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Abstract

In this work, the three-dimensional model for the compressible micropolar fluid flow
is considered, whereby it is assumed that the fluid is viscous, perfect, and heat
conducting. The flow between two coaxial thermoinsulated cylinders, which leads to
a cylindrically symmetric model with homogeneous boundary data for velocity,
microrotation, and heat flux, is analyzed.

The corresponding PDE system is formulated in the Lagrangian setting, and it is
proven that this system has a generalized solution locally in time.
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1 Introduction

In this paper, we analyze the compressible flow of an isotropic, viscous, and heat-
conducting micropolar fluid, whereby we consider the flow between two coaxial ther-
moinsulated solid cylinders. We also assume that the fluid is perfect and polytropic in the
thermodynamical sense.

The micropolar fluid is a type of fluid which exhibits microrotational effects, as well as
microrotational inertia, and it can be perceived as a collection of rigid particles suspended
in a viscous medium, which can rotate about the centroid of the volume element. Conse-
quently, it belongs to the class of viscous fluids with a non-symmetric stress tensor, hence
the law of conservation of angular momentum must be taken into account. Therefore,
in addition to the standard hydrodynamic and thermodynamic variables (mass density,
velocity, and temperature), the microrotation vector is introduced to describe the micro
phenomena. The micropolar fluid was introduced by Eringen (see [1]) as an extension of
the Navier—Stokes model, capable of treating phenomena at the microlevel (see [2]).

As today’s science is increasingly engaged with micro and nanotechnology, the need has
emerged for models that can handle the impact of the scale. That is why the micropolar
continuum has begun to be intensively studied in the last few years. Let us note that the
micropolar fluid model has been applied as the model for blood flow (see [3]), water-based
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nanofluids (see [4]), mimicking physical phenomena of bacteria (see [5]), the behavior of
the epididymal material (see [6]), describing lubricants with additives, the motion of the
synovial fluid in the joints (see [7]), etc. Recently, the micropolar fluid model has been
used to effectively treat some heating problems as well (see [8] and [9]).

The aforementioned model was first analyzed in the one-dimensional case by N. Mu-
jakovi¢ in [10] and for the first time in [11] in the three-dimensional case with the assump-
tions of spherical symmetry of the solution by I. Drazi¢ and N. Mujakovi¢. For the recent
progress in the mathematical analysis of these two models, we refer to [12] and [13], and
for general theory to [14].

In this paper, assuming that initial functions are cylindrically symmetric and smooth
enough, we prove the local existence of the generalized cylindrically symmetric solution
to the governing system with homogeneous boundary conditions for velocity, microrota-
tion, and heat flux. In the proof, we follow the ideas from [10] and [11], whereby we apply
the Faedo—Galerkin method together with some ideas from [15], where this method was
applied for the classical fluid model in the one-dimensional case. Let us mention that the
utilization of the Faedo—Galerkin method does not require additional restrictions to initial
data, unlike in other approaches. Let us also note that the obtained model is the general-
ization of the model for the classical fluid considered by Qin in [16] and [17].

The paper is organized as follows. In the next section we state the problem, define the
generalized solution to our problem, and present the main result. In the third section, in
line with the Faedo—Galerkin method, we introduce the approximate problem and form
a series of approximate solutions. In the forth section, we derive some a priori estimates
for the obtained approximate solutions, which are the base for the final proof of our main

result (the local existence theorem), which is presented in the last section of this paper.

2 Statement of the problem and the main result

The governing initial boundary value problem is derived in [18] and reads as follows:

% + pz(,f—x(rv ) =0, W
=R o0 G2 (o)) v o
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00 8 [, 9 3 9
y— =k—|r*p— A+2u)—(r/) =RO | —(rV
“at ax<rpax>+p[( +205 () ]ax(rv)

) 2 3 2
+(n+ Mr)p(a (rV“’)> +(ca+ ca)p(a(rw“’))

3 2 317\
+(co+ ZCd)p(a(rw’)) +(u+ /Lr)pr2<8—x>

N 2
rearaor () ~2en (@) + (o))

9 7\2 ©)2 z\2
2 (/) + (v#)7) + s (wp) + 4y (wp) v, )
+4p,rof 88—1;: - 4,ura)2% (r?), (8)
p(x,0) = po(x), V'(x, 0) = vp(x), v (x,0) = v (x), V¥(x,0) = vj(x), )

' (x,0) = wy(x), ?(x,0) = wf (x), ®*(x,0) = wi(x), 0(x,0) = 6p(x), (10)

V'(0,8) =V'(L,t) =0, v (0,8) =v¥(L,t) =0, VZ(0,t) =VvA(L,t) = 0, (11)
@'(0,t) =" (L,t) =0, w?(0,t) = w?(L,t) =0, @*(0,t) = w*(L,t) =0, (12)
20 20

5. 00)= - (L,1)=0 (13)

defined on the domain Q7 =10, L[ x ]0, T[, where

b
L:/ spo(s) ds. (14)

Variables in this system are mass density p, velocity v, microrotation w, and temperature
0, and they are defined by

p(x,t) = p(r, 1), 0(x,t) = 0(r, 1), (15)
v(x,t) =V (r,t)e; + v/ (r,t)ey +V7(r, t)es, (16)
o(x,t) =0 (r,t)e; + w?(r,t)es + w°(r, t)es, 17)
where
1 1
e = ;(xl)x2)0)1 € = ;(_xZ;xl; O)r €3 = (01 O, 1), (18)
x€ 2 ={(x,x,43) eR’a<r<bxseR}, a>0,r=,/x}+x3. (19)

Here, the positive constant j; is microinertia density, A and p are the coefficients of
viscosity, iy, ¢o, ¢4, and ¢, are the coefficients of microviscosity, k (k > 0) is the heat con-
duction coefficient, the positive constant R is the specific gas constant, and the positive
constant ¢, is the specific heat for a constant volume. Coefficients of viscosity and micro-
viscosity have the following properties:

u=>0, 3A+2u >0, =0, (20)
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cqg >0, 3co +2¢4 >0, lca — cal < cq+cq. (21)

Let us note that equations (1)—(8) are local forms of conservation laws and, with bound-
ary conditions (11)—(13), we describe the acting of the solid thermo-insulated walls.

This problem is written in the Lagrangian description, which is much simpler in com-
parison to the Eulerian description. Moreover, using the Lagrangian coordinates, we elim-
inate the hyperbolic part of the system, and the density equation becomes explicitly solv-
able once the velocity has been determined. At the same time, other equations remain
parabolic. Because of this coordinate transform, described in [18], we have the property

ar 1
a(x’ 0= ol rix, 1) (22)
where
r(x, t) = ro(x) + /tv’(x,t)dr, (x,t) € Qr, (23)
0
ro(x) = (a2 +2 /ox pol(y) dy) E, (24)

and a > 0 is the radius of the smaller boundary cylinder.

The main purpose of this work is to prove that problem (1)—(13) has a generalized (weak)
solution in the domain Qr, =]0, L[ x]0, Ty[ for sufficiently small time Tj > 0.

Let us first introduce the vectors

V="V, W=(o,0%) (25)
and the definition of a generalized solution.

Definition 1 A generalized solution of problem (1)—(13) in the domain Qr is the function

@, 0) > (0, V,W,0)(x,8), (%) € Qr, (26)
where

p € L°(0, T;H' (10, L[)) N H'(Q7), iélep >0, (27)

V,W e (L2(0, T;H! (10, L[))) N (H'(Q1)® N (L2(0, T; H2(J0, L[)))°, (28)

6 € L>(0, T;H' (10, L[)) N H'(Q7) N L*(0, T; H?(10, L[)), (29)

that satisfies equations (1)—(8) a.e. in Q7 and conditions (9)—(13) in the sense of traces.

It is important to note that function (26) has the properties of a strong solution. Because
of the embedding and interpolation theorems (e.g., in [19] and [20]), we also have:

p € L>(0,T;C([0,L])) N C([0, T1,L*(]0, L)), (30)

V,W e (L2(0, ;C([0,L1)))’ n (C(l0, T}; H' (10, ZI)))°, (31)
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6 € L*(0, T;C'([0,L])) N C([0, T H' (10, L)), (32)
V,W e (C(@Qyp)°, (33)
0 € C(Qy). (34)

The aim of this paper is to prove the following theorem.

Theorem 1 Let the functions

po,60 € H'(10,L[),  vh, v§, VG, 0, wh» 0§ € Hy (10, L[) (35)
satisfy the conditions

po(x) > m, Oolx) >m forxel0,L[, (36)

where m € R*. Then there exists Ty, 0 < To < T, such that problem (1)-(13) has a general-
ized solution in Qy = Qr,, having the property

6>0 inQ,. (37)
For the function r, we have

r € L™(0, To; H*(10,L[)) N H*(Qo) N C(Qy)s (38)

g <r<2M inQ, (39)

Remark 1 Because of the embedding H!(]0,L[) € C([0,L]), we can conclude that there
exists M € R* such that

po(®), [Vo@)|, [V @), [vE@) |, |wh )|, |0f )|, |0 x) |, o (x) < M, (40)
forx € [0,L].
The function ry, introduced by (24), belongs to the space H2(]0, L[) ¢ C([0,L]), and we
have
0<a§r0(x)§M, 0<611 Sré)(x)fMl, LS [O;L]) (41)

where a; = M2, M = (ma)™', a is from (24) and m from (36).

The proof of Theorem 1 is essentially based on the Faedo—Galerkin method. We first de-
fine the approximate problem (for each n € N). Then we derive uniform (in #) a priori
estimates for approximate solutions, where we utilize the techniques applied in [10, 15],
and [11] to similar models. Using the obtained estimates and results of weak compactness,
we extract the subsequence of approximate solutions, which has a limit in some weak sense
on ]0, L[ x]0, Ty[ for sufficiently small T > 0.
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3 Approximate solutions
In [18], we have already introduced the Faedo—Galerkin approximations to problem (1)—
(13), where we used them to find the numerical solution to problem (1)-(13). For the
reader’s convenience, we will describe it here briefly.

As we have already pointed out, we shall find a local generalized solution to problem

(1)—(13) as a limit of approximate solutions
(p”,vm,v‘””, Vz",a)m,a)“’”,a)z"ﬁ”), neN, (42)

where p”, V", v¥", v¥", @™, 0?", ", and 0" are the approximations of the functions p, v/,
W, 15, o, 0¥, oF, and 6, respectively. We define them by

" Tix " Tix
" (x,t) = " (t) sin —, P (x, t) = Y (¢) sin —, 43
V7" (x, t) ;Vl (t) sin 7 v (x, t) ;vl (t) sin 7 (43)
n _ . n . Tix 71 _ . m . ij
V" (x, 8) = lev (®) sin—>, "(x,t) = ;w, (®) sin ==, (44)
n ., . i ; n ; . ik
(0= Yo" Osin TS, o (wme) = ) o (Osin 2, (45)
j=1 j=1
0" (x,£) = aneﬂ(t) cos TR (46)
) - k L .
k=0
We also define
¢ " wix [t
r"(x,£) = ro(x) + / V(@ ) dT = o) + ) sin—— / V(1) dr, (47)
0 i1 0

where ry(x) is defined by (24). v/, v/, v¥", i =1,2,...,n, ", wf”, 7, j=1,...,nand 6},
k=0,...,n, are unknown smooth functions defined on the interval [0, T}], T, < T.

The approximation p” of the function p becomes the solution to the initial problem

3,0” nzi
5 (") 5,

(rnvrn) =0, pn(x, 0) = pO(x)’ (48)

and it can be written in the form

" 0o(x)
p"(x,t) = ; : . (49)
1+ po(x) 5= [o rvmde
We also have
or" 1
I _ , (50)
ox  p"rt

Since r” and v are sufficiently smooth functions, we can conclude that the function p”
is continuous on the rectangle [0, L] x [0, T},] with the property p”"(x,0) = po(x) > m > 0.
Because of the aforementioned, we can conclude that there exists such 7, 0< T, < T,
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that

o"(x,t) >0, for (x,¢) €[0,L] x [0, T,]. (51)

Evidently, the boundary conditions

V(0,8) = V(L £) = V"0, £) = VWM (L, £) = v""(0,£) = V(L £) = 0, (52)
@™(0,8) = 0™ (L, 1) = 0”"(0,£) = 0" (L, t) = 0™(0, ) = ™ (L, ) = 0, (53)
90" 90"

00 =2 (L1)=0 (54)

are satisfied, which is in accordance with boundary conditions (11)—(13) of the starting
problem.
We take the initial conditions for v'”, v*", v¥", ', ", ®*", and 6" in the form:

V"(x,0) = vy (%), ¥ (x,0) = v (x), v (x,0) = Vi (x), (55)
™ (x,0) = o} (x), 0" (x,0) = wh" (x), o™ (x,0) = ' (x), (56)
0"(x,0) =05 (x), x€[0,L], (57)

where 1", Vg", vy, wy, a)g", §", and 6 are defined by

n . n .
mix Tix
W= vhsin T A = Y i 8)
i=1 i=1
n - . Tix rn - Il 7zj
Vi (x) = Zvﬁi sin—=, (%) = Z“’m’ sin——, (59)
i1 i-1
n . n .
Tjx Tjx
Wf' @ =Y ofsin T, wf) =) wfsin o, (60)
i=1 i=1
; - mkx
05 (x) = Z ok cos - (61)
k=0

and vy, Vo Ve @y @ @ and oy are the Fourier coefficients of the functions vy, vg, v§,
wh, h, wf, and Oy, respectively.
According to the Faedo—Galerkin method, we take the following approximate condi-

tions:

. avrn na nnn Vla Vla M rn
/0 (8t +Rr a(p@)—(k+2u)r 5('0 a(rv ))

(V“’”)2> . mix
Sin

r}’l

L
v d 0 vy
_ n__ n__ (,.n on
/0 ( at (e pr)r 8x<'0 ax(r Y ))+ r"

8 Zn .
w20, 2 ) sin B2 e 0, (63)
Ix L

dx =0, (62)

Page 7 of 25
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Llovn 3 3 Ve
/0 ( o —(M+ur)r”£(p”£(r"vz")>—(MHLV) TR

7'[396

d
— 2, — (r”a)“’”)) sin dx =0, (64)
ox
Lrdo™ o+ 2¢y o il 0 /0 m "y
9 - . p _( rw ) - n
0 t JI o ox r
wr @™\ | mix
+4—L " )sin —=—=dx=0, (65)
ji p" L

Lrda?  cavea 0 ( .0 0 on o™V e OV
- =7 —p" = (")) + +2—r"—
0 at Jr ox ox " ji ox

= dx=0, (66)

/L do™ cdfrcarni pni(rnwm)) _Gatey o
o \ ot jro dx\l dx jro p"(rm)?

zn

_wn) 1n—dx 0, (67)
Ligon k9 L90m\  pn
o _ - )" 2 v rn Re}’l
fo ( at ¢ 8x((r ) P ox ) Cy [( ¥ M) ( ) i|
0 nrn Aty n<pn Cd+tCa 4 d n,_.on 2
Xax(” ( ) Cy P <8x(rw )
_Co+2¢q o o) Rt o n) v\ ?
ox

_Mpn(,n)z(ag)x ) 2C—”’i((w’”)2+(w‘”")2)

¢, 0Xx

9 on\2 Zn\2
+2ﬁ_((vm)2+(v(pn)2) 4&&0 ")? 4&(60 ) _4&(60 )
¢y Ox ¢ p" ¢, p" ¢, p"
v 0 7 kx
- 4&7"(,0(/)”— + 4&wz"— (r”v“’”) cos—dx=0 (68)
cy 0x c, 0x L

for i1,i2,i3,j1,j2,j3=1,...,l’l,k=0,1,...,l’l

To simplify the problem, we introduce the functions z;,(¢) and A (¢) by

t
zﬁ,(t):f vil(t)dt, m=1,...,n, (69)
0

t
kzq(t):/o Z;(l')v;"(l')d‘[, pq=1,...,n (70)

Now, (47) and (49) could be written in the form

r(x,8) = ro(x) + Yy z'(¢)sin nTix’ (71)
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“ 9 | mjx
p"(%,t) = po(x) (1 +p0(x) )z () — <r (x) sin —>
0 0 ; j ax 0 I

-1
+ polx Z A”(t (sm Tx sin %)) . (72)
ij=1

Taking into account (58) ( 2), from (62)—(68) we obtain, for #? + 8u + 1-tuple u,, (with

. on on
coordinates vfl", 12 V 11 W a) , 085z, pq, i1, Iy, i35 j1, joo 3, M, p, ¢ = 1,...,1,

k=0,1,...,n), the followmg dlfferentlal equatlon.
0, (t) = F(u,(t)) (73)

with the initial conditions u,(0) defined by

VO =V, O =V, v(0) = () (74)
o' 0) = o, o) (0) =y,  07(0)=wf, (75)
6/(0) =60 Z40)=0, A7 (0)=0. (76)

Let us notice that the function F on the right-hand side of (73) satisfies the conditions
of the Cauchy—Picard theorem, and we can conclude that problem (73)—(76) has a unique
smooth solution on a sufficiently small domain [0, T,,[, T, < T. Because of (36), (40), and
(41), we easily obtain the following statements.

Lemma 1 For each n € N, there exists such T,,0< T, < T, and Q, =10,L[ x]0, T,,[, that
the functions v, v¥", vV, o™, o*", o*", and 0" belong to the class C*(Q,) and satisfy
conditions (55)—(57).

Moreover, we have p" € C(Q,), " € C1(Q,), and

% < ,0”(961 t) = ZM) (77)
g < "(x,t) < 2M, (78)
% £) < 2M,, (79)

on Q,. The constants m, a, a1, M, and M, are introduced by (36), (40), and (41).

4 Some properties of approximate solutions
In the previous section, we showed that, for each #n € N, there exists T},,,0 < T, < T, such
that the set Q, is a domain of the nth approximate solution introduced in Lemma 1. Our
first goal is to find such T, 0 < Ty < T, that for each n € N a solution u,, to problem (73)-
(76) is defined on [0, Ty]. Therefore, the approximate functions (43)—(47) and (49) also
exist on Q. For that we need some interrelationships between the functions p”, v, v¥",
Vo™, o, 0®, and 6" which we, using the ideas adapted from [11], state in the following
lemmas.

Hereafter, we denote by C >0 or C; >0 (i = 1,2,...) a generic constant, independent of
n € N, which may have different values in different places.
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For simplicity reasons, we use the notations

WA= 1F 1 2go,zp (80)
VIS (P, V() = (), (81)
as well as
LAV 9By 2 9By 2 9B 3
ol (| o| [ [ 5rol) ®
afv By 1% [ aBven |* || 9Bvn |2 2
—(t t 83
[5ol- (15 o] - |5l |5l ®
for B =0,1,.... We use the same notations for the vector W = (0", 0", »*").
In what follows, we use the inequalities
a a
P < <22 <2 Y, (34)
0x 0x
of I af ||| 8%f af 9°f 3f ?*f
GNP A | A R A ) [ (85)
ox Ox || || dx2 ox 8x2 ox 8x2

which are valid for the function f vanishing at x = 0 and x = L, and with the first derivative
vanishing at some point x € [0, L]. These inequalities satisfy the functions v'”, v*", v, @™,
o?", and w®. The function 6" satisfies only (85). Let us note that inequalities (84) and (85)
follow from the Gagliardo—Ladyzhenskaya, the Friedrichs, and the Poincaré inequalities,
adapted in accordance with the spaces of functions used in this work.

Hereafter, weuse T,,, 0 < T, < T, from Lemma 1.

Lemma 2 Fort € [0, T,], we have

82 n 2 82vn
Smo] =c(1+ [ |5r e ) (56)
0
Proof From (47) we have
82}"” , t 2Vrn
8—962 = l"£) + '/0\ W dT (87)
and by using Remark 1 we immediately obtain (86). O

Lemma 3 Fort € [0, T,], we have

t awn
0x

0
< c(1 +/0t||vn(f)||2df>. (88)

2
Wl + W) e @] ar
0
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Proof After multiplying (65), (66), and (67), respectively, by jio", jr?", and jro?, sum-
ming over ji,j2,j3 = 1,...,n, and by using formula (50), integration by parts, and boundary

conditions, we obtain

L rny2 L m\ 2
n (a) ) n(.n\2 Jw
) dt”w (¢) H + Co+26d)</ ) ndx+/0 0 (r) ( ™ ) dx)
on)2 L 9 on 2
Cd”“’( (:2)2) s | p"(r")2< i ) =
L zn \ 2
2 Jw
n M d
+/op<’>(ax) :)
rn2 ¢n2 zn\2
[ e [ [ )
L P dw?" ™
:2My(/ a)“’”dx+/ pryen 29 dx—/ pryn £ dx) (89)
o p" 0 0x 0 0x

Now, we will use (77) and (78) as well as the Young inequality with the parameter ¢ > 0
applied to the integrals on the right-hand side of (89). We obtain

awn |?
b vl sa(lwors o) )
awn |?
<e| W @)+ S0 NANLOI (90)

Integrating (90) over [0,¢],0 <t < T,, and taking into account that
W@ = g |* + o™ |” + |l |* = € 1)
from (90), for sufficiently small ¢ > 0, we obtain (88). a

Lemma 4 Fort € [0, T,], we have

L
/ 0"(x,t) dx| < C(l + / ) (92)
0 0

Proof First, we multiply (62) and (63), respectively, by v;" and V;’;", sumover iy,ip = 1,...,n,

av”" av"

(r

and add (68) for k = 0 (multiplied by ¢,). After we integrate the resulting equality over [0, L]

and employ integration by parts, we get

d(1 rm n 2 L n
LGl Sl va [ owoa)

2 I 5
= (ca + Ca)/ < r a)‘””)) dx + (co + 2Cd)/ 0" <aa_x(rnwrn)) dax
0
Zl’l o 2
+(M+Mr)/ <8 ) dx+(cd+ca)f <a;)x ) dx
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™" 2 on\2 L zn)2
+4M(/( 2 (w) o [ )
o P
L 9" L daw™
+4u,/ r a)“’”( )dx+2,ur/ r”v“’”(i) dx. (93)
0 0x 0 x

Integrating (93) over [0,¢t], 0 <t < T,, using
L
VO = i s el =c. [ gwoaslglzc  on
0

the Young inequality, and properties (77)—(79), from (93) we have

L
’/ 0" (x,t) dx
0

<c(1e ol ol « ol

t v |2
g (”‘“’”‘””“ o @ + o @ + | 2 o)

2 2

0
ow ow?" dw™
‘—(T) (T) —(f) ) > (95)
Since, because of (84), we have
v |?
i <2) 5 )
0x
taking into account (88), from (95) we easily obtain (92). O
Lemma 5 For (x,t) € Q,, we have
36" V" EVANE
|9"(x, t)| < C(l + (t)H ” @) () dr). (97)
ox ax

Proof Let t € [0, T,] be fixed, but arbitrary. As the function 6" is continuous with respect
to the variable x € [0, L] (see Lemma 1), there exist such x; (), x5(¢) € [0, L] that we have

myu(t) = min 0" (x, 1) = 0" (x1(2), ), (98)
x€[0,L]

M,(t) = max 0" (x,t) = Gn(xg(t),t). (99)
x€[0,L]

Now, using the Holder inequality, we obtain
0" (x,£) — m,(t) = / —(y Hdy < f“ —(1) H (100)
x1
which implies

39"
(101)

+ —

0" (%, t) <«/_”

L
/ 0" (x,t) dx|.
0

Page 12 of 25
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Analogously, using the function M,,(¢), we obtain

0" (x, £) > fH (t)H——

0" (x, t) dx|, (102)
which together with (101) implies
96" L
’9”(x, t)‘ < C(H @) + / 0" (x,t) dx ) (103)
ax 0
Now, using (92), from (102) we immediately obtain (97) a
Lemma 6 Fort € [0, T,], we have
90" 82\/71 2
o] =e(ue ([1 5] a))
0x 0

(104)

Proof Taking the derivative of the function p” represented by (49) with respect to x and
by using (36) and (77)—(79), we obtain

el [ )

With the help of (84) and (85) applied to the function v, the Holder, and the Young in-
equalities as well as (86), we obtain (104)

82

a2

avrn

T ox

82 rn

a2

O
Lemma 7 Fort € [0, T,], we have
d(|av* |I* |ow"
— t t
allwol |50 )
2 329"
o
16
oW"
< C(l + + H (¢)
0x
¢ 2 8
+ ( dt) ) (105)
0

Proof We apply a similar procedure as in [11], Lemma 4.6, and in [10], Lemma 5.6. Mul-
tiplying (62)— (68) respectlvely, by -4 zvfl" —(’TL%)Z Vi, - 7”3 vz” - ”“)
—(”23) i, and —

2

a0"

(

R 32W"

5 (2)

16 H 90"
+

)

av”"

R )
T
0x2

()2 on
w/l 2 Yo
L2 Gf,after summation over iy, iy, l3,]1,]2,]3,k 1,2,...,n,using (50) and
addition of the obtained equations, we obtain
G 2o aw i 2| a6 ay
2 dt

2rn L 201
+(k+2u)/ (a ) dx+(u+u,/ ,o (8 v ) dx
0

ox?
324" co+2¢c; [* 920™\ 2
w2 Co +2¢q
r d
+(u+u)/op(r)(ax2) /Op ( 2) x
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L R ey L RS (G
' 0 0x2 j] 0 0x2
61

LK / ( 29") dx=3"1, (106)

p=1

where

ym 82 n v ! 2()\ 5 )/L PV a2vrn
X, =- +
(m)2p" x> 2 H dx  0x?

9p" 9™ 32 n 90" 82 rn
=—(1+ 2,u)/ 2 o dx, Iy :R/ " — p dx,
0

11:(A+2u)/ 7

x ox  9x2 ox 0x2

; _R/L rnpn 90" 82Vrn (qun)2 82 rn
5= -
0

X5

ox 8x2 " 8x2

L on 2. on on 92.,0n
V % V" 97V
I =(u+ ————dx, Ig = -2(u + dx,
7= (1 + uy) /0 i 8 (e + pr) /0 Py

L n n a2 ,0n L zn a2, ,pn

200" VP 9°V¥ / dw™ 9°v?
Iy =— ’ & dx, Lo =2u, & ——dx,
o=+ )/0 (r) ox Odx Ox? * 10=“H 0 ’ ox  0x? *

L Yryen aZV(pn L e aZVzn
I = dx, Ly =2 r ——— ——dx,
11 A M ox? X, 12 (I + )/(; 20" a2 X

L 2.zn n a2.zn
v 9v® 28,0 v 9%y
Lizs=-2(n + ——dx, La=—(n+ X,
13 (e + pr) /O Py 14 ==+ 1tr) f o or I
L ¥ aZVzn L . daw?" aZVzn
Li5=-2 — ——dx, Lig=-2 r —dx,
15 Mr/o Pon a2 16 Mr/o 3% 92
2 L rm 82 m 2 2 L ™ 82 rn
117:co+‘ cd/ 15} 15} dx, L= - (co-‘r cd)/ w w dx,
Ji o (r)?*p" 9x? Ji o dx  9x?
co + 2¢ L 30" dw'™" 82wrn L Wy 82wrn
Lo =-——= d/ (i”n)Zi v 5 dax, Izoz—f 5 ax,
JI 0 ox 0x Ox 0 " ox
4 L rn 82 m + L on 32 on
L = Mr/ L LY I = Cd. Ca/ @ “_ dx,
jr Jo o7 9x? jroJo (r)*p" 9x?
2ca+ca) [T aw” 9%
L= - (Cd’ Ca) 2 " ik,
dx?
L 2
+ ap" dw?" 3*w?"
124:_651‘ Caf (rn)z p" dw O
i Jo dx Ox  0x?
L rn,on 32 on 4 L on 82 on
125=/ 2’ de, Iy = ,u,/ 2 © dx,
o M 0x? ji Jo p" 0x2
2 L Sy 82 on 2 +cC ™ 32 zn
[27— /'Lr/ 7’ — @ dx, 123— (Cd a)/ @ dx,
jir Jo ox  0x? (rm)2p"  9x2
2(cd +¢g) [F o™ 32w™
I =— %
dx  0x2

dx,

Cq+Cy /. (r")z ap” o™ 32wzn
jr 0 dx Ox Ox2

4 L zn 82 zn 2 L v 32 zn
I3 = Mr/ ¢ dex, I3 = - Mr/ "n—izdx,
o P’ ox jr Jo dx 0x
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zu, Loyen 2gen 2k [ 90" %"
I3 =- ——— dx, Iy =-— ——5 dx,
o Tp" 0x? ¢ Jo Ox 0x?
9 90" 29;'1 R L Vrn 29;'1
Izs = —— / 2 i dx,  Le=— | — dx,
dx dx ox2 a Jo r" 8

™ 829;4 200 +2 L ™ 829;'1
Iz; = — p"r"e" —— d —— dx, I3 = —M v d dx,
T2 2
ax 0x ox 0x

oo o A+2,u/ (v™? 920"
» Cy o (r)?*p" dx?

/\+2u L a8V %"
140:— fp(r)(ax> 92 dx,

L = 2(M+Mr)/ v 920" . L = Lo (wem? 9%0m
4 dx x> i ¢ Jo (M)2pm 9x2

W+ [y 2 [ 09\ 920"
Ly = - "(r dx,
® Cy /op(r)(ax)axzx
! 2(cq + ca) fL on 007" 076"
=— 1)
o ox  0x?
catca [ (0?2 320"

Cy 0 (rn)an 8x2

L n\ 2 q2pn

citc, 2 [ dw? 040
Lig = — " =7 dx,
1 Cy ./(; P (r) ( Bx ) 8x2 *

_ 2(co +2¢q) /meaa)m 9%0" d

’

)

Xy

Iys = -

’

L = —
¥ ox 0x2

co+2cq * (@™)? %0
Lo = — dx,
48 A (rn)an 3x2

Cy

co+2cq * 5[ d™\ % 9%0"
Lo = — n(ph ——dx,
9 Cy ,/0 P (r) ( ox 0x2
L zn\ 2 q2nn
n+ Uy of OV 976
I = — (" dx,
%0 ¢y ,/0 P"() ( Bx) dx?

L zn\ 2 a29n

Cci+c, 2f dw 2040
I — n n . d X
o Cy /0 P (r ) ( 0x ) 3362 x

4/‘6 Lvrn Y™ 829;1

Isp = — X,
2T, 0 ox 0«2
4 Lo 9" 929" 4c,; (* dw™ 320"
Is3 = Ly P x, L5y = d/ 0" gy,
¢ Jo ox  0x2 ¢ Jo ox  0x?
4c daw?" 8207[ 4 L rny2 8297[
Is = - w(/m v o X, I = - Hr / @™ dx,
¢ Jo ox  ox? ¢ Jo  p" 0x?
4 L w?" 2 820;1 4 L I 2 829;1
Iy = — 1294 / ( ) s dx, Iog = — 1294 / ( ) s dx,
¢ Jo  p" Ox ¢ Jo pt Ox
4 L 9y 82971 4 L wyPn 329;1
]59 = - Hr / " w?" —— dx, 160 = Hr / e dx,
¢ Jo ox 0x? ¢ Jo rp" 0x?
4p, [* v 92"
161: /’L’/ o
Cy 0 ox 8x2
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Now, we will estimate integrals I; —I4;. Taking into account (77)—(79) as well as (84) and
the Young inequality, we obtain

Y 82 1

L) = +Clvm)|?

e[l )

In the same way, we estimate integrals I7, I1o, I15, [17, [1, I, Ins, Iog, I31, and Is3.

92y 2
——dx| <e|l|——(¢
x‘ T 042 ( )‘

2

82 1 32 rn

5 ()

(t)

2
oy
H (107)

We estimate integrals 12, 15, 18, 11(), 113, [16’ 118’ 123, 127, 129, 132, and 134 by LlSiIlg the Young
inequality, and in some cases by using (77) and (78). For instance, we have

9y 82 rn
] - 2(x+2m|f R ‘

0x2

Y 16
ool

Now, we estimate integral /3. To do it, we need (84), the Holder, and the Young inequal-
ities, as well as (78) and (104). We have

82 1

(108)

28p Pl 32 rn
I d
sl = ( ( ) 0x 0Ox Ox2
rn i 2.1 3 rL n a2, rn
<C av ) 2 9%V 8&8 v
ox ox? ox 0«2
1
9" 2 82vrn n
<C t t
- H ol |5l 5l
82Vm 2 g 8)0” 8
t C —(t
<e| 2% (] ( 18x<>)
92" 2 o™ 16 92y" 8
<e| =] +c(1+ —0) + / (z . (109)
0x2 0 0x2

We use the same approach in the estimates of integrals Iy, I14, [19, o4, I30, and I3s.
To estimate integral I;, we need the Holder and the Young inequalities, as well as (77),
(78), (84), (97), and (104). We have

90" 82 11 8 82 T
L = R/ ron L Z Y x| < € max o] | .
0 ox  0x2 xe[0,L] x ox2
32 rn 82 T 2
< C max |0” (1) H - (t)
x€[0,L]
90" 82 rn 16 96"
+C<max|9"| + L(t) >§ ‘ (t) +C(1+ (
x€[0,L] ox
avr | av” 8 qrave 1% \®
+ @) + / ('L') ()| dt . (110)
ax 0 0 0x2

In the same way we estimate integrals /56 and /3.
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We base the estimate of integral Is on (77), (78), (84), and (85) as well as on the Young

inequality. We obtain

ls| =

L (Vym)Z an
dx?

rn 32 n qyPn

2 16
dx' (t) +C(1+ () ) (111)

We perform the estimates of integrals 139, 14,0, 142, 143, 145, 146! [4-8’ 149, 150, 151, and 156_158

analogously.

We still have to estimate integrals 111, 12(), 125, 138, ]41, ]44, 147, 152—155, and 159—161. To do

this, we use (77), (85), and the Young and the Holder inequalities. For instance, we have

L AV 32V<pn 9yP" 82V<pn
|111| = /; o 922 dx‘ ” 32 dx
9yP" Y 82V<pn
=C O =55 ¢ )'H 5= () H

0x

a%wn v |t lavt |*
(t) c (H ) Q) )
X

32 on 2 JyP" 16 9y 16

Vz ® +c<1+ O +|5-© ) (112)

Using the obtained estimates with a sufficiently small ¢ together with (77)—(79), from

(106) we obtain (105).

O

Lemma 8 There exists such Ty (0 < Ty < T) that, for each n € N, the Cauchy problem
(73)-(76) has a unique solution defined on [0, To). Moreover, for the functions V", W", 6",

", and r", we have

(H av" 2 H aw”  |* | ae” )
max + (
te(0,Tp]
0 PRAVL 2 PRAVe 2 920"
C t — (¢ dt < C,, 113
+1/0<8x2() +‘3x2( +‘8x2()) > (113)
g f rn(x, t) f ZM; % =< _(x: t) = 2M17 (114')
m _
5= p"(x, 1) <2M,  (x,t) € Qy, (115)
(116)
tE[O T()]
max |9 x, t)| <G, (117)
(%t)eQp
82 n
max —r(t) <C, (118)
te[0,Tol|| %2
max ([V'@)|*+ W@+ |e"®)]) = C (119)
te(0,Tp)

where a, a1, m, and M are defined by (36) and (40)—(41).
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Proof To obtain estimate (113), we use a similar approach as in [11], Lemma 4.7, [10],

Lemma 5.6, and [15] pp. 64—67. First, we introduce the function

2 azvn

aV (r)

20"
yn(t) = H )

H oW

(¥) (t) +C d‘L’, (120)
0x 0

where C; is the constant introduced in (105). Using Lemma 7, we find that function y,

satisfies the differential inequality
In) < C(1+552)). (121)

Let C be a constant defined by

dv, do
el |l 1l &
where Vi = (v}, v§,v5) and W = (0}, f, f). It is easy to see that we have
a(0) < C. (123)

Now, we compare the solution of problem (121)—(123) with the solution of the Cauchy

problem
#(6) = C(1+5%(0)), (124)
y(0)=C. (125)

Let [0, T'[, 0 < T < T be an existence interval of the solution to problem (124)-(125).
Because of the property of the maximal solution for problem (121)—(123), we conclude
that

ya(t) <y(t), tel0,T'[. (126)
Let Ty be such that 0 < Ty < T”. From (126) we have
max y,(t) < nax y(t) =G, (127)
te[0,To] te[0, Ty

which together with (120) and (105) implies

d/|avr |* [aw" |*> |a6"
— t t
dt(Hax“ H o +“ ( )
azvr || BZW” 329"
+C, (t + < Cy. (128)
0x?2

Integrating (128) over [0,¢t], 0 < ¢ < T and using (123), we immediately obtain (113).
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Now, using inequalities (84)—(85) for the function v"” and (113), we derive the following

estimate:
To To 82 n
/ ‘v’”(x,t)’dr 54/ V2 (t)H dr
0 0 ox
To|| g2y 2 % 1 101
54(/0 P () dt) Ty <4(C,CrY)? Ty (129)
In the same way we get
To v To azvrn 101
t)|dr <2 )| dr <2(C,Ccih)2 17, 130
/o 8x()‘t_/(; 8x2()Hr_(21) 0 (130)

where C; and C, are taken from (113). Estimates (129) and (130) are also valid for the
functions v*”, v*", @', w*", and w®".
With the help of (41), (129), and (130), we can easily conclude that for

(131)

¢, aiC C
To:l’nin{T/,a L g ! }

64C," 16C," 64M?2(2M; + M)

from (47) and (49) we obtain (114) and (115).
Because of (96) and the same inequality for the function W, from (113) for ¢ € [0, Tg],
we obtain

[V + W < . (132)

From (113) and (46) we obtain

n n 2 L n 2
H 8an (t)H =2_r (t))z(nfk> /0 sin” nTkx dx=Y (01()’ (712/2) <G (133)
k=1

k=1

Also, taking into account (113) from (93), for ¢ € [0, Tp], we have

L
0t (t)L| = 0" (x,t)dx| < C. (134)
g - | [

Therefore, we obtain

max [|0"()|” < C. (135)
te(0,To]

Estimates (132) and (135) give (119). Finally, from (104), (97), and (86), we immediately
get (116), (117), and (118), respectively. O

Lemma 9 Let Ty be defined by Lemma 8. Then, for each n € N, we have

To ov” 2 oWwW™" 2 96" 2
/0 (‘ y (0| + H P» (0| + “ o (1) >dr§C, (136)
ap”
(elo701| ot (t)H =G (137)
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ar" 92
max | =C max ®) <C
tel0.Tol || 92 tel0,Tol || dxdt
(138)
To || 524" 2
/ —z(r) dr <C.
0 ox
; : . avn " i o w]‘,‘m o op
Proof First, we multiply (62)—(68) respectively by —, ——, ——, +, L, L % sum-

marize over iy, i, i3,j1,j2,j3 = 1,2,...,n, k = 0,1,2,...,n. After we integrate the obtained
equality over [0, L], we get the equality which is very similar to (106). We estimate it in the
same way as in the proof of Lemma 7 and obtain (136).

From (48), after we use the Holder inequality as well as (77) and (78), we get

2 ol < (s |22 o) - 1220 (139)
ot - dx dx '
Using (113) and (119) from (139), by integrating over [0, Ty], we easily obtain (137). Esti-
mates (138) follow directly from (47) and (49). O

Using the results from Lemmas 8 and 9, we easily derive the following statements.

Proposition 1 Let T, be defined by Lemma 8. Then, for the sequence
{(r”, ,o",V”,W”,Q”) ‘ne N}, (140)

we have:
(i) {r"} is bounded in L>°(Qo), L®(0, To; H2(10, L[)) and H*(Qo);
(i) {%} is bounded in L*>°(Qy);
(iii) {p"} is bounded in L (Qq), L>(0, To; H'(]0, L[)), and H(Qy);
(iv) {V"} and {W"} are bounded in (L*°(0, To; H1 (10, L[)))3, (H'(Qo))3, and
(L*(0, To; H*(JO, L])))?;
(v) {6™} is bounded in L>®(0, To; H (0, L[)), HX(Qy), and L*(0, To; H>(]0, L])).

5 The proof of Theorem 1
To prove Theorem 1, we extract the convergent subsequence of sequence (140) and show
that the limit of this subsequence is a solution to our problem. The proof is very similar to
the proof of Theorem 2.1 in [11]; therefore, we omit the details of some proofs hereafter
and refer to the corresponding results from [11].

Let Ty € R* be defined by Lemma 8. Theorem 1 follows directly from the following
lemmas.

Lemma 10 (in [11], Lemma 5.1) There exist a function
re L%(0, To; H*(10, L[)) N H*(Qo) N C(Qo) (141)
and a subsequence (for simplicity reasons denoted again as {r"}) of {r"} with the properties

7S in1®(0, To; H2(10, L)), (142)

" —r inHX(Qo), (143)
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=71 inC(Qp), (144)
O L @y, (145)
ox ox

The function r satisfies the conditions

<r<2M inQ,, (146)

NCHIRNY

r(x,0) = ro(x), «x€[0,L], (147)
where ry is defined by (24).

Lemma 11 (in [11], Lemma 5.2) There exists a function
p € L(0, To; H' (10,L[)) N H'(Qo) N C(Qy) (148)

and a subsequence (for simplicity reasons denoted again as {p"}) of {p"} with the properties

p" = o inL>(0, To; H'(10,L)), (149)
p" — p in H'(Qo), (150)
p" = p in C(Q). (151)

The function p satisfies the conditions

SIS

<plxt)<2M inQ,, (152)

p(x,0) = po(x), x€[0,L] (153)
Lemma 12 There exist functions V = (V',v%,1%,0"), W = (0", ¥, »%), and 0 such that

V, W e (L=(0, To; H' (10, Z[)))* N (H(Q0))* N (L2(0, Tos H2(10, Z1)))°, (154)

6 € L™(0, To; H' (10, L[)) N H'(Qo) N L*(0, To; H*(10,L[)) (155)

and a subsequence of {(V",W",0")} (for simplicity reasons denoted again as {(V", W",0™)})
of {(V", W",0™)} with the properties:

(V" W",6") = (V,W,0) in (L0, To;H'(10,L[)))’, (156)
(V' W",0") — (V,W,0) in (H'(Qo))’, (157)
(V", W",6") — (V,W,0) in (L*(0, To;H*(10,L[))), (158)
VL, W7,0") — (V,W,0) in (L*(Qo))’. (159)
( ) (

The functions V, W, and 0 satisfy the conditions

V(0,£) = V(L,£) = W(0,£) =W (0,£) =0, ¢£¢€[0, Tl (160)
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%(0, t) = %(L, t)=0, a.e in]0,Tyl, (161)
0x 0x
V(x,0) = Vo(x), Wi(x,0) = Wy (x), 0(x,0) = 6y(x), x€]0,L], (162)

where Vo = (v, vh,v5), Wo = (0}, 0§, wF), and 6, are defined by (35).

Proof Asin [11], Lemma 5.3, conclusions (156)—(159) follow from Proposition 1.

To verify the boundary and initial conditions (160)—(162), we use the Green formula in
the same way as in [11]. Here, we demonstrate the proof for the boundary condition (161)
atx =0.

Let ¢ be a function from C*([0, L]), which is equal to zero in a neighborhood of L, with

¢(0) #0 and u € L*(]0, To[). Using the integration by parts for & and "0 , we obtain

To To L 39 d
/ /—(x,t)u(t)w(x)dxdt+/ /Oa(x,t)u(t)d—z(x)dxdt

=-p(0) f — (0, t)u(t) dt, 163)
To 829” To L 90" d
/0 /(; W(x, Bu(t)p(x) dxdt+/0 /0 - (x, t)u(t)d_z(x) ddt
To 99"
=-¢(0) /0 o (0,)u(t)dt = 0. (164)

Passing to the limit when # — oo in (164), comparing (164) and (163), and by using the
convergence (158), we obtain

a0
8—(0, t)=0 a.e.int€]0, Tyl (165)

x
In a similar way, we obtain all the remaining equalities in (160)—(162). O

Lemma 13 The functions r, p, v, ®, 0, defined by Lemmas 10, 11, and 12 satisfy equations
(1)—(8) a.e. in Q.

Proof The proof of this lemma is based on strong and weak convergences from Proposi-
tion 1. As the procedure is the same as in [11], Lemma 5.4, we will demonstrate here the
idea of the proof just for equation (8), which is the most complex.

Let {(", p", V", W",0") : n € N} be the subsequence defined by Lemmas 10, 11, and 12,
and let ¢ € D(]0, Ty[), where D denotes the space of test functions. We first rewrite equa-
tion (68) in the following form:

To rL oo 7k To 2, , 00" mkx
—o(t)d. dt—— ” —o(t)dxdt
/ / cos 7 (p() x / 8x( ax)cos 7 o(t)dx

To L
- — / o" [(k + Z,u ( " ”’) RO" ] 9 (r”v”’) cos n—kxw(t) dxdt
0 ox L

To L 2
_E HM/ / P ( r v“’”)) cos n—kxw(t)dxdt
Cy 0 0 L
To L 2 k
- M/ / 0 ( r w“’”)) cos H<p(1.‘)dxdt
Cy o Jo L
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24 (T F (0 >k
_ o+ / / " —(r"@™) ) cos ugo(l,‘) dxdt
Cy 0 0 0x L
e 000
Cy 0 0
To L ™
_CdtcCa / p”( < ) cos —go(t) dxdt
Cy 0 0

To L a
/ a_x((“’m)2 + (w“’”)Z) cos ?(p(t) dxdt

) cos —go(t) dxdt

To
Lnd sm)? on)2 jhid
+2 / Bx ) +(V ) )cos 7 w(t)dxdt

To rny2 on\2 zn\2
_4&/ / ((w ) +(w ) +(w )>cosu<p(t)dxdt:0~ (166)
¢y Jo 0 pn pn le L

Now, we should show the convergence for each integrand on the left-hand side of (166).
Here we will demonstrate the following convergence:

To 2 k
/ / < r ’”)) cos %qu(t) dxdt
To 9 >k
N /0 /0 p(a(m}’)) cos T g0 dxat, (167)
when n — oo. Using integration by parts, as well as the Holder inequality, we have
2 2
d k.
[ ( " ’”)) —p(a(rw’)) ]cos %(p(t)dxdt
aa)rn 2
ox
To P
C t o™ — — r
ve Mo (Lo - 2ew)
a a k.
X (ax (Fw™) + o (ra)’)) p COS % dxdt
2 Ty L
) - Cf go(t)/ (o™ - ro")
0 0
a n_rn a r 8
X (8_x(r ™) + ax(m) )) P (pcos /i )dxdt

fo k nrn r 9 n,r 9 r kx
—C/(; w(t)/o (rw —ra))-(a—xz(r a)”)+8—xZ(ra) )>pcosdedt
"

_)
)
To 9 3 To
+c</ 7™ = ror | dt> (/
0

To 1 To
+c</ [ - 1o dt> (/
0 0

To

< omax|o” - | (o +

8wrn
ox

- cmaxlo" - o[+
Qo

< x| o] (|

9 n,.rn i r
a—(r ™) + ax(rw)

N
dt)
82 2

9 2 N3
e (r”w”’) + ﬁ(rw’) dt> . (168)
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Taking into account the strong convergences p” — p and r"«” — re’, from (168) we
easily obtain (167).
In the same way, we can derive the convergences of other integrals in (166). O

Let us note that from (47) we have

To pL To prL t
/0 /o r (x,t)ga(x,t)dxdt:‘/o /0 (ro(x)+/0 v (x,t)dt)ga(x,t)dxdt (169)

for all ¢ € L2(Q,), which together with (144) and (159) implies

r(x, t) = ro(x) + /tv’(x, tydr, (x,1). (170)
0

For the function 6, we have the following property.

Lemma 14 (in [11], Lemma 5.5) There exists Ty, 0 < To < T, such that the function 0
defined by Lemma 12 satisfies the condition

0>0 inQ,. (171)
The conclusions of Theorem 1 are an immediate consequence of the above lemmas.

6 Conclusion

The initial boundary problem for the 3-D flow of a compressible viscous micropolar fluid
with cylindrical symmetry and homogeneous boundary conditions for velocity, microro-
tation, and heat flux has a generalized solution locally in time.
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