) is

we) =~ [ (- )y (s)ds s [ H0=5) w25y ds - l—tg__f)sa-zy(s)ds.

is"“zy(s) ds.

n-1

For0 <n <t <1,onehas

w(t) = —(/n +/l>(t—s)s°‘"2y(s) ds + /n %S“‘Zy(s) ds
([ ) e o
[ o-1 _ ,a-2 Otzt(l_s))
—/0 s J’()ds+/n (s ts e y(s)ds

1 pe—2(¢ _
+ / B -l (s—1) y(s) ds
t n-1

1
= / G(t,5)y(s) ds.
0

For 0 <t <n <1, onehas

w(t)=—/t(t—s)s“_2y(s)ds+ </t+/tn) t(:__ s*72y(s) ds
(oo e

~ g0~ 2(5_ 1)
—/0 “Ly(s) ds+/t y(s)ds+/n 7)7 y(s)ds

1
:f G(¢,5)y(s) ds.
0
The proof is complete. d
3 Existence results

Theorem 3.1 Letf:[0,1] x R? — R be continuous, A € R, B> 0. Suppose there are con-
stants Ly < L such that Ly, —B <0 <Ly and
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(1) f&x,p) =0, for (t,x,p) € [0,1] x [A+ 22, A+ B+ 2] x [Ly,L; + B];

a-1"

(2) ft,x,p) <0, for txp)e[O 1]><[A+L;_IB,A+B+ Ll]x [L, - B,L,];

(3) L2 <f(t x,p) < 1_ ,for (t,x,p) € [0,1] x [A + L2 JA+B+ aL_ll] x [Ly — B,L; + BJ.
Then the problem (1.1), (1.2) has at least one solution x such that

Ly —
L-B<(D*'%)(t) <L +B, A+

B
1 <x(t)<A+B+

Proof By the use of the Tietze—Uryshon lemma there exists a continuous function g :
R? — [-1,1] such that

L,-B

glx,p)=1, on|A+ JA+ B+ x [L1,L1 + B];
a-1 o—
L,-B L

glw,p) =-1, on[A+ 2 ,A+B+ 11:|X[L2—B,L2].

For each integer n > 1, set

filtxp) =f6%p) + glwp)

Then

Ju(t,x,p) >0, (3.1)
for (t,x,p) € [0,1] x [A + ?_f,A +B+ L1 71 x [L1,Ly + B];

Ju(t,x,p) <0, (3.2)
for(tx,p)e[Ol]x[A+al,A+B+ 1 x [Ly =B, Ly].

Consider the boundary value problems

Dx(t) = f, (t,x(t),D"“lx(t)), O0<t<1, (3.3)

x0)=4,  x(n)-x(1)=({n-1)B. (3.4)

Making the change of variables w(t) = x(t) — (), where wu(t) = Bt + A. It is clear that x(¢)
is a solution of (3.3), (3.4) if and only if w(¢) satisfies

D*w(t) = fo (£, w(t) + p(t), D' w(t) + D' u(8)), (3.5)

w(0)=0,  w(n) —w(1)=0. (3.6)
Define T, : C*[0,1] — C¥[0,1] as
1
(T,w)(t) = ] G(t, $)fu (s, w(s) + p(s), D 'w(s) + D' u(s)) ds, (3.7)
0
where G(t,s) is the Green function defined in Eq. (2.3). The standard arguments show

that T, : C*[0,1] — C*[0, 1] is completely continuous. Furthermore, the solvability of the
problem (3.3), (3.4) is changed as the existence of the fixed point of the operator T,.
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Now, we are in the position to show that the operator T), has a fixed point w,, that satisfies

Ly-B<(D"'w,)®) <L, tel01], (3.8)
L,-B L

272 <w, ()< ——, telo,1], (3.9)
a-1 a-—1

for all » € N. Once this is achieved, then, by combining (3.7), (3.8), (3.9) and Lemmas
2.3, 2.4, the sequence {w,} has a subsequence which converges in C*-topology to wy, and
then x(¢) := wo(¢) + n(¢) is a solution of (1.1), (1.2) such that

Ly -B =< (D*'x)(t) <L, + B,

L,-B L
2 <x(t)<A+B+ LI
a-1 a-1

A+

Define U as the open and bounded neighborhood of 0 € C*71[0, 1] such that

L,-B L
2 . <v(t)<—II,LZ—B<D°“1v(t)<L1}.

o — o —

u-= {ve c*'o,1]

To prove that T, has a solution w,, € U such that (3.8) holds, it suffices to verify, in view
of Theorem 1.1, that if w € U satisfies Eq. (3.6) such that

w(t) = MT,w)(2) (3.10)

for some A € (0,1), thenw e U, ie.,, for0<t <1,

L,-B L
2 <w(t)<—11, and Ly -B< (D*'w)(t) < Li. (3.11)

Now let w € U satisfies Eq. (3.6) for some A € (0,1). Since L, — B < (D*'w,)(t) < L,, by
Lemma 2.2, there exists ¢ € (0,¢) C (0,1) such that

o—1
W)= w(0) = (D)0 ——
and
toz—l -1
(Ly-B)- v_1 SW(f)SLra_l

Let x(£) = w(t) + u(t), then x(¢) satisfies
Ly-B< (D" 'x)() <L, +B (3.12)

and

a-1 a-1

+Bt+A<x(t)<L;- + Bt + A.
a-1 a-1

(Ly—-B)-

In particular

L,-B L
2~ <x()<A+B+ . (3.13)
o—1 oa—-1

A+

Page 7 of 12
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Suppose that D* w(ty) = L, for some t; € [0,1]. We claim that #, < 1. In fact, due to
w € C*71[0,1] and w(n) = w(1), by the use of the Lemma 2.2, there exists £ € (5, 1) such
that D*"1(£) = 0. Taking into account the condition (3), integrating Eq. (3.5) from & to 1
yields

D 'w(1) = D*'w(&) + /I(D“w)(s)ds
§

1
_ f (5, wls) + (), D" Tw(s) + DL pu(s)) ds
H

L
<(1-&8)——<L,.
1-n

Hence D*w(ty) < 0 because D*lw(t) attains its maximum at £,.
On the other hand, by (3.13) we get

Dw(to) = Afy(to, Wito) + 1(t0), D' w(to) + D* ' (o))

= My(to, w(to) + A + Bto, Ly + t5*B) > 0.

This contradiction proves that D* 'w(t;) < L,. Analogously, we have D* w(¢y) > L, — B.

Thus we get
Ly—B<D*'w(t) < L. (3.14)
Inequality (3.14) together with the relation w(¢) = w(0) + D%~ 1w(d) 1mp11es that
L,-B
2 <w(t) < . (3.15)
oa-1 oa-1
This completes the proof. O

Analogously, we can obtain the following result.

Theorem 3.2 Let f:[0,1] x R?2 — R be continuous, A € R, B < 0. Suppose there are con-
stants L1, Ly such that L, <L +2B,L, <B<0<L; and

(1) ft,x,p) >0, for (t,x,p) € [0,1] x [A+B+ L2 2 l,A+ L1 1 x [L1 + B, L1];

(2) f(t,x,p) <0, for (t, x,p) €01 x[A+2E A+B+ Ll -] % [Ly, L - BJ;

(3) B <f(t,xp) < £, for (t,%,p) € [0, 1% [A+B+ ?‘f,A + 2] x [Ly, Ly].
Then the problem (1.1), (1 2) has at least one solution x such that

L,-B
Ly< (D %)) <Li, A+B+——"<ux(t)<A+——.
a-1 a-1

Accordingly, we get the following corollaries as consequences of Theorems 3.1 and 3.2
for the boundary value problem (1.3), (1.4).

Corollary 3.1 Letf:[0,1] x R?> — R be continuous, A € R, B > 0. Suppose there are con-
stants Ly, < L such that Ly —B<0<L; and

(1) ft,x,p) >0, for (t,x,p) € [0,1] x [A + LZ_B ,A+B+ L‘ 71 % [L1,Ly + B];

(2) f(t,x,p) <0, for (t,x,p) € [0,1] x [A + L2 A +B+ ] x [Ly = B, Ly].
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Then the problem (1.3), (1.4) has at least one solution x such that

L,-B L
2 <x(t)<A+B+ LI
a-1 a-—1

Ly-B< (D" 'x)(t) <Ly +B, A+

Proof 1t suffices to note in the case = 1 that the boundary condition x'(1) = B implies
that L, — B <w/(1) = 0 < L; which is what is required in applying the condition (3) to show
tp < 1 in the proof of Theorem 3.1. d

Corollary 3.2 Letf :[0,1] x R? — R be continuous, A € R, B < 0. Suppose there are con-
stants L1, Ly such that Ly <L, +2B,Ly, <B<0<L, and

(1) ft,x,p) >0, for (t,x,p) €[0,1] x [A + B+ %,A + %] x [L1 + B, L1];

(2) f(t,x,p) <0, for (t,x,p) € [0,1] x [A + LB A4B+ %] X [L,, Ly — B].

a-1"

Then the problem (1.3), (1.4) has at least one solution x such that

L,-B L
Ly< (D)) <Li, A+B+——"<ux(t)<A+——.
a-1 a—-1
4 Some examples
Example 4.1 Leto = %, A=0,B= %, n= %, consider the following problem:
D*x(t) = f(t,x(£), D x(t)), O<t<l, (4.1)
1 2
0) =0, ) -x(1)=-3, 4.2
s0-0, () -s0-- 42

where f(t,x,p) = % sin(w? + £2) + p°.

Choose Ly =1and L, = —%, then L; + B= %,Lz —B=-1and
L,-B L 5
A+ =2 A+B+ ——|=|-2,2]|,
a-1 a-1 2
L,-B Ly | | 55
1-n'1-n] | 4’4]
After a simple computation, we have
(1) f(&x,p) =1>0, for (¢t,x,p) € [0,1] x [-2,3] x [1,2],
(2) f(t,x,p) <0, for (¢,x,p) € [0,1] x [-2, %] X [—1,—%],

(3) -2 <-1<f(t,xp) <3, for (t,x,p) € [0,1] x [-2,3] x [-1,3].
That is to say that all the conditions of Theorem 3.1 are satisfied, so the problem (4.1),

(4.2) has at least one solution x such that

—lgD%x(t)f , for0<t<l.

N

-2 <x(t) <

N W

Example 4.2 Consider the following problem:

D%x(t) :f(t,x(t),D"“lx(t)), O<t<l1, (4.3)

x(0) =0, x'(1) = -1, (4.4)

where « = %,A =0, B=—1,f(t,x,p) = t2sin(x? + £2) + p°.
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ChooseL1 = 2andL2 =-2, thenLl +B= 1,L2—B= —1,L2 < O:Ll +2B,L2 §B< 0 SLI

and
L,-B L
A+B+ =2 VA + ! ]:[—3,4];
a-—1 oa-1
L,-B L
|:A+ 22 A+B+ — ]:[—2,—3].
a-1 a-1

After a simple computation, we have

(1) f(t,x,p) =0, for (t,x,p) € [0,1] x [-3,4] x [1,2],

(2) ft,x,p) <0, for (t,x,p) € [0,1] x [-2,-3] x [-2,-1].
All the conditions of Corollary 3.2 are satisfied, so the problem (4.3), (4.4) has at least one
solution x such that

—2§D%x(t)§2, 3<x(t)<4, forO<t<I.
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