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Abstract

In this paper, we establish several new existence theorems for positive solutions of
systems of (2n,2m)-order of two p-Laplacian equations. The results are based on the
Krasnosel'skii fixed point theorem and mainly complement those of Djebali,
Moussaoui, and Precup.
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1 Introduction

Quasilinear elliptic systems have been used in a great variety of applications, and exis-
tence results and a priori estimates of positive solutions for quasilinear elliptic systems
have been broadly investigated. For instance, D’Ambrosio and Mitidieri [1] studied Liou-
ville theorems for a class of possibly singular quasilinear elliptic equations and inequalities
in the framework of Carnot groups, and their results are new even in the canonical Eu-
clidean setting. In [2] the authors proved a priori estimates for the solutions of elliptic
systems involving quasilinear operators in divergence form in an open set £2 C RN and,
as a consequence, obtained theorems on nonexistence of positive solutions in the case
£2 = RN, More related results can be found in [3-5]. Equations of the p-Laplacian form
occur in the study of non-Newtonian fluid theory and the turbulent flow of a gas in a
porous medium. To our best knowledge, there are many papers devoted to the study of
differential equations with p-Laplacian. We refer the readers to [6] (one-dimensional p-
Laplacian), [7-10] (fourth-order p-Laplacian), and [11] (2nd-order p-Laplacian). Most of
these results are based upon the quadrature method, topological degree, the fixed point
theorem on a cone, or the lower and upper solution method. Especially, Djebali et al.
[12] have shown some existence results for the fourth-order p-Laplacian nonlinear sys-

tem

[p(")])" = (u,v), te(0,1),
lpy(V))" = hy(u,v), te(0,1),
u®(0) =u®(1)=0, i=0,1,
v (0)=v@(1)=0, j=0,1.
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The first existence result is obtained via the classical Krasnosel'skii fixed point the-
orem of cone compression and expansion under the following notation and assump-
tions.

(H1) For i= 1,2, there exist nonnegative constants 4 and 4° defined as

B = tim i)

hi(u,
0 (u+v)p-! and  ;* = lim w)
u+v—0 (1 -

urv—>o0 (y + y)p-1 ’
The second existence result is obtained via the vector versions of the Krasnosel’skii fixed
point theorem [13] under the following notation and assumptions.

(H2) For A =0 or A = +00, there exist nonnegative constants H; and Hj defined as

A%
H} = lim 1(14,) uniformly with respect to v on compact subsets of R",
u—A -
hy(u,v
H} = ]irr; 2(11 - ) uniformly with respect to # on compact subsets of R*.
g |2

A comparison of the obtained results to those from the literature is provided.

In addition, there are some papers concerned with the existence and multiplicity of pos-
itive solutions of systems of (27, 2m)th-order equations under assumption (H1); see [14—
17]. The proof is based on the classical Krasnosel’skii fixed point theorem of cone com-
pression and expansion [14, 15, 17], fixed point index arguments and upper and lower
solutions method [16]. However, in [12, 14—17] the uniqueness of positive solutions is not
considered. Therefore, via the classical Krasnosel’skii fixed point theorem of cone com-
pression and expansion, the results we are going to present reveal how the behavior of the
functions f; (i = 1,2) at zero and infinity have a profound effect on the existence, unique-
ness, and multiplicity of a positive solution of the following system:

(~1)"[gp@@N> = fi(t,v), e (0,1),
(~1)" [, 2> = (1), e (0,1),
u@®@0)=u2)(1)=0, i=0,1,...,n—-1,
v (0)=v@(1)=0, j=0,1,...,m—-1,

(1.1)

where 11y + 1y = n, my + my = m, n,m € N, n,m > 2. Here @,(s) = s|s|P=2 (p > 1) refers to the
p-Laplacian, and f; : [0, 1] x Rt — R* are continuous (i = 1,2) with f,(¢,0) = 0.
Furthermore, in Sect. 4, we consider the existence of positive solutions of the system

(=1 [pp @) *™ = f(u,v), £€(0,1),
(=1 [, (2?2 = g(,v), e (0,1),
u®0)=u?(1)=0, i=0,1,...,n—-1,
v@0)=v@(1)=0, j=0,1,...,m—1,

(1.2)

under the following assumption:
(H3) there exist two pairs of nonnegative functions F;, F, and Gi, G such that

Fi(v) <f(u,v) < F(v) forallu € [0,+o0],
G1(u) <g(u,v) < Ga(u) forallve [0, +o0],
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or

(ITIS) there exist two pairs of nonnegative functions Fi, F, and Gi, G, such that

Fi(u) <f(u,v) < Fy(u), forallvel0,+o0],
G1(v) <g(u,v) < Gy(v), forallu € [0,+0o0].

At the end of Sect. 4, we also give examples where f(u, v) and g(u, v) satisfying assumption
(H3) do not satisfy assumptions (H1) and (H2).

2 Preliminaries
Let G,(t,s) be the Green function of the linear boundary value problem

(1)@ =0, tel0,1],
@)= (1)=0, 0<i<n-1.

By induction the Green function G,(t,s) can be expressed as (see[15])

1
Gilt,s) - / G(LE)GiA(E ) dE, 2<i<n,
0

where

t(l1-s), 0<t<s<l,
Gi(t,s) = G(¢,s) =
s(1-¢), 0<s<t<l.

Lemma 2.1 ([15]) The function G,(t,s) has the following properties:
(1) Gu(ts) >0, (t,s)€(0,1) x (0,1).
(2) Forany (t,s) € [0,1] x [0,1], G,(t,5) < girs(1 —s).
(3) Ifs € (0, %), then for any (t,s) € [8,1 - 8] x [0,1],

483 682+ 1\
Gn(t,s)zan<—6 *) S(1—s)

453 - 682 +1\"!
> 6" 15" <7> max G,(t,s).
6 0<t<1

Lemma 2.2 For any m,n € N* and h € C|[0, 1] with h(t) > 0, the solution of the boundary
value problem

(~1)" [ u®®” = h(p), te(0,1),
u®)(0)=u®)(1)=0, 0<i<n-1,

can be expressed by u(t) = fol G,,(t,s)goq(fo1 Gu(s, T)h() dv) ds, where @, stands for the in-
verse function ¢, = ¢, Y with conjugates p, q, that is, }, + alz = 1. Moreover, the solution satis-
fies the estimate

453 - 682 +1\"!
min u(f) > 6”18”(7) llzell,
te[8,1-6] 6

where ||u|| = maxe[o,q1 |u()|, the norm of C[0, 1].
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Proof For t € [5,1 - 8], we have

1 1
u(t) = / Gn(t,s)wq( / Gm(s,t)h(T)dr>ds
0 0

! 48° - 66% +1\" !
> max/ 6”‘%”(%) Gn(t,s)qu</ Gm(S,T)h(t)dT) ds
0 0

te(0,1]
1 1
> 6”_18”( max / G,(t, S)(/)q (/ Gu(s, 7-')h(":)('i""> ds
tef0,1] Jo 0

483 - 682 +1\""
= 6n_18n<f> ”M”. O

483 - 682+ 1\
6

Definition 2.3 Let K be a cone in a real Banach space X. With some positive u € K\{0},
A : K — K is called ug-sublinear if
(a) for any x > 0, there exist ; > 0 and 6, > 0 such that 614y < Ax < 6ru;
(b) for any 61up < x < 6,up and t € (0, 1), there exists 1 = n(x, £) > 0 such that
A(tx) > (1 + n)tAx.

Lemma 2.4 ([14], Theorem 2.2.2) An increasing and uy-sublinear operator A has at most
one positive fixed point.

Lemma 2.5 ([18]) Let E be a Banach space, and let K C E be a cone in E. Let §2, and $2, be
open subsets of E with 0 € §2, and R21C 2y, andletA:KN(2,\2,) — K bea completely
continuous operator such that either

(D) NAwu|l < llull, e KN32y, and ||Au|| > ||lull, u € K N 3$2y; or

(i) ||Au|l = |lull, u € KN 3§2y, and ||Au| < ||u|l, u € K N3IS2,.
Then A has a fixed point in K N (2, \ 21).

At the end of this section, for any «;, &;, i, ﬁi € R* (i = 1,2), we give some notations:

[ t» — . [ t;
¢° =liminf min M, @” = limsup maxM,
— c—>0* re[8,1-8] % >0+ te€[o1] ¢
. . filt,c) —oo . filt,c)
-] f —_— =1 —_—,
£i me te%l,llrlé] chi Vi lcnlsol.jp tren[(;a,)l(] chi
Fi(c — F(c
Ef:liminf i ), F;O = limsup 2 ),
=0+t ¢l c—>t00  CP1
Gi(d — Gy(d
GY = liminf 1 ), G, =limsup 2 ),
d—0+  d d—+00 s
Fi(c F(c
F2 —limint 29 P Ctimsup 29,
c—>+00 %1 «—0* ch1
Gi(d — Gy(d
G —timinf 2D G tim sup 29
d—+00 A% d—ot dP2

For any o, 8,0 € R* and m, n,/ € N*, let

1= 48% - 652 + 1\
r:f 11— 1) dt, 9,45):5”(%) ,
)
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1 1
6" 61a-1)’

Sm,m, 1) = 6,,(8)077(8)a ()™ @V 14,

o(n) =6"16,(5), L(m,n) =

3 Main results of Problem (1.1)
Define the mapping A : C[0,1] — C[0,1] by

Au)(8) = Ay 0 Ao () (2),

where

1 1
A1 (v)(8) = ‘/0 G, (t,5)¢, (/0 G, (5, T)f1 (7, (7)) dr) ds,

1 1
Ay (u)(2) :/o Gml(t,5)¢q</(; Gy (5, T)f2 (T, u(7)) dr) ds.

Let P = {u € C[0,1],u > 0}. The pair (u,v) € C[0,1] x C[0,1] is a positive solution of (1.1)
if and only if (u,v) belongs to P\ {0} x P\ {0} and satisfies u = A1v, v = Ayu. If u € P\ {0}
is a fixed point of A, then define v = Ayu. Then v € P\ {0}, so that («,v) € C[0,1] x C[0,1]
solves (1.1). So our main goal is to look for nonzero fixed points of A in the subcone

K= [u(t) eP: min u(t) = o(m)|ul ]

Since u(t) € K with u(t) > 0, this means that the corresponding solutions of (1.1) are non-
negative.

For any given r > 0, let

2, = {u € C[0,1] : |lu| < r},

082, = {u € C[0,1] : ||u| = r}.
Lemma3.1 Forany0 <r <R, theoperator A : KN (2x\ $2,) — K is completely continuous.

Proof For any u(t) € KN (2z \ £2,), by Lemma 2.2 we get

1 1
min  A(u)(t) :/0 Gnl(t,s)goq(/o an(s,r)l(r,Az(u)(t))dt) ds

te[8,1-8]
ni-1
gt (48— 6824 1\"
- 6
1 1
X max / Gnl(t,s)¢q</ Gy (5, T)f1 (7, A2 () (7)) dr) ds
0 0

te[0,1]

’

= a(m)||A@)@)

which implies that A : K N (27 \ £2,) — K.

Now, we verify that A is completely continuous.
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First, for the continuity of A, we only need to prove that ||A(u,) - A(u)|| > 0 if u, —> u
as n — 00. Let us consider

’ (u,) () —A(u ‘/ o (t58 (pq<f Gy (s, 7) l(r,Ag(u,,)(r)) dt) ds
1
_ / m(t,s)goq< / an(s,‘l:)fl(r,Az(u)(r))d‘r>ds
0 0
1 1
5/0 Gy, (t,5) qoq(/o Gy (5, T)f1 (7, Ao (1) (7)) df)

1
_ ¢q</0 Gy (s, r)fl(r,Az(u)(r)) d'l,’)

ds.

From the continuity of f; and f; it follows that ||A(x,) — A(u)|| — 0 as n — oo.
Second, we show that the operator A is uniformly bounded. For any u(t) € KN (2 \ £2,),
by Lemma 2.1(2) we have

1 1
yA(u)(t)|=‘ / Gnl(t,sm( [ an(s,r)ﬁ(r,Az(u)(f))dT)ds
0 0

| |
< ’/0 6nlls(1—s)<pq(/0 Wr(l—r)ﬁ(t,Aﬂu)(r))dr)ds.

Since fi and f; are continuous, it is clear that A(u)(¢) is uniformly bounded on K N
(ER \ 2 r)-

Finally, we show the equicontinuity of the operator A. From the expression of G(¢,s) we
easily obtain that

aG(t, 1) ’1—5, 0<t<s<l,
o

-, 0<s<t<l,

which implies that | == aG t 1) | isbounded. There exists a constant M > 0 such that | =2~ "G t 36(tr) | < M.

For any u(t) e KN (.QR \ £2,), 1,1 € [0,1], we have

[A()(82) - A(w)(t)]

1 1
= ‘/ Gn1 (t275)¢q<f an(S, 'C) 1(T,A2(u)(7;)) dT> ds
0 0
1 1
- / Gy (01,5)6 (/ Gy (5, 7)fi (T, A2 ()(7)) dr) ds
0 0
1 1 .
/ Gnl (t2’§)|:/ Gnl—l(g,s)Wq </ an(S,‘L')fl(‘L',AZ(u)(‘[)) d-[) ds] dg
0 0 A
1 1 )
_/ Gm (tlyg)[/ Gnl—l(%‘:s)(pq(/ an(S, T) l(T;Az(M)('L’)) d'() dS:| d%“
0 0 )
LaG(t, 1 1
/0 ;L; T) (£ — t1)[/0 Guy-1(€,8)9, (/0 G, (5, T)f1 (7, A2 () (7)) dr) ds] dé]‘
1F 1 L
< K/(; [/0 Gpy-1(&,5)9, (/0 Gy (5, )1 (T, A2 () (7)) dr) ds] delits - ta,
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which implies that A is equicontinuous. By the Arzela—Ascoli theorem we get that A :
KN(Q2r\ 2,)— Kis compact. Consequently, it follows that A : K N (2r\ £2,) = K is
completely continuous. O

Theorem 3.2 Assume that a;, B; >0 (i = 1,2) with
> (p-1), BB = (p-1)".

In addition, let the functions f; (i = 1,2) satisfy the following assumptions:
Pi<+oo,  PH=0,  YF>0, YT =-+o0.

Then (1.1) has at least one positive solution.

Proof On one hand, from the assumption @} < +0o we have that there exist ¢ > 0 and
7€ (0,1) such that

fit,v) < (E(l) + e)v‘“ for t € [0,1],v € [0,7].

Furthermore, from the assumption @g = 0 we have that there exist &; > 0and 7 € (0,7) such
that

falt,u) <eu* fortel0,1],u € [0,7],
where ¢ satisfies

-1 ~
511 L(my,my) <7,

1

2 1
5(;1(‘1 Y Lal(q_l)(m1,m2)L(l’l1,Vl2)(¢? + €)q <.

Set r = 7. Then for any u € K N 952,, we have
1 1
W(t) = Ay(u)(t) = / Gy (:5)0 ( f Gy (5, 7)o (7, 10) dr) ds
0 0

1 1 5
5671% om @q (& llml|*?)

-1 —
= el L(my, my)|lu| 24D < 1.

Furthermore, we have

1 1
AL = / Gnl(t,s)¢q< / an(s,r)fl(r,V)dr>ds
0 0

1 1 1 1
= / 6n1_13(1—s)<ﬂq( / —6,,2_1T(1—T)(¢(1)+8)v“1(r)dt> ds
0 0

1 1 1
< (@ +e)" 1671<pq<%>¢q(uvn“1)
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(5(1) + S)q_lL(nl, ) ||8;171L(W11, M3) ||u||a2(q_l) Hal(q_l)

IA

—1)2 _ - —1 12
8<{11(q )Loq(q 1)(m1,mz)L(n1,n2)(<p(l’+g)q ”u”awz(q 1)

—1)2
[l 192007 < 1),

A

that is, [|[A(x)(2)]| < ||| for u € K N 3S2,.
On the other hand, from the assumptions f?o >0 and ﬂ;’o = +00 it follows that there

exist C; >0 and R > 1 such that
filt,v) > (ﬂ;’c - 8)1/}31 fort€[0,1],v >R,
folt,u) > Ciu®? forte [0,1],# >R,

where C; satisfies

Clq_lS(ml,mz,Vll,ﬁz) >1,

—1)2 -1 _
Clﬂl(q ) (ETO _8)q S(nl: N, my, ﬂl)Sﬁl(q 1)(}’}’11, my, 1y, /32) Z 1.

_ 1 - _
Set R = max{g,Rf‘l(q*“ }. Then for any u € K N 882g, we have u(¢) > oR > 0§ =R for

te[8,1-4],and

1 1
v(t) = As(u)(t) = /0 Gml(tys)(pq(/(; sz(s,t)fz(t,u)dr) ds
1-6 1-5
> / Omy (8)s(1 = 5)q </ Oy (8)T(1 = T)C10P2 (1) || ue]| P2 dr) ds
§

-1 _
> CT'S(my, my, ny, B) | u| P21V

> ”u”ﬁz(q—l) = RA2e-1) >R

Furthermore, for t € [§,1 — §], we also get

1 1
A1(v)(t) =/0 Gnl(t,s)¢q</0 G,,Z(s,r)fl(r,v)dt> ds

1-5 s

- f O =)04 (/ O, ()T (L= T) (¥ = £)0 " (my) ] dr> ds
s s

= (K(IX) - g)q—ls(nl,nz,ml,ﬁl)”‘,”ﬁl(q—l)'

Then from the above inequalities, for ¢ € [§,1 — §], we have

— — _ -1
A)(£) = CTS(ny, my,my, Br) 19| CL S (my, my, 1y, Bo) || P2l6-D | P

—1)2 -1 — —1)2
= CPIV (Y — )" S(m1, m, i, B)SP ma, o, m, B) )

12
> [Jul| P27 > |y,

which yields that ||A(x)(¢)|| > ||| for u € K N 2.
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Therefore, by Lemma 2.5 the operator A has at least one fixed point in K N
(ER \ Qr) O

Theorem 3.3 Assume that a;, B; >0 (i = 1,2) with
iy < (p-1)% BB < (p—1)%

In addition, let the functions f; (i = 1,2) satisfy the following assumptions:
@050,  @l=+00, Yy <400, Y, =0.

Then (1.1) has at least one positive solution.

Proof On one hand, from the assumptions g‘f >0 and gg = +00 we have that there exist
C3 >0and 0 <7 < 1 such that

filt,v) = (@; - e)vo‘1 fort€[0,1,0<v <V,

folt,u) > Csu®? forte[0,1,0<u<r,
where C; satisfies

2 —
Cgl(q_l) (g? - S)q IS(nl’ ny, nl’al)Sal(q_l)(mli my, Ny, a2) Z 1.

Since f, is continuous and f5(t,0) = 0, there exists 7 € (0,7) such that
falt,u) < 1 forte0,1],u € [0,7].
Set r =7. For any u(t) € K N 352,, we have
1 1
v(t) = A (u)(2) = /0 G, (t,5)0y (‘/0 Gy (5, T)fo (T, 14) dr) ds
< L(my, my)gy(FP') <T.

Then, for ¢ € [§,1 — ], we obtain
1 1
AW(@) = f Gnl(t,s)(pq<f an(s,r)fl(r,v)dr> ds
0 0

1-§ 18
> /5 9711 (6)5(1 — S)QDq </6 an ((3)7:(1 — t)(f(l) _ 8)0’0“ (Wll)”l/”al dt) ds
= (ﬂ? - g)q‘IS(nl,nz, ml,al)”‘/”al(q—l)

and
1 1
v(t) = Ax(u)(t) = /o Gy (£, 8)@q (/0 Gy (8, T)fo (T, 14) dr) ds

1-$ 1-8
> / eml((S)s(l—s)goq( / emw)r(l—r>cso“2(n1)nuu“2dr) ds
P )

-1 _
> CIS(my, my, my, o) ||| *297Y,
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From these inequalities we have
[A@®| = A Olicisas = Nl > u]|  for u(t) € KN 982,

On the other hand, by the assumptions ¥, < +0c and ¥, = 0 there exist &, > 0 and
R > 0 such that

filt,v) < (WTO +es)v‘31 fort €[0,1],v> R,

falt,u) < eu forte[0,1],u>R,

2
where ¢, satisfies sfl(q D (W + &)1 L(ny, ny) P14V (my, my) < 1. Since f; is continuous,

let

N1:max{ﬁ(t,v):Oftfl,OfvfI_Q},

No =max{fs(t,u):0<t<1,0<u <R}
Then we have the estimates

filt,v) < (ETO + e;)v‘81 + N, folt,u) < e,uP? + N,
Via some computations we obtain the inequalities

Au)(t) = Ay o Ax(u)(?)

1 1
=/ Gnl(t,s)goq(/ G,,Z(s,r)fl(r,A2(u)(r))dr) ds
0 0

1 1 —1 X B1
< / 6n115(1—5)§0q</ 6m2-1 T(l—f)[(wl +8)(A2(L{)('[)) +N1]d‘[> ds
0 0
= L(m,m)((F7 + €) (A2(0)(@) " + N

and
1 1
Ax(u)(t) = /0 Gml(t,s)goq(/o Gm2(s,r)f2(t,u(r)) dr) ds

1 1
= / 6m11-1s<1—S>%< f ﬁfﬂ—ﬂ[w(r»ﬂum]dr) ds

= L(ml,mz)(pq(ezuﬂ2(r) + Nz).

It is clear that the term with the highest index is
_1)2 — -
gy @ +e) 'L (ny, o) LPYED (3, i) uPr B2 ¢y Prba(a-1)?
Thus there exists a sufficiently large R > 0 such that

[A@)®|| < llull,  u(t) € KNS

Page 10 of 24
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Therefore by Lemma 2.5 the operator A has at least one fixed point in K N
(2r\ £2,). O

Theorem 3.4 Assume that the functions f; (i = 1, 2) satisfy the following assumptions:

(i) fi(t, c) is nondecreasing on c uniformly for t € [0, 1];

(ii) there exist four positive constants ky < ka, Iy < Iy such that

kvt < fi(t,v) <kov*'  uniformly in t € [0,1],v € [0, +00);

Lhu*? <fo(t,u) < Lu®?  uniformlyint € [0,1],u € [0, +00).
(iii) there exist two positive constants oy, oty With ayory < (p — 1)? such that
filt,Ec) = £%ifi(t,c) forall & € (0,1).
Then (1.1) has a unique positive solution.

Proof First, we give the existence result. On one hand, for # € K and ; € [§,1 - 6], we have

1 1
Al(V)(tO) = / Gm (tO; S)<ﬂq (/ an (S, 7,')f1(1',v(1')) d-[> ds
0 0
1-6 1-8
= / enl (S)S(l - S)g[)q (/ 9,,,2(8)17(1 - ‘E)kalo'al (Wl1)||v||al d.[) ds
8 s
> S(m, nz,ml,al)k‘l"l(‘f’l) [v||er@D),

In the similar way, we also have

1 1
[v(0)] = As)(t0) = f Gm(to,s)wq( f Gm(s,r))/(r,u(r))dr)ds
0 0

> S(mq, my, nl,a2)l‘fz(q_1) ||M||012(q—1)'

Combining these inequalities, for u € K, we get

_ _1)2
|A@)@)|| = (11, 12, 711, 01)S%1 4D (my, g, iy, g )k D 192077 g ere(a1),

Since oy < (p — 1), there exists a sufficiently small r > 0 such that ||A(u)(£)|| > ||u|| for
ueKnNos,.
On the other hand, for u € K,

1 1
AL (v)(®) =/0 Gn1(t’s)¢q(A an(s,r)fl(r,v(r))dr) ds

= / 6n1—1s(1_s)¢q</ P T(l—T)Val(‘L')dT> ds
0 0

< i 0‘1(4’1)"1,”0(1(61—1)
= 6m1 gr2lg-1) 2 ’

Page 11 of 24
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In a similar way, we have

1 1
”v(t) || = HAg(u)(t)H :tren[aa}]/() Gml(t,s)goq</0 GmZ(s,r)fz(r,u(t)) dl') ds

1 1

(q-1) -1
= 6" GM2(g-1) 22 ||u||“2(‘1 .

Combining these inequalities, for u# € K, we get
2
JAG®)]| < Lims, m)L D Gy, g 50D g ereata-D?,

Since aja; < (p — 1)2, there exists a sufficiently large R > 0 such that [|A(u)(¢)|| < ||« for
ueKnNasg.

Therefore by Lemma 2.5 the operator A has at least one fixed point in K N (2 \ £2,).
Finally, we prove that A has at most one fixed point in P\ {0}. It is easy to see that A; and
Aj are increasing operators with respect to the partial order induced by K. Sois A = A1 A;.
By Lemma 2.4 we only need to verify that A is uy-sublinear for some positive u, € C[0, 1].
Take ug = t(1 —t). Set M = max,c[o1) F(¢), where

1 1
F(t) = /0 Gnl—l(t, S)‘Pq <‘/0 an (S)T)
1 1
f (r,/ Gy (T,V)04 </ Gy (v, M)fg(, U, u(pc)) du) dv) d‘L’) ds.
0 0

Then we have

Au)(t) = ,/01 G(t,8)F(s)ds < Mfol G(t,s)ds = A—;t(l —£).

Furthermore, we have

1

1 1
A(u)(t)z/ G(t,s)F(s)dsZ/ CG(t,t)G(s,s)F(s)ds:/ CG(s,8)F(s)dsG(t, ¢t).
0 0 0

So we can choose 0; = fol CG(s,s)F(s)ds and 6, = 1\_2/1

From the above discussion we know that A = A;A, satisfies (a) of Definition 2.3. The
proof is complete if A satisfies (b) of Definition 2.3. To this end, let 611y < u < 6huy, § €
(0,1). Then a direct calculation gives A;(§u) = E%Az(u), Aq(Ev) = “;‘I%Al(v)‘ Since & €
(0,1) and aay < (p — 1)%, we get A(Eu) = Al(f‘;‘l%Ag(u)) = ég‘(j’iﬁ’;zA(u) > (1 + n)éA(x) for
some 7 > 0. O

Theorem 3.5 Assume that a;, B; >0 (i = 1,2) with
i < (p-1) BBz > (p—1)%.

In addition, let the functions f; (i = 1, 2) satisfy the following assumptions::
(i) g‘f >0, gg = +00, Y3° >0, Y = +00;
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(ii) there exists R such that 6,,1 goq( o3 )goq(NI%) <R, where

NI% = max{fl(t, v):0<t<1,0<v< L(ml,mz)tpq(Nl%)},

NZ =max{fy(t,u):0<t < Lom)R<u sTQ}.
Then (1.1) has at least two positive solutions.

Proof For any u € K N 9525, we have

1 1
v(t) = Ay(u)(t) = /0 G, (8,99, (fo Gy (5, T)f2 (T, (7)) dr) ds

1 1
= /0 6m11—1 s(L-5)pq </(; 6m12 1T =) (7, u(r)) dT) dr)ds
= L(my, m2)§0q(Nk2‘)

Furthermore, we get

Au)(t) = Ay o Az (u)(t)

1 1
- / G, (8,99, (/ Gy (s, 7) l(r,Ag(u)(r)) dr> ds
0

1
</
0

= L(nl,n2)<pq(N) R,

s(l s)qoq< on 11:(1 r)NI%dr)ds

that is, ||A(u)(2)|| < ||u]| for u € K N 3£25.

Since ayap < (p — 1)%, 1o > (p - 1), 9(1) >0, gg = +00, ¥3° > 0, and ¥° = +o0, from
the proofs of Theorems 3.2 and 3.3 it follows that there exist » > 0 (sufficiently small) and
R > 0 (sufficiently large) such that ||A(u)(&)|| > |lu|, u € K N 982, and ||A(u)(@)|| > |u],
u € K N 92z. Therefore by Lemma 2.5 the operator A has at least two fixed points in
KN (2%\ 2,)and KN (2z\ 2%). O

Theorem 3.6 Assume that a;, B; >0 (i = 1,2) with
o= (p-17  fifr=@p-17%
In addition, let the functions f; (i = 1,2) satisfy the following assumptions:
N =0 ) A T
(i) ¢ <+00, 9, =0, <00, ¥, =0;

(ii) there exists R such that S(ny, na, my, 0)<pq(K§1) > R, where

Kﬁl :min{fl(t,v) 9<t<1-,
S(my, ma, m1,0)04(K3) < v < L(my, ma)eg(N3)},
NI% =max{fz(t,u):0 <t< l,o(n1)1~€§ u 5? ,

KZ=min{f,(t,u):8 <t <1-8,0(m)R<u<R}.

Then (1.1) has at least two positive solutions.
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Proof For any u € K N 9823, we have

1 1
W(t) = As(u)(t) = /0 Gml(t,s)wq( /0 Gm2(s,t)f2(r,u(r))dr)ds

1 1
5/(; 6m11—1s(1_s)¢q</0 ﬁf(l—f)ﬁ(f,u(f))d‘t)dt)ds

= L(my, m2)g0q(N1%).
Forte[8,1-4],
1 1
(0 = 4200 = [ G 65)py ( | Gmtsite dr) ds
0 0
1-3 1-8
> / Oy (8)s(1 — 5)gpy (/ Oy (8)T(1 - T)fo(T, 1) d‘L’) ds
s s
> S(mly my, ni, O)Fq(pq(1<%)
Thus, for ¢t € [8,1 — 8], we have the estimates
S(ml;mz:nlyo)‘Pq(I<§2) <v(t) < L(ml:WIZ)(pq(N]%)
and

Au)(t) = Ay 0 Ax(u)(t)

1 1
=/ Gnl(t,s)gaq(/ G,,z(s,r)ﬁ(r,Az(u)(r))dr> ds
0 0

1-$ 1-8
> / O, (8)s(1 — 8)epg (/ 0, (8)T(1 = T)fa(T,V) dt) ds
5 3

> S(nl,l’lz,mbo)‘/’q(l(ﬁl)’

that is, ||A(u)(2)| > ||ul|l for u € K N 9825.

Since ayay = (p— 1)2, 1fa < (p - 1)%, @ < +00, 39 = 0, ¥ <00, and ¥, =0, from the
proof of Theorem 3.2 and Theorem 3.3 it follows that there exist r > 0 (sufficiently small)
and R > 0 (sufficiently large) such that [|A(u)(#)|| < lull, u € KN 3$2,, and |A(u)(2)|| < |lu],
u € K N 982z. Therefore by Lemma 2.5 the operator A has at least two fixed points in
KN(R%\ 2,)and KN (2z\ 2%). O

Example 1 Assume that «, 8 > 0. Then for the problem

(~1)"[@p @@ =2 (1), te(0,1),
(=1 g, (Ve ™ — ub(e), e (0,1),
u®(0)=u®(1)=0, i=0,1,...,n-1,
v (0)=v@(1)=0, j=0,1,...,m—-1,

we have the following existence, uniqueness, and nonexistence results:
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(I) IfaB # (p — 1)2, then (3.1) has at least a positive solution.
(I) If aB < (p — 1)?, then (3.1) has a unique positive solution.
(Il) If @B = (p — 1)2, then (3.1) has no positive solutions.

Proof First, we give the proof of existence results.
(I), (II) On one hand, for u € K and £ € [§,1 — §], we have

1 1
A1(v)(to) =/0 Gnl(to,s)q)q('/o an(s,t)v“(r)dt> ds

1-5 1-8
> /5 enl(a>s(1—s)<pq(/a enz(a)r(l—r)a“(ml)nvn“dr)ds

> S(ny, ma,my,0) |v)*@7V.
In a similar way, we also have
1 1
0] = 4a000) = [ G tohs( [ Gonts) )01 s
0 0
> S(my, ma, my, B) ||| P40,

Combining these inequalities, for u € K, we get

|AG® | = S011,m2, 111, 0)S 4 Gy, o, m, B) s, (3.2)

On the other hand, for u € K,
1 1
Ai1(v)(t) = / Gy, (t,8)p, </ GnZ(S,T)Va(f)dT> ds
0 0

1 1 1 1
= / 6n1_13(1—s)¢q(/ —6,,2_1T(1—T)v"‘(t)dr>ds
0 0

1
<
— 6 6n2(g-1)

v,

In a similar way, we have

1 1
||v(t) || = ||A2(u)(t)|| :trenléa}]/o Gml(t,s)q)q</0 sz(s,r)uﬂ(f)m:) ds

1 1

_ B(g-1)
= G gmaD flull .

Combining these inequalities, for u € K, we get
[A@ @] = Lot mo)L 0 () ] (3:3)
We take into account the following two cases.

Case 1: If aB < (p — 1), then from Theorem 3.4 it follows that (3.1) has only a positive

solution.

Page 15 of 24
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Case 2: If af > (p — 1)2, then from (3.2) it follows that there exists R > 1 such that, for
any u € K N 382,

ap
|A@)@)| = S(n1, 1o, m1, @) ST 1y, 113, 1y, B) 1] -7 > ]

By (3.3) there exists 0 < r < 1 such that, for any u € K N 32,

_af
|A@@)|| < L(n1, m2) L% (my, mo) || @27 < |||

Therefore by Lemma 2.5 the operator A has at least one fixed point in K N (£2z \ £2,).

(III) We only need to show that A has no positive fixed point in K. On the contrary, if A
has a positive fixed point #* € K, then we have

[ = JA@) @]

(-1)
< i 1 i 1 ”u*”ﬁ(q—l) o
— 6m em2lg-1) | g gm2(q-1)

_aB
= L(m, mo) LD (my, o) | * || =17

’

of
< ] &0 = fJur

which yields a contradiction. g

Example 2 If p =3 and n; = ny = my = my = 1, then (1.1) is related to the fourth-order
system

[ps (" (D))" =fi(t,v), te(0,1),
[os(vV" ()" =fo(t,w),  te(0,1),
u(0) = u(1) = u"(0) = u"(1) = 0,
v(0) =v(1) =v'(0) =v"(1) =0,

(3.4)

where f;(t,v) = v* and f5(¢, u) = tu + tu®. Choosing a1 = 2,05 = 2, f1 =2, B, = ,and § = 1,

it is easy to verify that

1.2
0 .. . _fl(t) V) o s rid
> =liminf min —— =liminf == =1,
= v=0" e[l,3) 1 v—0* P2
1 3
. =liminf min = liminf 3 = +00,
=2 u—0* 13 2 u—0* 5
te[g,4] U u?
1.2
_ . hY) gV
¥ = liminf min "~ — liminf £— =1,
—1 v—00 te[%,%] vh1 v—oo P2
1 3
. . hw . guru’)
¥ = liminf min = hmlnf4—5 = 400,
— U—+00 te[%,%] ur?2 Uu—>+00 uz

which implies that (i) of Theorem 3.5 holds.
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Choosing R = 46,000, via some computations we can get

~

Né:max{ﬁ(t,u):Ogtfl,aﬁfufﬁ} :E+R3,

1 (1 1\’ ~ ~
1 2 3
Nﬁzmax{fl(t,v):0§t§ I’OSVSE‘/’%(€>¢%(Nﬁ)}:<E) (R+R),

1

1 AR
A2V 93 (Ng) = 3 (R+R°)> <R,

which yields that (ii) of Theorem 3.5 holds. Therefore (3.4) has at least two positive solu-
tions.

Example 3 If p=2,n =mj =1, and ny = my = 1, then (1.1) is related to the second-order
system

u®(t) =fi(t,v), te(0,1),
v(t) = fo(t,u), te(0,1),
u(0) = u(1) =u"(0) = u"(1) =0,
v(0) = v(1) =v"(0) =v"(1) = 0,

(3.5)

where f;(t,v) = (¢ + 25181'636)1/2 and

fZ(t! I/l) =

Choosing o1 =2, ap = %, B1=2, 8= i, and § = i, it is easy to verify that
58 26
o+ Alky) G+EE0w 3 25836
@, = limsup max = lim sup 5 =—+ =—
v—0* te[%,%] v y—0t v 4 11
. 6w )
@, = limsup max “—"— =limsup =—— =0,
u—0+t te[L,3] U u—0* Y2
58 26
—o . Ay G+En 3 25836
Y, =limsup max =limsup ———— =~ + ——,
v—oo te[l,3] VA V=00 v 4 11
3, 1
— . tiu . _(ug)
¥y =limsup max fZ(ﬂz ) =limsup +—— =0,
U—+00 te[%,%] u u—>+00  Yi

which implies that (i) of Theorem 3.6 holds.
Now, we will show that there exists a R such that (ii) of Theorem 3.5 holds. For conve-

nience, choose R < 1. Via some computations we can get

1 11\?
) o = ) qu -~ ’
4 96

Oy (8) = Oy (8) = %, 611(8) =6%.1(8) =

- el

K%:min{fz(t,u):Sftf 1—6,0’1§§u§’13
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= min{fz(t, u):

1 3 1~ ~ 1\
—min{td: - <t<Z,“R<u<R{=(=) R
4 4" 4 4
N%:max{fz(t,u):05t§l,aﬁfugﬁ}

=max{f2(t,u):05t§1,
_ 3. 1’\ Pl _73
= max tu.0§t§1,4R§u§R =R’
1 : . gq-1 q 2 1 1 2
K =min{fi(t,v):8 <t <1=8,0,,, ()67 () 0g(KZ) <v< —q, o 94(NZ)

=min{ f1(¢,v):

_ 258.36Y 3 1/11
=minq | £+ vii—<t<-—,—| —
116 4’42\ 96

258 .36

. 6 1 =
Choosing (;—k5¢)5 <R <1, we have
+
116

- 1 /11\%/1 2%.36\ 1 /11\%*.
0 ()01 ()14 (K) = 4_2(9_6) (71 ¥ T)E<%> R

1 2%8.30\ 11° ~
=(-+ R° >R,

I,

4 116 j258.360 —

which yields that (ii) of Theorem 3.6 holds. Therefore (3.5) has at least two positive solu-

tions.

4 Main results of Problem (1.2)
Theorem 4.1 Assume that (H3) or (ﬁB) holds. In addition, assume that the functions F;,

G; (i = 1,2) satisfy the following condition:
there exist a;, B; >0 (i = 1,2) with a; < (p — 1) and B; < (p — 1) such that
F=G'=+00 and F, =G, =0.

Then (1.2) has at least one positive solution.

Proof Let E denote the Banach space C[0,1] x C[0,1] with norm ||(x, v)|| = max{|u(¢)|1,
[v(£)|1}, where |u|; = maxe[o,1] |4(¢)|. Define the mapping A : E — E by

A(”) V)(t) = (Al(u) V)(t),Az(bt, V)(t))y

Page 18 of 24
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where
1 1
A= [ Gutsle, ( [ Gty o vto) dr) ds,
0 0
1 1
0= [ Gt5)e, ( | s vg(ute) o) dr) ds
0 0
Let P = {u € C[0,1],u > 0}, and let K be its subcone defined by
K= {u epP: 55151?_5 u(t) > a(n1)|u|1} X {V : 5;{151{1_81/(1&) > o(m1)|v|1}.
As in the proof of Lemma 3.1, it is clear that A : K — K is completely continuous.
On one hand, from the assumption I_-";o = @;o = 0 it follows that there exist £ > 0 and
R > 0 such that
F(v) < el forv>R and Gy(u) < cuf> foru>R,
where ¢ satisfies
PXat max{L(nl,nz),L(ml,mz)} <1

For given R, let

N; = max F(v), N; = max_ Gz (u).

0<v<R 0<u<R

Then we have
fu,v) <F@) < e + Ny, gu,v) < Gyu) < cu® + N, foru,v>0.

Furthermore, we have the the estimates
1 1
Ai(u,v)(t) = / Gnl(t,s)wq(/ Gy (s, t)f(u(r),v(t)) dr) ds
0 0

1 1
< /0 6”}‘15(1 - 8¢, (./0 6”1‘1 T(1- t)[svﬁl(r) +N1] dr) ds

= L(my,my) (el + N)T

and

1 1
Ax(u, v)(2) :/0 Gml(t,s)goq(/o GmZ(s,r)g(u(r),v(r))dr) ds

1 1 1 1
S/(; 6m1—1S(1_S)‘pq</(; Wf(l—f)[Euﬂz(f)+Nz]dT>ds

-1
= L(ml,mz)(e|u|'fz +N,)
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Therefore, combining them with the assumption 8; < p — 1, we get that there exists a
sufficiently large R > 0 such that, for any (&, v) € 92z N K,

|A@,v)| < max{L(rzl,ng)(zs|v|/f1 + Nl)qfl,L(ml,7712)(8|u|’f2 +N2)q71}
=

= max{L(nl, nz)(ERﬂl + Nl)q_l,L(mh my) (8R52 + Ng)q_l} R.

On the other hand, from the assumption F) = G¥ = +00 it follows that there exist M > 0
and r < 1 such that

Fw)=M forO<v<r and Gi(u)>Mu**> forO<u<r,
where M satisfies
MiaD min{S(nl,nz,mhm);s(”’ll;m2’”1’“2)} > 1.

Then for any (#,v) € 92, N K and £y € [§,1 — §], we have
1 1
Ara ) = / G (to,s)goq( / Gy 7Y (u(2), (D)) dr) ds
0 0
1-6 1-8
> / 0, (8)s(1 - 5)epq (f Oy (8)T(1 - T)Fy (V(‘L’)) dt) ds
s s

1-3 1-8
> / O, (8)s(1 = $)epq (/ Oy (8)T(1 = T)Mo* (1) V| dr) ds
5 s
a1(g-1)

_ -1
> MAVS(ny, ny, my, 07) V|74V > [y @D,

In a similar way, we also have

1 1
A o) = | Gml(to,s)go,,< / Gm(s,ﬂ)g(u(r),v(r)) dr)ds
0 0
= MO8y, mo,my, )y > Juf 070
Furthermore, we obtain

max A, (i, v)(to), A2 (1, v)(to) } > max{v|{ @™, u] 2@}

- max{ral(q—l),raz(q—l)} > 7.

Therefore, for any (u,v) € 382, N K, we have ||A(u, V)| > |[(u,v)]|.
Therefore by Lemma 2.5 the operator A has at least one fixed point in K N
(2r\ £2,). O

Theorem 4.2 Assume that (H3) or (ﬁS) holds. In addition, let the functions F;, G; (i = 1,2)
satisfy the following assumption:
there exist &i,,é,» >0 witha; > (p—1) and ,3,» > (p - 1) such that

F¥=GP=+400, Fj=Gy=0.

Then (1.2) has at least one positive solution.
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Proof On one hand, from the assumption ng = @(2) = 0 it follows that there exist ¢ > 0 and
r < 1 such that

F(v) < evPl for0 <v<r and Gy(u)< auﬁz forO<u<r,
where ¢ satisfies

1

7 max{L(n1,m2), L(my,my)} < 1

Then, for any (u,v) € 082, N K, we have
1 1
A - | Gnl(t,sm( [ Gnts (o) o) dr)

1 1 1 1
5/0 6n1-13<1-5>%<f0 gat-ole vﬁlm]dr)

= L(nl,;12)(43|V|'1§1)q_1

and

1 1
Az(u,V)(t)=/ Gml(t;s)(pq(/ sz(s,r)g(u(f),V(f))dT> ds
0 0

1 1 ~
5/0 6m1—1s(1_5)‘pq(/0 Wf(l—f)[€uﬁ2(r)]dt>d3

-1

= L(my, mo) (slulf?)”
Therefore, combining these inequalities with the assumption 8; > p — 1, we have

(g-1) |u|ﬂ2q 1)} <r.

”A(u v H < max{|v|

On the other hand, from the assumption F{° = G° = +o0 it follows that there exist M > 0
and R > r such that

Fi(v) > MV forv>R and Gi(u) > Mu®  foru>R,
where M satisfies

M@ min{S(n1, na, m1,61), S(my, ma, my, 62) } > 1.

SetR = max{ 5+ L5 7+ 1}. Let
D, = 0rfnuglR F (V(r)), D, = Or_<nu12R G (M('C)).

Then, for any (u,v) € 02 N K and ¢, € [§,1 — 8], we consider two cases.

Page 21 of 24
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Case i: If [|(#,v)|| = [v|; = R, then min,c(s_5 V(£) > o (m1)|v|; > R, and we have

1 1
A 0)t) = / G (to,s)goq( / Gy 7)f (u(2), (D)) dr) ds
0 0
1-3 1-8
> /5 0, (8)s(1 - 5)epq (fs Oy (8)T(1 - T)Fy (V(‘L’)) dt) ds

1-8 1-3 . -
> / O, (8)s(1 = $)pq (/ Oy (8)T(1 = T)Mo® (1) V| dr) ds
5 s

> M(q—l)S(nl’nz’ml,&l)wﬁfl(‘l*l) > |V|i~ll(51*1)
and
1 1
Ay, v)(to) = / Gy (to,S)wq(/ sz(s,r)>g(u(r),v(r)) dt)ds
0 0

1 1
2/0 Gml(t0:3)¢q</o sz(s,r)>G1(u(t)) dr)ds

1 1
Z/o Gm1(t0»5)‘/’q</o G,,,z(s,r)>D2 drt)ds.

Furthermore, we obtain

max {A; (u,v)(t), A2 (u, v)(to) }

- 1 1
> max{ |V|61¥1(q_1),/ Gy, (0, 8)94 (/ Gy (s, T))Dz dr) ds}
0 0

> Ivlfl(q_l) = RM@D > p

Case ii: If || (i, v) || = |ul1 = R, then min,c(5,1_s) () > o' (11)|u|; > R, and we have

1 1
A, )(t) = / Gmnl(to,sxaq( / an(s,t)>f(u(f),1/(r))dr)ds
0 0
1 1
2/0 Gnl(to»s)(/)q(/o an(s,r)>F1(V(r))dr)ds

1 1
. fo Gm(to,sm( /0 an(s,w)Dldr)ds

and
1 1
Ar(u,v)(to) = /0 Gy (t0,8) 4 (/0 Gy (55 r)g(u(t), v(r)) d‘L’) ds
1-5 1-5
> / Oy (8)s(1 — 5@y (/ Oy (8)T(1 - 1)Gy (Lt(‘L')) d‘L’) ds
s s

1-8 1-6 N -
> / Oy (8)s(1 — 5@y (/ Oy (8)T(1 = 7)Mo (11) |ul}? d‘[) ds
s s

= MOV SOmy, o, my @)l > Jul P,
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Furthermore, we obtain

max {A; (1, v)(t), A2 (u, v)(to) }

1 ) N
> max{/ G, (t0,8)g (/ Gy (s, t))D1 dr)ds, |M|<{tz(q—1) }
0 0

Z |u|§2(Q*1) :Rtiz(q—l) ZR'

So, for any (u,v) € 02z N K, we have ||A(u, v)|| > ||(%, V)]

Therefore by Lemma 2.5 the operator A has at least one fixed point in K N
(2r\ £2,). O

Example 4 Let «, 8 >0 and p = 4. Then, for the problem

(~1)"T@a(® )] ®" = (sin(u +v) + ¥(8), £ € (0,1),
(=1)"[a (@] ®™ = (¢ + arctan(u + 1)uf (£), te(0,1),
u®@0)=u?)(1)=0, i=0,1,...,n—-1,

v (0)=v@(1)=0, j=0,1,...,m—-1,

it is obvious that

Fi(v) =v*(t) <f(u,v) = (sin(u +V)+ l)v"‘(t) < F)(v) = 20°(¢),

T

Gy(u) = Zuﬁ(t) <g(u,v)= (e_" + arctan(u + 1))14‘3()5) < Gy(u) = (1 + E)u’s(t).

~ ~ 3 5 i _ 4ps3
We choose o) =@ =3, a2:a2=ﬁ%,ﬂ1=,31: 33 By =Py = ﬂTJf

Case L. If o, B < 3, then it is easy to verify that

3102 LW

FY = liminf =liminf — = +00,
v—>0* 1 v—0* V3

= E(v) g

00 . 2 .

F, =limsup o = limsup —— =0,
v—+00 V v—>+00 Y &
. G U

G‘f = liminf =liminf —— = +09,

- u—0* Y2 u—0* %

—00 .. Ga(u) . uf

G, =limsup =limsup —— = 0.

B2 L+3

u—+o0 U u—+00 1 ~5

So by Theorem 4.1 the problem has at least one positive solution.
Case I If o, B > 3, then it is easy to verify that

o

. 1\ ..
F{° =liminf —— = liminf — = +o0,
v—>+o00 P?l V—>+00
F(v v
I_Dg = lim sup 2{ ) . lim sup =0,

B 3a+3
y—0+ VPl v—>0t Y 4
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G WP
G7° =liminf —— = liminf —= = +00,
- u—>+00 Y2 U—>+00 uﬂ%
—0 . Gy(u) . uf
G, =limsup —— =limsup —z—= =0
u—0%* ur2 u—0* 175

So by Theorem 4.2 the problem has at least one positive solution.
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