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In this paper, we study the following nonlinear Klein-Gordon—-Maxwell system:
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potential, b € LEOC(JR3) is also a positive potential. Under some integrability assumption

q-2 . . ) , .
on Z'_2 nonexistence and existence results are obtained depending on A via
variational methods.
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1 Introduction and main results
In this paper, we deal with a class of Klein—-Gordon—Maxwell systems with a type of
concave—convex nonlinearities via variational methods. More precisely, the problem that

we study is as follows:

—Au+u— Q2w+ ¢)pu = ra(x)|u>u - b(x)|u|"%u, xecR5, )
A¢ = (@ +P)u?, x€eR3,
where w is a positive constant, g > 2, r € (2,min{6, g}), the potential functions a and b
satisfy the following assumptions.
(a) ae L& (R?) is a positive potential function.
(b) be L] (R?) isa positive potential function.
© a§) e LI®).
As a model describing solitary waves for the nonlinear stationary Klein—Gordon equa-
tion in the three-dimensional space interacting with the electrostatic field, the following

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13661-019-1146-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-019-1146-8&domain=pdf
http://orcid.org/0000-0002-1818-5862
mailto:lianran@sxu.edu.cn

Wei and Li Boundary Value Problems (2019) 2019:31 Page 2 of 13

Klein—Gordon—Maxwell system was first introduced in [1]:

~Au+ [md— (w+ed)*lu = |ulPu, xeR3, (KGM)
—A¢ + eutp = —weu?, x e R3,
where m and e are the mass and the charge of the particle, respectively, while @ de-
notes the phase. The unknowns of the system are the field « associated with the particle
and the electric potential ¢. The presence of the nonlinear term simulates the interac-
tion between many particles or external nonlinear perturbations. By variational methods,
infinitely many solitary wave solutions were got for the above system when |m| > |w],
p € (4,6) in [1]. Furthermore, in [2], infinitely many finite energy radial solutions were got
if one of the following conditions holds:
(i) mo>w>0andp € (4,6);

(if) mo\/? >w>0andp € (2,4).

For p € (2,4), the existence range of (1, w) was improved and a limit case m = @ was also
dealt with by Azzollini, Pisani, and Pomponio in [3]. Mugnai in [4] studied the existence of
radially symmetric solitary waves for a system of a nonlinear Klein—Gordon equation cou-
pled with Maxwell’s equation in presence of a positive mass. Ground state solutions [5, 6],
semiclassical states [7], nonradial solutions [8], and the critical exponent case [9-12] have
also been considered. When p > 6 and my > w > 0 or p < 2, no-existence result of (KGM)
was proved by D’Aprile and Mugnai in [13]. In [14], via Ekeland’s variational principle and
mountain pass theorem, two nontrivial solutions for a nonhomogeneous Klein-Gordon—
Maxwell system were got by Chen and Tang. In [15], Jeong and Seok established an ab-
stract critical point theorem about a functional of the mountain-pass type with a small
perturbation for the nonlocal term and studied a type of Klein—-Gordon—Maxwell system
with a very general nonlinear term. Klein—Gordon—-Maxwell system with a coercive po-
tential was firstly considered by He [16]. In [16], infinitely many solutions were got via
a variant fountain theorem and symmetric mountain pass theorem. In [17], Li and Tang
improved and complemented the results in [16]. In [18], under a variant 4-superlinear
condition, infinitely many solutions for a nonlinear Klein—-Gordon—Maxwell system with
sign-changing potential were got by Ding and Li via symmetric mountain pass theorem. In
[19], the authors studied the existence of cylindrically symmetric electro-magneto-static
solitary waves for a system of a nonlinear Klein—-Gordon equation coupled with Maxwell’s
equations in presence of a positive mass and a nonnegative nonlinear potential. Nonexis-
tence results were got as well.

As to the concave—convex nonlinearities, there is a huge amount of results involving
different operators, for example, [20—34] and the references therein. Please forgive us for
not being able to list all the literature. The first paper is the seminal one by Ambrosetti,
Brezis, and Cerami [20], where they considered a concave—convex Dirichlet problem

“Au= 0+ ul, xef,

u>0, xe £, (Py)
u=0, x €082,
wherel<g<2< AZZ—ZYZ, A>0,and 2 ¢ RV is a smooth bounded domain. They proved that

there exists Ao > 0 such that problem (P;) has at least two solutions for all 1 € (0, A¢), one
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solution for A = A¢, and no solution for A > Ag. In [30], a nonlocal version of problem (P;)
was considered

(—A)%uzkuq+up, x € $2,
u>0, x € §2,
u=0, x €082,

N+
N—

The authors also characterized completely the range of parameters for which solutions of

withO<a <2,0<g<l<p<

z, N >a,A>0,and £2 c RN is a smooth bounded domain.

the problem exist and proved a multiplicity result. In [22], Alama and Tarantello studied
the following Dirichlet problem:

—Au = u+k(x)u? - h(x)u?, x¢€ 2,
u>0, x € $2,
u=0, x €082,

where 1 <g<p, A € R, N >3, 2 C RY is a bounded open set with smooth boundary and
h,k € L*°(£2) are nonnegative functions. Existence, nonexistence, and multiplicity results

were obtained depending on X and according to the integrability properties of the ratio
kP-L
T

. In [25], Pucci and Rédulescu considered the following quasilinear problem:
—div(|Vu" 2V u) + a(x)|u|”™2u = aw(x)|u|?2u — h(x)|u?2u, xecRY,

u>0, xRN,

e
where / is a positive continuous function with f]RN h(x)7? dx <00, A>0,2 <m<qg<m*

Nm
N-m

was got for A small enough; the existence of at least two nontrivial solutions was obtained

with m™* = if N > m and m™ = oo if N < m. The nonexistence of nontrivial solutions

for A large enough. The above results were extended by Autuori and Pucci in [26]. They

studied the following quasilinear elliptic equation:
—divAx, Vi) + a(x)|ulP2u = aw(x)|u?2u — h(x)|u)2u, xRN,
which involves a general elliptic operator in divergence form A and two competing nonlin-

earities. max{2, p} < g < min{r, NN—iﬂ}, the coeflicients w and % are related by the integrability
condition

w(x) " R
/wv(h%x)) dxeR". (1.1)

Moreover, they proposed two open questions: the relaxation of max{2, p} < g and the re-

placement of the above integrability condition by the assumption that

w(—)W eL%(RN). (1.2)
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The latter request is weaker than (1.1) which already appeared in [22]. In [28], Autuori and

Pucci studied the following elliptic equation involving fractional Laplacian:
(=AY u + alx)u = awx)|ul?2u — h(x)|u| >y, xRN,

where A € R, 0 <s<1,2s <N, 2 < q < min{r,2}} with 2 = 2. Positive weights w and &
are related by condition (1.1) and
% 2
weLl%4(RV)NL] (RY), o>——,  hel] (RY). (1.3)

loc

In [28], the existence and multiplicity of entire solutions were obtained via variational
methods. Recently, in [31] Pucci and Zhang solved the above open problems mentioned
in [26] for a class of quasilinear elliptic equations in the setting of variable exponents.
More recently, Pucci, Xiang, and Zhang in [32] also gave a positive answer to these open
problems in the context of Kirchhoff problems involving the fractional p-Laplacian. In
[33], Xiang, Zhang, and Riadulescu studied a perturbed nonlinear elliptic equation driven

by the fractional p-Laplacian operator
(—A);u + V)| ulP2u = ra@x)|u"2u - bx)|u|" %y, xeRY,

where 1 is a real parameter, (~A);, is the fractional p-Laplacian operator with 0 <s <1<
p <00, p<r<min{g,pl}, pf= ,\1,'%];5, and V is a positive weight with positive infimum, a is

a positive weight satisfying
25
aeLr-(RN)NLL (RY), (1.4)

bell

L (RY) is also a positive weight, 2 and b are related by

r—

a(%)p e L (RV). (1.5)

Nonexistence and multiplicity results for the above-mentioned equation were obtained
by variational methods depending on XA and according to the integrability properties of

e
brr

fractional p-Laplacian setting and also solved the above open problems mentioned in [26].

the ratio

. Those results extended the previous work of Autuori and Pucci [28] to the

As far as we know, there are few results about Klein—Gordon—Maxwell systems with
similar competing nonlinearities to our system (P). Generally, system (P) can be trans-
formed into a single equation with a nonlocal term by dual methods (see Sect. 2). But
in contrast to the problems with a purely single equation (similar to [25, 26, 33]), the
nonlocal term brings about some difficulties to us. Firstly, the functional associated with
system (P) is no longer weakly lower semicontinuous, which is very important to get
the global minimizer in [26, 28, 33]. Secondly, since we lack the compact embedding
HY(R3) < LP(R3), p € (2,6), it increases difficulty in verifying that the functional asso-
ciated with system (P) satisfies the Palais—Smale condition.

The main result of our paper reads as follows.
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Theorem 1.1 Let (a)—(c) hold, then there exist Ao and A* with 0 < Lo < A* such that
(i) system (P) has only the trivial solution for A < Lo;
(ii) system (P) has at least two weak nontrivial solutions for . > A*.

Remark 1.1 Our assumption (b) is the same condition as in [28, 33]. Our assumption (c) is
(1.5) for N = 3, P = 2, s = 1. Different from (1.3) or (1.4), the local integrability hypothesis

of a is not necessary in our paper.

Remark 1.2 If r < 2, for every A >0, g > 1, it is easy to prove that the functional associ-
ated with system (P) is coercive. Similar to our Lemma 3.2, the functional associated with
system (P) also satisfies the Palais—Smale condition. Then the functional has a global min-
imizer via Ekeland’s variational principle and a sequence of solutions with negative energy
decreasing to zero via Clark’s theorem.

Throughout the paper, we denote by C various positive constants, whose value may be
different from line to line and is not essential to the problem.

2 Preliminary
In this section, we give some preliminary results which will be used to prove our main
results.

First of all, we establish the variational framework for system (P).

HY(R3) = {u € L2(R?)||Vu| € L%(R®)} is the normal Sobolev space with the norm

1

3

2l 13y = (/3(|Vu|2 + uz)dx> ,
R’

IP(R%) := {u ‘R3 > R’u is Lebesgue measurabe,/ |ul? dx < oo}
R3

equipped with the norm
1
p
= (f Jul? dx) .
R3
Define

L’(Rs,u) = {u ‘R® > R‘u is Lebesgue measurabe,/ a(x)|u|" dx < oo}
R3

equipped with the norm

1

IMIU(R3,a>=(/ ﬂ(x)lulrdx> .
R3

Similarly,

L1(R?,b) := {u :R3 > R‘u is Lebesgue measurabe,f b(x)|ul?dx < oo}
R3
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equipped with the norm

1
q
|1l pr w3 p) = (/ b(x)|u|qu) .
R3

The spaces L"(R3, a) and L4(R3, b) are uniformly convex Banach spaces by Proposition A.6
of [26].
The working space of our paper E is the completion of C§°(R?) with respect to the norm

el = Nl sy + 14l w3 p)-
E is a reflexive Banach space (see Lemma 2.2 in [33]). Furthermore, E < H(R?) —

IP(R%), p € [2,6].
Since 2 < % < 6, thus for u € E fixed, the linear operator T, : DV*(R3) — R defined by

T,(v):= / u*vdx
R3

is continuous in DV?(R3). By Lax—Milgram theorem, there exists ¢,, € D"?(R3) such that,
for any v € DV(R3),

/(V¢MVV+u2¢uv)dx:/ uvdx.
R3

R3

Therefore, problem (P) can be transformed into a nonlinear Schrédinger equation with a

nonlocal term
—Au+u— Q2w+ ¢)puu = ralx)|u2u — b(x)|u|"?u, xcR3. (P)

The functional associated with (P’) is given by

1 1 A
I(u) = —/ (IVul* + u®) dx - 2/ Gt dx + —f b(x)|u|?dx - —f a(x)|u|” dx.
2 R3 2 R3 q R3 r JRr3

Under our assumptions, it is easy to get that € C*(E,R) and

(F(u),v):f (Vqu+uv)dx—/ Qw + ¢, uvdx
R3 R3
+/ b(x)|u|q_2uvdx—k/ a(x)|u|"2uvdx
R3 R3

forveE.
Moreover, the function ¢, has the following properties.

Lemma 2.1 (see [1, 2])
(i) —w < ¢, <0 on the set {x|u(x) #0};
(i) There exist positive constants Cy, Cy such that

2 2 4
I@ullprz < Cillull”  and /3 [pulu” dx < Collull™.
R
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Definition 2.1 Let X be a Banach space, we say that functional I € C!(X, R) satisfies the
Palais—Smale condition at the level ¢ € R ((PS), in short) if any sequence {u,} C X satis-
fying I(u,) — ¢, I'(u,) — 0 as n — 00, has a convergent subsequence. I satisfies the (PS)

condition if 7 satisfies the (PS), condition at any ¢ € R.
In order to get the global minimizer, we need the famous Ekeland variational principle.

Lemma 2.2 (Ekeland’s variational principle, [35]) Let (X,d) be a complete space, and let
F: X — R U {+00} be a lower semicontinuous functional on X that is bounded below and

not identically equal to +00. Fix € > 0 and a point u € X such that
Flu) <e+ irel)liF(x).
Then there exists a point v € X such that
F(v) < F(u), du,v) <1, and Fw)>F{)—ed(v,w) forallwv.

In order to get the second nontrivial solution, we need a modification of mountain pass
theorem.

Lemma 2.3 (Theorem A.3 in [26]) Let (X, || - ||) and (Y, || - ||) be two Banach spaces such
that X can be continuously embedded into Y. Let @ : X — R be a C' functional with
@(0) = 0. Suppose that there exist p,a >0 and e € X such that |e|y > p, P(e) < a and
@ (u) > o for all u € X with ||u||y = p. Then there exists a sequence {u,} C X such that, for
all n,

\®]

c<P(u,) <c+ 1, and | ®'(u)|, < =,
n n

where ¢ = inf, e maxee(o,1] P (v (t)) and I" = {y € C([0,1]; X)|y(0) =0,y (1) = e}.

3 Proof of the main results
In this section we will prove our main results. Firstly, in the same spirit of the proof of

Lemma 3.1 in [33], we can also get the functional I is coercive. And since a € A= (R3)

1

& (R?) is not necessary in this proof.

implies avr e L (R?), the assumption a € L
Lemma 3.1 (Lemma 3.1 in [33]) Assume that (a)—(c) hold, the functional I is coercive and
bounded from below in E.

In contrast to [33], problem (P’) contains a nonlocal term ¢,,. It brings about some dif-
ficulties to us. Since we lack the compact embedding H'(R?) << L#(R3), p € (2,6), it
increases difficulty in verifying that the functional satisfies the Palais—Smale condition.
Here we prove that the functional satisfies the Palais—Smale condition under the integra-

bility assumptions on 4 and b.

Lemma 3.2 Assume that (a)—(c) hold, the functional I satisfies the Palais—Smale condi-
tion.
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Proof Let {u,} be a (PS) sequence of [, that is, for some M > 0,
Hw)| <M, I'(u,)—0, inE.

Since I is coercive in E, all the (PS) sequences of I are bounded. Then there exists u € E,
and up to a subsequence if necessary, we still denote it by {u,} satisfying

u, — uin HY(R3), u, — u in E;

u, — uin L (R3), where s € [2,6); u,(x) - u(x) a.e. in R3;

and [ul" — )", |ttt — lul”, |l 2ttt — |u]” in L7 (R?).
For every fixed R > 1, let & € C*®(R3, [0, 1]) such that

0, for x| < 1—;,

1, for|x| >R,

Er(x) =

and |V&| < % Then there exists a positive constant C independent of R such that

lErulle < Cllullg- Therefore, lim,,_, o (I’ (14,), Ertt) = 0, uniformly for R > 1, that is,

on(1) = [ (Vi + 122 = (200 + B b ) Er e + /
]R3

u,Vu,VErdx
R3

. f b3 14 = / a0 "
R3 R3

Since

1, C
u,Vu,Vépdx| < | |us||Vu,||VEldx < —|lu,llz < —
R3 ]R3 R

R

and

’

f a(®)|u,| &g dx < f a(x)|un|"ér dx < Clal |z < Clal
3 (B (0))

6 6
B%, (0) Le-r(B%G Lo-r (B% (0)
2 2

R
2

by (i) of Lemma 2.1, we can get that

C
/ (|Vuy,|2+u3,+b(x)|u,,|q)dx§ —+Cla| s +0,(1).
B5,(0) R L6~ (B% (0)

R
2

Then, for every ¢ > 0, there exist N > 0 and R > 0 such that, for every n > N,

. (3.1)

N ™

f (|Vu,,|2+ufl+b(x)|u,,|q)dx§
B5,(0)

Since {u,} isbounded in E, by (3.1) and the compact embedding E < L (R3)forp € [2,6),

loc
we can get that u, — u in L2(R®). Furthermore, by the interpolation inequality, we have

uy — u, inI?(R®) for p € [2,6).
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The rest of proof is standard. In fact,
ot = wl3 1 3y + / D) (™t = 1) (ot — )
R
= <I/(un)’ Uy — M> - <1/(L{), Uy — M)
+ Za)/ (P, vhn — Putt) (Ut — ) dx + f (q),f Uy — qb,fu)(u,, —u)dx
R3 R3S

+ )»f a(x)(|u,,|’_2un - |u|’_2u)(u,, —u)dx. (3.2)
R3

It follows from I'(u,) — 0 and u, — u in E that the first two parts on the right-hand side
of (3.2) converge to zero as n — 0o. By Holder’s inequality, we have

M;{S (Gu, Un — Put)(u, — u) dx

_ ‘ f Gt — 1)+ f (b, — )it — 1) d
R?’ R?’

2
=< |Pu,l6lttn _ul% +|Pu, _¢u|6|u|%|un _”|%
2
< Clluy 1l + el gl )

-0, n— oo. (3.3)

Since the sequence {¢; u,} is bounded in L3 (R3),

‘/ (¢£n”n—¢3u)(un—u)dx
R3
= |¢,§nun—¢5u|%|un—u|3
= (|¢§n”n|% + |¢3,M|%)|un —uls

-0, n— 0. (3.4)

Then (3.3) and (3.4) imply that the third part and the fourth part on the right-hand side
of (3.2) also converge to zero as n — oo. For the last part, since |u,|" — |u|", |u,|"2u,u —
lul”, |ul"2us, — |u|” in L7 (R3) and a € L5 (R3), we have

/ a(x)(|uy,|’_2un - |u|"2u)(uy, —u)dx— 0, n—> o0.
R3

Thus all the parts of on the right-hand side of (3.2) converge to zero as n — co. By the
well-known inequality (|s|P~2s — |£[P2¢)(s — £) > Cyls—tlP,fors,t € Rand p > 2, we can get
that

||zt — u|lg > 0, n— oo.

Therefore, I satisfies the Palais—Smale condition. O



Wei and Li Boundary Value Problems (2019) 2019:31 Page 10 0of 13

Though the functional I is no longer weakly lower semicontinuous, which is very im-
portant to get the global minimizer in [26, 28, 33], we can still prove that I still has a global

minimizer in E via Ekeland’s variational principle.

Lemma 3.3 There exists A* > 0 such that I enjoys a global minimizer u} € E with I(u}) <0
for every A > A*.

Proof From Lemma 3.1, [ is coercive and bounded from below. Set
m,, = inf I(u) < +00
uck

for every {u,} C E such that I(«,) — m, as n — 0o, we can get I has a (PS),,, sequence for
every fixed A > 0 by Lemma 2.2 (Ekeland’s variational principle). Thus, Lemma 3.2 implies
that I has a global minimizer in E. That is to say, there exists u; € E such that

I(u}) = Litlelgl(u).

Next, we will prove that there exists 1* > 0 such that u} #0 for A > A*. Set

r r
A* = inf ( = Vul* + (1 +0®)u? —f Tdx | = inf ,
ulenjw(szsﬂ ul® + ( +a))u)dx+q Rsb(x)|u| dx) ulgn/\/{r](u)

where M = {u € E| fR3 a(x)|u(x)|"dx = 1}. Since J is weakly lower semicontinuous, by
Lemma 3.4 in [33], we can get that there exists 1y € M such that 1* = r/(u) > 0. Then, for
every A > A*, we have

r
Mlttoly s g = %> 2" = 1) (o) = 5 / 3
R

(IVuo|* + (1 + &%) ug) dx + g/gb(x)molqu.
R
Furthermore,
I(ug) = l/ (|Vu0|2+u2)dx—g‘/ G 2 dx
2 R3 0 2 R3 ™0
1 A
+—/ b(x)luolqu——/ a(x)|ug|” dx
q R3 r JRr3
)\' r
< I~ [ atluor s
r JRr3
<0.

Therefore, I(ui) =inf,cp I(u) < I(ug) <O. O

At last, similar to [33], we will prove that, for every A > A*, system (P) has a second
weak solution #? via a modification of the mountain pass theorem of Ambrosetti and Ra-
binowitz. By choosing X = E, Y = H!(R3), we have the following.

Lemma 3.4 Assume that (a)—(c) are satisfied. Then, for every fixed e € E \ {0} and X €
(0, +00), there exist p;. € (0, |lell 1 g3)) and a; > 0 such that

inf I(u) > a; > 0.
uek lull 1 g3y=pa
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Proof Sincea € Ls5 (R3), by Hélder’s inequality,

1 1 A
I(u) = —/ (IVul* + u?) dx - d duu® dx + —/ b(x)|u|? dx — —/ a(x)|u|" dx
2 R3 2 R3 q JRr3 r Jgr3

1 A
Z—/ (IVul® + u*) d. ——/ a(x)|u|” dx
2 R3 r JRr3

1 A
> ~ullfp gs) - s 5 luls

—_

)»
||u||H1 (R3) ~ |ﬂ| ||M||H1 (R3)

9 1 A
= ||u||H1(R3) 2 |“| ||u||H1 (R3)

[\)

Then, for each e € E \ {0}, by choosing p; = min{% llell g1 (r3ys ( )ﬁ }, we can get

_r
ICAlal o
6or

I(u) > =p?:=a,, uecEwith ll22ll g2 w3y = P a

N

Lemma 3.5 If (a)—(c) hold, then system (P) enjoys a nontrivial solution u? € E with I(u}) =
¢, > 0 for every A > 1*.

Proof Lemma 3.3 implies that there exists a global nontrivial minimizer u} € E of I with
I(u3) < 0 for every A > A*. By choosing e = u; in Lemma 3.4, [ satisfies the geometrical
structure of Lemma 2.3. Thus I has a (PS),, sequence for every A > A*. From Lemma 3.2,
we can get that I enjoys a nontrivial solution u? with I(u?) = ¢; > 0 > I(u}) for every fixed
A € (A%, +00) (for more details, see the proof of Theorem A.3 in [26]). a

Proof of Theorem 1.1 In order to complete the proof of (i) in Theorem 1.1, similar to [33],
we only need to prove the fact that if system (P) has a nontrivial solution « € E, then there
exists Ag > 0 such that & > A¢. By (I'(#), ) = 0 and —w < ¢, < 0, we can get that

/(|W|2+u2)dx§)\f a(x)|u|fdx—/ b(x)|u|? dx. (3.5)
R3 R3 R3

It implies that A > 0. Since for any fixed k3, k; >0 and 0 < @ < B, one can get

kt” — kyt? < kl(’;) forall £ > 0.

2

By taking k1 = Aa(x), ky = b(x), « =r -2, B =q — 2, and t = |u(x)|, it is easy to claim that

a(x)i?
b(x)r-2

x)|u(x)|r_2 - b(x)|u(x)|q 2 Aq g ( )w for a.e. x € R>. (3.6)

By (3.5), (3.6), (c), and Holder’s inequality,

” “2 = }LZI_E /
u -

2
”u”Hl(RB)r

q-2 ﬁ -2
<a(x) 2) uzdeSAZj

a(x)12\ 7
(b(xr-Z)
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where S := inf,,cp12®3) -1 |[Vul} is the optimal constant in the Sobolev inequality. Since

)
) = )»().

Therefore, if system (P) has a nontrivial solution, then A has a positive lower bound Ay.

u #0, we have

po ()
S)(4=

bHr=2

1
)T |3
2

That is to say, 0 is the only solution of system (P) for every A < A.
(ii) Combine Lemma 3.3 with Lemma 3.5, system (P) enjoys at least two nontrivial so-
lutions for every A > A*. O
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