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1 Introduction
In this article we study the unique solvability of the inverse problem of determining the
triple of functions {u(x, t), a(t), b(¢)} satisfying the equation

c(O)ur(x, 1) = U (%, 8) + a(Bu(x, t) + b(t)g(x, t) + f(x, 8), (1.1)

with the nonlocal initial condition
T
u(x,0) + Su(x, T) + / pOulx,t)dt = px) (0=<x<1), (1.2)
0
periodic boundary condition
u(0,t) = Bu(l,t) (0=<t=<T), (1.3)
nonlocal integral condition

1
f W, f)dx=0 (0<t<T), (L.4)
0
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and the overdetermination conditions
ulx,t)=ht) (i=1,20<t<T). (1.5)

Here Dy := {(x,t): 0 <x < 1,0 < ¢ < T} is a rectangular domain, T' >0, 8,8 > 0, x; € (0,1)
(i=1,2; %1 # x7) are fixed numbers, 0 < c(t), g(x,£), f(x,2), 0 < p(¢), p(x), hi(t) (i = 1,2) are
given functions, and u(x, £), a(t), b(t) are the desired functions.

Recently, in theory of partial differential equations, investigations devoted to the in-
verse coefficient problems and problems with discontinuous coefficients took an impor-
tant place. Inverse problems arise in situations, when the structure of the mathematical
model of the studying process is known and it is necessary to set the problems of deter-
mining the parameters of the mathematical model itself. Such problems include the prob-
lems of determining the various coefficients of the equations, external influence, boundary
conditions, initial conditions, and so on. Many important applied problems lead to inverse
problems.

The theory of inverse problems, by virtue of its theoretical and applied importance, is
one of the intensively developing sections of the contemporary theory of partial differen-
tial equations. It attracts the attention of many researchers, who are interested in both the
theory itself and its applications.

Fundamentals of the theory and practice of research of inverse problems were estab-
lished and developed in the works published by Tikhonov [1], Lavrentev [2], Isakov et
al. [3].

A more detailed bibliography and a classification of recent works connected with the
investigation of inverse problems for partial differential equations can be found in mono-
graphs and in articles [4—13].

Problems of the solvability of inverse problems for equations of parabolic type were con-
sidered in the papers by Ivanchov [14, 15], Kozhanov [16], Vasin [17], Pyatkov [18], Ka-
banikhin [19], Ismailov [20-23], and many others. Regarding recent results on the theory
of partial differential equation with discontinuous coefficients, we refer the reader to [24—
26]. But the statement of problems and the proof technique used in this study are different
from representations in these papers.

Nonlocal boundary-value problems are usually called problems in which, by together
specifying the values of the solution or its derivatives on a fixed part of the boundary, a
relationship is established between these values and the values of the same functions on
other internal or boundary manifolds. The theory of nonlocal boundary value problems
is important as a section of the general theory of boundary value problems for partial
differential equations, it is also important as a branch of the theory of inverse problems.

Definition 1.1 The triplet {u(x, £), a(t), b(¢)} is said to be a classical solution of problem
(1.1)—(1.5), if the functions u(x, t), a(t), and b(t) satisfy the following conditions:
1. The function u(x, t) and its derivatives u;(x, £), u,(x, t), t4,x(x, ), are continuous in the
domain Dr;
2. The functions a(t) and b(t) are continuous on the interval [0, T];
3. Eq. (1.1) and conditions (1.2)—(1.5) are satisfied in the classical (usual) sense.

Theorem 1.2 ([27]) Suppose that the following conditions are satisfied: § > 0, 0 < ¢(t) €
C[0,T], 0 < p(t) € C[0,T], f(x,£) € C(Dr), ¢(x) € C[0,1], folf(x, Hdx=00<t=<T),
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g(xy t) € C(DT)) fol g(x! t) dx=0 (0 <t< T): hl(t) € Cl [O; T]: (l = 1:2)) h(t) = hl (t)g(xZ) t) -
hy(t)g(x1,8) #0 (0 < t < T), and the compatibility conditions

1
f o(x)dx =0,
0
T
14(0) + Shi(T) + / POt = o) (i=1,2).
0

Then, the problem of finding a classical solution of (1.1)—(1.5) is equivalent to the problem
of determining functions u(x, t) € C*1(Dr), a(t) € C[0, T], and b(t) € C[0, T, satisfying Eq.
(1.1), conditions (1.2) and (1.3), and the conditions

c(OVh(t) = e (i, £) + a(t)hi(2) + b()g(xi, £) + f (i, £) (1.7)

fori=1,2,0<t<T.

Notice that, in the case of 8 = 1, the considered problem was investigated in [27]. In this
article we assume that 8 # 1. In particular, for § = 0, we have an Ionkin type boundary
condition [28].

2 The auxiliary spectral problem
Now, in order to investigate problem (1.1)—(1.3) and (1.6), we cite some known facts. Con-
sider the following spectral problem [28, 29]:

X'x)+2X(x)=0 (0<x<1), (2.1)

X0 =px(1), X0)=X'(Q1) (BF=L). (2.2)
Obviously, the boundary value problem (2.1)—(2.2) is not self-adjoint and the problem

Y'(x) +AY(x)=0 (0<x<1), (2.3)
Y(0)=Y(1), Y'(1)=pY(0) (24)
will be a conjugated problem.

We denote the system of eigen- and adjoint functions of problem (2.3)—(2.4) in the fol-
lowing [29] as:

Xo(x) =ax + b, s Xok_1(x) = (ax + b) cos A,

(2.5)
Xox(x) = sin A, e
Yolx) =2, e Yor_1(x) = 4cos Arx,

(2.6)

Yor(x) = 4(1 — b — ax) sin Aix, s

where

am=2kn (k=0,1,2,..), a=1-B)/(1+p)#£0,  b=pBI1+p). (2.7)
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It is straightforward to verify that the biorthogonality conditions
X, Y)) = /X x) dx = 5

are fulfilled.
Here, §; is Kronecker’s symbol.
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Theorem 2.1 ([30]) The system of functions (2.5) forms a Riesz basis in the space L,(0, 1),

and the estimates

[e¢]

v, 0 = D vE <RIV, 0

k=0

are true for any function (x) € Ly(0, 1), where

1
Vi = (¥ (%), Yi(x)) = /0 v(x)Yix)dx (k=0,1,...),

1 3,\* .3 1 B
r= {§<<a + §b> + Zb2> + 5(1 + [ (ax + b)ZHC[o,l])} ’
R=8(1+|(1-b- “x)zwcw,l])'

Under the assumptions

Y(x) e C¥0,1], v (x) e Ly(0,1),

v®0) = gY@ (1),  y®V0) =y=VA) (s=0,i-Li>1),

we establish the validity of the estimates:

1

(Z(Aiim“f) <22y ) 200

k=1

N

(Z(xi‘w)z) <2v2 [y @ @) (1 - b-ax) - 2aip @ V@) o

k=1

Further, under the assumptions

) e C¥0,1], PV (x) € L,(0,1),

v®0) = py® (1),  y®VO) =y> V(1) ((>15=0,),

we obtain

1
%) 2
(Zu’z’fﬂvnk_lf) <22,

k=1

1

k=1

(Z (A wa) ) <22y # V@)1 - b-ax) —aQi+ VY @] o)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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Now, denote by Bj ;- [30] the space consisting of functions of the form
o0
) =Y ur(OXe(x)
k=0

in domain D7, where the functions u(¢) (k = 0,1,2,...) are continuous on the interval
[0, T], and satisfy the condition

0 3 o 3
f<u>z||uo<t>||qo,n+(Zw||u2k_1<t>||q0,ﬂ>2) +(Z<xz||uzk<t>||cm>2) oo
k=1 k=1

whenever & > 0. The norm in the space B  is
ux,t)| g =J14).
s, =700

In particular, when « = 3, the function u(x, t), as an element of the space BgyT, has the
following properties:

u(x, t)’ th(x, t): uxx(x: t) € C(DT): uxxx(x: t) S C([O: T]: LZ(Or 1)),

u(0,£) = Bu(l, 1), ux(0, 1) = u(1,1), Ue(0,2) = Buyr(1,8) (0<t<T).

We denote by E7. the Banach space B3 ;- x C[0, T] x C[0, T] of vector functions z(x, t) =
{u(x, t),a(t), b(t)} with the norm

|2(x,2) ”Egj = [, t)”BgI + ”“(t)HC[O,T] + ”b(t)”C[O,T]'
It is known that B5 ;- and E7. are Banach spaces.

3 Existence and uniqueness of the solution of the inverse problem

Since system (2.5) forms a Riesz basis in L,(0, 1) and systems (2.5)—(2.6) form a system of
biorthogonal functionsin L,(0, 1), we'll seek the first component u(x, t) of classical solution
{u(x,t),a(t), b(t)} of problem (1.1)—(1.3), (1.6), and (1.7) in the form

o]

u(x,t) = Z ur () Xi (%), (3.1)
k=0
where
1
u () :/ ulx, t)Yi(x)dx (k=0,1,...). (3.2)
0

Moreover, Xi(x) and Yi(x) are defined by relations (2.5) and (2.6), respectively.
Then by applying the method of separation of variables, from (1.1) and (1.2) we have

c(O)uy(t) = Fo(t;u,a,b) (0<t<T), (3.3)

c(t)un_(£) + A,Z(MZ/(_I(I.‘) =Fya(tu,a,b) (k=1,2...;0<t<T), (3.4)
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c()uy (£) + Muok(8) = For (&1, @, b) = 2ahgun1(t) (k=1,2...;0<t<T),

T
1(0) + 51 (T) + / PO di =g (k=0,1,2,...),
0
where

rM=2km (k=1,2,...),
Fi(t;u,a,b) = fi(£) + b(£)ge(2) + a(®)ur(t), (k=0,1,2,...),

1 1
£ilo) - /0 FE0Y@dn gl - fo 20 dx,

1
Pk =/0 ow)Yix)dx (k=0,1,...).

Solving problem (3.3)—(3.6), we obtain

T T
uo(t) = (1+68)7! <<po - /0 pt)uy(t) dt - 8/0 %Fw(t; u,a,b) dt>

t
1
+/ —Fy(t;u,a,b)dt,
o (1)
2
ol %ds T
o (8) = —— <¢2k_1 - [ Pt
0

T M
1+8eJo a®

t —1 *ft i ds
+ / Fo1(t;u,a,b)e ' @ “ dr
o ()

2
*k
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(3.5)

(3.6)

T

sefo @y % T 1 g

- 6—2/‘ ——Fo1(t;u,a,b)e Je s s dr, (k=1,2,...), (3.8

1+Sef-f°T%ds o <(r)

Y

e‘fo ff)ds T

un(t) = T (‘ﬂzk —/ p()ugy(t) dt)
1+ Jo @y 0

t _1 _ft ids
+/ Folt;u,a,b)e”m @ % dr
o c(t)
867[0T :(_%)ds T 1 ¢ }»%
- 72_/ — Fy(tua,b)e " % dr + qi (¢, T),
Tk g5 Jo ()
1+8e 70 <

where

T
qr(t, T) =—Zﬂ?»k(<ﬂ2k-1—/ p(t)uzk—l(f)dt)
0

2
2
k. ds

22 .
se o a4 |:/t dt (Se_jOTW /T dt ]
_% ds LJO C(T) 1486 OT %ds 0 C(f)

X
A

T
1+8e o @

£ Tl M g
—Zakk[/o E(/o @ng_l(é;u,a,b)e f§ @y d‘L’) dé&

(3.9
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2
TRy, ,
se o @@ 1 Tl itk
- 3 / —(f ——Fy1(&5u,a,b)e Jwgdscls)dr]
~ T 2k gs Jo c(r)\Jo c(§)
1+68e 70 ®
T
5‘]0 C(S)ds T 1 7£is
+2“}‘k76 3 / EFM—I(E;%%Z’))G Je @@ gg
14+8¢ 0 a7 ‘
ik
| Se lo a @ T 1
o= [ ] et e
° 1+8¢fo @y

After substituting expressions uo(t), #ak-1(2), and u(£) (k = 1,2,...), respectively de-
scribed by (3.7), (3.8), and (3.9), into (3.1), we have

T T 1
_ -1 _ _ .
u(x, t)=(1+3) ((po /o P& u(t) dt 8/0 c(t)FlO(t’ u,a,b) dt)

|
+/ ——Fo(t;u,a,b)dt
0

c(t)
i o o5 T
Z{—(‘/’Zkl - / p(t)u2k1(t)dt)
1+38e I 0
t 1 ﬁ
+/ —sz-l(f;u,a,b)e’frt B gr
o c(t)

Jo @ T 1
—7/ ——Fo_1(t;u,a,b)e /’” *dt { Xox

T2 g6 Jo c(t)
1+8¢ o @

2

JO c(s] T
R 2{4” (m - /0 PO dt)

10y ge o a

L] %
/ ﬁFZk(T su,a,b)e J s gy

_ T)”_kd
de o a5 | ]
- 7/ ——Fy(t;u,a,b)e 't o) “ dr +qx(t, T)}sz(x) (3.11)
146 Jr k)ds o ¢(t)
e CS

Using (1.7) gives
a(t) = [h(t)]li(c(t)h/l(t) —f (1, 8))g (%2, £) — (c(O)Hy () — f (%2, 8)) g (%1, 2)
+ Z Mptiok—1 () (g (2, )Xok (1) — g1, )Xok (%2))

+ Zkkuzk (g2, )Xok (%1) — g1, )Xok (%)) ¢ (3.12)

Page 7 of 19
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b(t) = [A(&)] 3 (&) (et (8) — £ (52, 8)) — ha) (c(VHy () — f (01, )

+ Y dpunir (8) (7 (O Xouor (%2) — o (8) X (1))
k=1

+ 3 buni(8) (1 () Xk () = () Xou (1)) 1 (3.13)
k=1

where
h(t) = hi()g(x2, 1) — ha()g(x1,8) 70 (0<t<T).

We substitute relations (3.8) and (3.9) into (3.12) and (3.13), respectively, to obtain

a(t) = [h®)] " { (M () = f (1, 8))g (2, 1) = (VM (8) —f (%2, 1))@ (31, 0)

[ e fot 76 ds T
+ Z)‘i[iﬂzd (‘pzk—l —/(; P@)uy1 () dt)
S

k=1 1+8eJo S
t 1 ) ;i
+/ — Fyi(tima,b)e = % dr
o c(t)

T)‘%d

e o ad T

—67/ o )Fz]( 1(t;u,a,b)e” ff” dri|
0

T A
1+8¢ Do @

X (g(x2, 1) X1 (1) — g(x1, £) X1 (%2))

ft % ds T
+ Z Ak[ (azzk - / POUR(®) dt)
1+ (Se_jo Tls() ds 0

‘1 ftids
+/ ——Fy(t;u,a,b)e 7 <9 dt
o c(t)

Se_foTﬁds T 1 /t 2
- 7/ ( )sz(r su,a,b)e f & s dr +qx(t, T)]
c(t
1+8e7f0T c(ﬁ) ds <0

X (g(x2, 1) X1 (1) — g(%1, £) X1 (%2)) }, (3.14)

b(t) = [h(®)]" {hl(t)(C(t)hé(t) — f(23,8)) = ha(0) (c(E)H, (1) — f (%1, 0))

fo o(s) T
+ Z)‘k[ (fﬂzk 1 —/0 p(Ou1(t) dt)
ok

k=1 14 8e” i &

t 1 B ti <
/ ﬁsz 1(t;u,a,b)e e d % gy
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2

T *%

seho @ T g _ffids

-— ——Fo1(tsu,a,b)e 't " dt
A ds Y0 C(‘L’)

T
1+8e 0 @

X (11 (8) Xox-1(%2) — o (£) Xok—1 (%1))
oo —]é % ds T
£y [L (m - | pomate dt)
T2k g 0

t 1 ft )‘% d
+/ —Fylt;u,a,b)e” ' 9 * dr
o (1)
2
T *%
se o a

T 1 t )”% d
e / —Fu(mima,b)e " % dr + qilt, T)]
4 s Joe(T)

T
1480 @

x (1 () Xk (32) — ha(8) Xk (%2)) } (3.15)

Thus, the problem of finding the solutions (1.1)—(1.3), (1.6), and (1.7) reduces to finding
a solution of system (3.11), (3.14), and (3.15) with unknown functions u(x, t), a(¢), and b(¢),

respectively.

Lemma 3.1 If {u(x,t),a(t),b(t)} is a classical solution of problem (1.1)—(1.3), (1.6), and
(1.7), then the functions

1
o(t) = fo (e, 1) Yolx) dx,
1
Mzk_l(lf)Z/(; ulx, t)Yo_1()dx  (k=1,2,...),
1
() = / ue, )Y@ dx (k=1,2,..)
0

satisfy system (3.7), (3.8), and (3.9) on the interval [0, T].

Corollary 3.2 Suppose that system (3.11), (3.14) and (3.15) has a unique solution. Then the
problem (1.1)—(1.3), (1.6), and (1.7), cannot have more than one solution; in other words, if
problem (1.1)—(1.3), (1.6), and (1.7) has a solution, then it is unique.

Now, consider the operator
P (M7 a, b) = {@1(”, a, b); ¢2(I/£, a, b): @3(”, a, b)}

in the space E3.,, where

P10, b) = ix,0) = Y (DXe()
k=0

Dy (u,a,b) = a(t), D3(u,a,b) = b(2),
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and the functions iiy(t), fox_1(2), ok (t) (k = 1,2,...), a(t), and b(t) are equal to the right-
hand sides of (3.7), (3.8), (3.9), (3.14), and (3.15), respectively.
Assume that the data for problem (1.1)—(1.3) and (1.7) satisfy the following conditions:
(A) ¢(x) € C*[0,1], 9" (x) € L(0,1), ¢(0) = Bo(1), ¢'(0) = ¢'(1), 9" (0) = " (1)
(B #+£1);
(B) f(%,1) € C2)(Dr), fuxx(®, 1) € Ly(D1), (0, 1) = Bf (1, 1), £:(0, 1) = £(1, 2),

fux0,8) = Bfux(1,)  (B#£1),(0<t<T);
(C) glxt) € C2)(Dr), Guux(, 1) € Lo(Dr), g(0,2) = Bg(1,1), g(0,8) = gu(1, 1),
€x(0,) = Bgua(1,8)  (B#+1),(0<t < T);
(D) §>0,c(t) e C[0,T], c(t) >0(0<t<T),0<p(t) e C[0, T], hi(t) € C*[0, T]

(i = 1,2), h(t) = I (6)g (%2, £) — a(£)g (1, 2) #0.
From (3.10), it is easy to see that

(Zaz e ) ||C[0,T]>2)

k=1

<4+/3|al L (1+9) Z()Li”ka—l”C[O,T]y
c®) |l co,m pay

#1160 ] (D0l |
k=1

+6+/2|al 1l Je@| T(1+8)*| VT /Ti(mf (v)])* de :

() |l cro,my cor 0 41 K

+ T”“(t)HC[o,T] (Z()‘i””%—l(t) ||C[0,T])2>

k=1

T o 7
0l [ Do) ar) |
k=1

Hence, taking into account inequalities (2.9)—(2.12), we have

(Zui e ) ||C[0,T]>2)

k=1

1 "
<4+/3|al @ C[O,T](l +8){2«/5||<p @101
+ T||p(t) ”C[O,T] (Z(kinmk—l(t) ||C[0,T])2) :|
k=1
1 2
+6+/2)al O] o ” c(t) ” clo,1] T(1+96) [2 \ ZTMW("’ t) “LZ(DT)
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oo

a0l (Zai Jizcs (0 ucm,ﬂf)

k=1

+ 2V2T | b(0)] g | @, 2)

|Lon } (3.16)
Now from (3.7)-(3.9), respectively, we have

” o (£) “ C[0,T]

=1+ 5)71(“"0' + THP ”c[o 7] ””0 Hc[o T])

7[00

a0 o 100 oy VT10O ([ 0"t |, a7

(Dot ||C[o,ﬂ>2)é

k=1

+(L+8(1+8)7") O

1

5\/§|:<Z(kz”¢2k—1”C[0le)2) + T”p(t)HC[O,T] (Z()”/%”Wk—l(t) ||C[0,T])2) :|

k=1 k=1

Lo ([ Sotmona)

k=1

++/5(1+6))

o0

3
a0 (Z (3 fiaa 0] Cm]f)

k=

1
T o]

by, ﬂ( 5 xk||g2k1<r>||cm,n>2dr) } 619)

0 k=1

(Z(xiuazkmnm >2)

k=1

5\/g|:<2()“1§||¢2k||c[0,ﬂ)2> + THP(’:) HC[O,T] (Z(AzH”Zk(t) ||C[O,T])2) j|

k=1 k=1

cm][ (/ Z’\klfzk(f)| )

o]

Ta®] o (Z(xznmm ||CM>2)

k=1

IOl o [ Do ar) |
0 ka1

* ﬁ(Z(ki qu(t’ T)||C[O,T])2> . (3.19)

k=1
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Taking into consideration (3.16), from (3.17)—(3.19), by virtue of (2.9)—(2.12), we have
the following estimates:

@) cory = A1(T) + Bu(T) |a@)] clo,7] a(, £) ”331
+ QD@0 53 +Do(D| 6O oy (3.20)

(Z@inm_m||cm>2> =420+ B Da®l ol 0,

k=

—

+ Cy(T) Hu(x, t) ||Bg ot Dy(T) ”b(t) ” clo,1y (3:21)

(Z<Aina2k<t>||cm,ﬂ>2) =4I+ Bo(Dja® o s Oy,

k=1

+ C5(T) | ulx, £) ”Bg T D3(T)|b(0) ”C[O,T]’ (322)
where

AT) =20+ 87 @), 1) + 2VT(1+5(1+8)7) c(t)

@0l m,

C[0,T]

Bi(T)=(1+8(1+8)™")T

’

C[0,T1]

c(t)

CUT) = (1+8)"' T p(t) ”C[O,T]’

Di(T)=(1+8(1+8)7") @

o ﬁ” b@)|| Clo.T] lgtx.2) ”Lz(DT)’

Ay(T) = 23/10] 0" ()], ., + 2VIOT(1 + ) H % (N1 P

C[0,T]

’

C[0,T]

Bo(T) = V6T(1+39)) H %

Cy(T) = “/ET”P(t)HC[o,T]’

Dy(T) = 4v/3T(1 + §) Tlt) o lgeas e ]|, 5,
A3(T) =433 0" ()1 - b - ax) - 3a¢" @),
+4/3T(1 +5) % g V00 =603 =300
+124/2]al(1 +9) Tlt) o le" @1 1,0
125l im} @ o TYT + 87 [feas 8
Bg(T):\/ET(1+8)HT1t) C[O,T]+6ﬁ|a| % Z[O‘T]\/ le®] o, T° A +8)7,

Page 12 of 19
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C3(T) = V3T p(®)] 0.1y [fz +4a )

(1+8)],

C[0,T]

D5(T) = 65/2T(1 + 8)

|L2(DT)

1
H - (”gxxx(x) )(1-b-ax)- 3ﬂgxx(x, £)
<(® |l cro,ry

o ATl T Dl Dl )

We conclude from (3.20)—(3.22) that

1
*'“'H@

|| u(x, t)

|33, <A + BuT) |a@®) o,y [, 0) | 5 ;)

+ Cy(T) |l ) (3.23)

3+ Du(T)[b0)]

|B clo,7)’

where

Ay(T) = A((T) + Ax(T) + A3(T), B4(T) = Bi(T) + Bo(T) + B3(T),

Co(T) = Co(T) + Co(T) + C5(T), Da(T) = Dy(T) + Do(T) + Ds(T).
Now from (3.14) and (3.15) we have
1@ o
< 10O] | oy { | (et (2) = £ (w1, ) g0, £) = (Y () = f (22, £) @21, D) | o7

(ZA ) 1 [(:il Ak||<p2k_1||cm,n)2)%

1

+ T||p(t) ”C[O,T] (Z()‘inmkl(t) ”C[O,T])Z>
k=1
1 2 %
1+8)||— (3| for- d
+(1+ )Hc(t) CM}[ (/0 kXIj 2 fora(0))) f)
+ 1a0] g 20
k=1

T oo 3
0l ([ sl |
k=1

1
e8] 2 [e8) 2
+ (Z()‘l% lleal C[O,T1)2> +T ”P(t) ” clo,1] (Z ()‘2 H usi(t) ” C[O,T])2)

k=1 k=1

CM[ (/OZAk[fgkt)] )

k=1

oo

+ T”“(t)”c[o,n (Z(Ai “ ”2k(t)”c[o,n)2)

k=1
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T % 3
Ol gon ([ S 00esco ) |
0 o1

. (Zmnm T>||C[m>2) ]

k=1

X ” |g(x2: t) + |g(~x1: t) ” C[0,T] IIax + b”C[O,l] }: (3'24)
186 0.

< | [ne)]™ | o { |11 (8) (@) (2) = f (22, £)) = () (D (&) = f (@1, 8)) [ i1
b A
(Z Ak ) <Z Mleai1licror) )
k=1
t) ” clo,7] (Z )‘k ” u2k71(t) ” C[O,T])2>

k=1
+(1+96) |: (/ Z Kﬂfzkl(f)nzdl’)z
C(t) Clo,T] 0 =1
a0 g 20
k=1

" 3
+T”b(t)HC[0,T]<L Z()‘i|g2k—l(f)|)2df) i|
k=1

+ (Z()‘I%HQ"%HC[O,T])Z) + T”p(t) ”C[O,T] (Z()‘iH”2/<(t)||c[o,r])2)
k=1 k=1
A
e [ St 0r)
+ T”“(t)”c[o,n (Z(Ai “ ”2k(t)”c[o,n)2)
k=1

T oo 3
1160l (| Stlescoly ) |
k=1

1

+ (Z(Aiﬂw(f’ T) ||C[0,T])2> ” |h1(t)i + |h2(t)| ”c[o,T]”“x +blico - (3:25)

k=1
Using (3.16), by virtue of (2.9)—(2.12), from the relations (3.24) and (3.25), we obtain
H a(t) ” cor = As(T) + Bs(T) ” a(t) ” clo,1] ” u(x, t) HB; r

+ C5(T) Hu(x, t)

|B§ . Ds(T)|[b(2)] clo,Ty (3.26)
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I b(®) I cor) < As(T) + Bs(T) |la@®)] cro, 7] (e, ) HB% .

+ Cg(T) || u(x, t)

| 5, De(T) |6 ¢(0,7 (3.27)

where

As(T) = | [0 o { [ @ (e () = f 2, 1) = a(e) (@, () = £ (51, 0) | o1y

+ (Z Akz) [M [(1 raBlal| | s 8)) le" @l 1,00
pa ® llco,m ’
+ Hgo”’(x)(l —-b—ax)- 3a<p”(x)HL © 1):| +24/2T(1 +8) =N
2 (@) ll cro,m

x [(1 +6+/2]al

ECT 5>) Voss 0]

+ foxx(x, t)(1 - b — ax) — 3af,(x,t) ||L2(DT)]]

1
c(t)

C[0,T]

X ” |g(x2: t) + |g(x1’ t)| ” clo,7] ||ﬂx + b”C[O,l] },
1
1 > : 1
B(T) = 2T [[AO] | oy 2347 ) 1+ D)
B ey c®) |l ciom

1

c(t)
+ |g(x1,2)

X (1 +3v/2)al

|0l on T +9)

C[0,T]

X || |g(x2; t) || clo,7] ||ax + b”C[O,l],

1
[ee]

CS(T) = 27 [O] o (Z kﬁ) (G pere <1 +2V/3(1+9) H Tlt)

k=1

C[O,T])

Hc[o,T] llax + bllcro.1)
00 3
1007 o (557)
k=1
“C(t) || C[O'T] T(l + 8)) ||gxxx(x, t)

+ ||gxxx(xr t)(1-b—ax) - 3agxx(x> t) “LZ(DT)]

x || |g@2, £)] + |g(x1,£)

1

Ds(T) = 23/2T(1 +6) @

clo,1]

x [(1 +6+/2]al

1
c(®) llcrom |L2(DT)

x || |gCra )| + |g(x1, )

Ae(T) = | [h(t)]_l I clo,7]

” Clo,7] llax + bllclo,1)s

| clo,T]

x { | (R, 1) — F o1, D) g, £) = (O (E) — (2, ) g1, )

1

+ (i A;2> : [2&[(1 +4+/3)al

k=1

1
0)

14816001
C[0,T]
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1
()

VIOl oy 70+ o

+ e, O)(1 = b — ax) — Bafon(, 2) IILQ(DﬂH

+ ||<p’”(x)(1 —b—ax) - 3ag" (x) ||L2(0'1):| +24/2T(1 +6)

C[0,T]

|L2(DT)

x [(1 +6+/2)al

1
<(® |l cro,ry

o (0] a0 gl Bl }

- > : 1
Be(T) =2T | [1(1)] 1||C[0]T] (ZA,?) (1+96) @ o
k=1 g
x (1 +3+/2|al % le®| ¢jo.r, 71 +5))
C[0,T)

x ||| ()] + |2 (2)] ||C[0,T]|Iax+ blicio,

C[O,T])

c(t)

o) =210 g (3255 10l (1205049
k=1

X ” ‘hl (t)’ + ’hZ(t)‘ ”C[O,T] ”ﬂx + b”C[O,l]:

o 3
10T o (Z A;Z)

k=1
NECT (R [P

L0~ 3t O |

De(T) = 24/2T(1 +5)H%

C[0,T]

1

x [(1 +6+/2|al @

o] Ly(Dr)

< @]+ (@) g gl + Bllcions
From inequalities (3.23), (3.26), and (3.27), we deduce that

|| i(x, t)

|B§,T + ”é(t)”qo,n + ”E(t)“C[O,T]

< A(T) +B(T)|a(®) | ¢yo 1 | (e, 2)

| o3
Byr

+ C(T)||u(x, t)

|B§,T +D(T) ”b(t) ” clo,Ty (3.28)

where

A(T) = Ay(T) + A5(T) + As(T), B(T) = B4(T) + Bs5(T) + Bs(T),

C(T) = Cy(T) + C5(T) + Co(T), D(T) = Dy(T) + Ds(T) + D(T).
Theorem 3.3 If conditions (A)—(D) and the condition

(B(T)(A(T) +2) + C(T) + D(T))(A(T) +2) < 1 (3.29)

Page 16 of 19
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hold, then problem (1.1)-(1.3), (1.6), and (1.7) has a unique solution in the ball K =
Ke(llzllps. <R < A(T) +2) of the space E}.

Remark 3.4 Inequality (3.29) is satisfied for sufficiently small values of T

Proof In the space E3., we consider the equation
z= Pz, (3.30)

where z = {u,a, b}, and the components @;(u,a,b) (i = 1,2,3) of operator @ (u,a,b) are
defined by the right-hand side of Egs. (3.11), (3.14), and (3.15).

Consider the operator @(u,a, b) in the ball K = Ky of the space E‘;{. Similarly, with the
aid of (3.28), we obtain that for any z;, 25, z3 € Kz the following inequalities hold:

|®zll3

< A(T) + B alo)| o |8 5.+ CCD )5+ DAD]6(O)] 101

<A(T) +B(T)(A(T) + 2)2 + C(T)(A(T) +2) + D(T)(A(T) +2) <A(T) +2, (3.31)
1921 = P2l < BDR([ a1 () = ax(@) cpo gy + 11068 = 1:,8) 55 )

+C(T) H u1 (%, t) — us(x, £) HB%T +D(T) ||b1(t) —by(t) || o)’ (3.32)

Then by (3.29), from (3.31) and (3.32) it is clear that operator @ on the set K = Ky satisfies
the conditions of the contraction mapping principle. Therefore, operator @ has a unique
fixed point z = {u, a, b}, in the ball K = Kz, which is a solution of Eq. (3.30), i.e., in the ball
K = Ky it is the unique solution of the system (3.11), (3.14), and (3.15). Then the function
u(x, t), as an element of space B%T, is continuous and has continuous derivatives u,(x, t)
and u,,(x,¢) in Dr.

Next, from (3.4) and (3.5), it follows that () (k = 1,2,...) are continuous on [0, T], and

consequently we have

(Z(M (ol C[O,T])Z)

k=1

1

c(t)

ﬁ[(zuiuuzk-um Hcm,ﬂf)
C[0,T]

k=1

+ 22|, 0) + alt)usa(,2) + ()& )| o HLZ«),D}

< +00,
(Z(Ak”u’%(t)”qo‘ﬂ)j
k=1
1 < , 3
~ @ c[o,r]ﬁ[(;(%‘Huzk(t)”C[Oﬂ))
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+ 2«/5” || (fulx, ©) + a(Ouy(x, 1) + b()ge(x, 1)) (1 — b — ax)

+ a(f(x, ) +a(t)ulx,t) + b(t)g(x, t)) H o] ||L2(0,1)

+2a (Z()‘l% ” uzk-1(t) H Clo,T] )2)

k=1

1
2

< +00.

Hence we conclude that the function u;(¢,x) is continuous in domain Dr.

Further, it is possible to verify that Eq. (1.1) and conditions (1.2), (1.3), (1.6), and (1.7)
are satisfied in the usual sense. Consequently, {u(x, £), a(t), b(¢)} is a solution of (1.1)—(1.3),
(1.6),and (1.7), and by Corollary 3.2 it is unique in the ball K = K. The proofis complete. (]

From Theorems 1.2 and 3.3, the following assertion follows directly.

Theorem 3.5 Suppose that all assumptions of Theorem 3.3 and the compatibility condi-
tions

1
f o(x)dx =0,
0

T
14(0) + Shi(T) + /0 PO dt = g(x) (i=1,2)

hold. If

1 1
/f(x,t)dx:O, / gx,t)dx=0 (0<t<T),
0 0

the, problem (1.1)—(1.5) has a unique classical solution in the ball K = K.
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