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1 Introduction
In this paper, we consider the Cauchy problem of the nonlinear beam equation

a2
%u+A2u+mu—|u|2u:O, t>0,xecR?,

(1.1)
w(0,%) = uo,  =u(0,x) = ui,

where u = u(t,x): R x RY — R and d is the space dimension; A”> = AA and A = 27:1 % is
the Laplacian. The parameter m > 0. In fact, Eq. (1.1) is a class of fourth-order partial dif-
ferential equations having different physical settings (see [19]). In particular, when d = 1,
Eq. (1.1) is called Bretherton’s type equation, which appears in studying of weak interac-
tions of dispersive waves (see [2]). When d = 2, Eq. (1.1) models the motion of the clamped
plate and beams (see [15]). During the last two decades, Eq. (1.1) has been widely studied
(see [18] for a review).

The local well-posedness of Cauchy problem (1.1) was established by Levandosky in [12,
13]. The stability of traveling waves and standing waves was investigated by Levandosky in
[12, 13]. The asymptotic behavior and scattering properties of global solutions were widely
studied in [3, 14, 17]. On the other hand, for the blow-up solutions, a sufficient condition
for the existence of blow-up solutions was given by Hebey and Pausader in [9]. In the L2-
critical case: m = 1, d = 4, the sharp criteria and limiting profile of blow-up solutions were
investigated by Zheng and Leng in [22].

This motivates us to further study the blow-up solutions of Eq. (1.1) in the following
sense: Under what conditions will the waves become unstable to collapse (blow-up)? Un-
der what conditions will the waves be stable for all time (global existence)? In other words,
what are the sharp criteria of blow-up and global existence?
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In the present paper, we focus on the two typical cases: H? energy-critical (i.e., d = 8)
and H? sub-critical (i.e., d = 6). Indeed, we remark that Eq. (1.1) has the scaling symmetry
v* := A2u(A*t, Ax) provided m = 0. More precisely, when d = 8, v* is a solution of Eq. (1.1)
provided u solves Eq. (1.1) and [|v*|| ;2 = |||l 2. This case is called the H? energy-critical
(see [9]). And when d = 6, this case is called the H? sub-critical due to ||v}|zs = [|u] s
being invariant, where s < 2.

Our main arguments are from the studies of the nonlinear Schrodinger equations.
In fact, Kenig and Merle in [11] and Holmer and Roudenko in [10] injected the sharp
Gagliardo—Nirenberg inequality into the energy functional to obtain the sharp threshold
of blow-up and global existence for the nonlinear Schrodinger equations, in which the
scaling invariance and conservation of L2-norm play a crucial role. For the cubic non-
linear Schrodinger equations with defect, Goubet and Hamraoui in [7] investigated both
numerically and theoretically the influence of a defect on the blow-up of radial solutions
to a cubic NLS equation in dimension two.

But for Eq. (1.1), the scaling invariance and conservation of L2-norm fail, which is the
main difficulty. For the H? energy-critical case: d = 8, by injecting some new estimates
into the best constant of the Sobolev embedding inequality, we find two invariant sets and
obtain the precisely sharp criteria of blow-up and global existence for Eq. (1.1). For the H?
sub-critical case: and d = 6, the best constant of the Sobolev inequality is not determined,
and the method in [11] for the H' energy-critical Schrédinger equation and the method
in [10] for the L? sup-critical nonlinear Schrédinger equation cannot be directly applied.
By exploring the convex properties of the energy functional, we can find two invariant sets

and obtain precisely sharp criteria of blow-up and global existence for Eq. (1.1).

2 Notations and preliminaries
In this paper, we abbreviate L1(R?), || - Il L2 (> H2(RY), H*(R?), and Ja-dx by L, || - g
H?, H?, and | - dx. The various positive constants will be simply denoted by C.

The work space is defined by

H?*:= {V€L2 ‘ f(|v|2 +|Vv]* +|Av]?) dx < +oo}.

The norm is denoted by [|[v||;2 = (VI3 + | V|3 + ||Av||§)%, which is equivalent to (||v|]3 +
I Av||%)%. For Cauchy problem (1.1), we define two functionals in H? x L? by

E((V(t),%v(t))) :=/|:% %v(t)

H(v(t)) = /[% |v(t)|2dx— i|V(t)|4] dx.

2

+ %‘Av(t)|2 + %’v(t)’z - 2|V(t)’4] dx,

The functionals E and H are well-defined by the Sobolev embedding theorem (see [9]).
The local well-posedness of Cauchy problem (1.1) is established by Hebey and Pausader

in the energy space H? x L? (see [9]) as follows.

Proposition 2.1 Let m = 1,1 <d <8, and (ug, u1) € H*> x L?. There exists a unique solu-
tion u(t, x) of Cauchy problem (1.1) on [0, T) such that u(t,x) € C([0, T); H* x L*). Moreover,
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either T = +o0 (global existence) or 0 < T < +00 and lim;_, 1 ||u(t,x)|| 2 = +oo (blow-up).
Furthermore, for all t € [0, T), u(t, x) satisfies the following conservation law:

E((Lt(t), %u(t)» = E((uo, m1)). 2.1)

Remark 2.2 It follows from Hebey and Pausader’s result in [9] that the local well-
posedness of Cauchy problem (1.1) is also true in H? x L2. Moreover, let u(t,x) €

C([0, T); H? x L?) be the solution of Cauchy problem (1.1). If 0 < T < +00, then lim,_, 7 || u(t,

x)|l2 = +00 or limsupHT||u(t,x)||L?([0,T);L;) = +o0o (blow-up), where (gq,r) = (2d+4)

-’
2d(d+4) N L
G dﬁi)(;)z)) is B-admissible.

Next, we introduce two important sharp inequalities, which are used to describe the
sharp criteria of blow-up and global existence for Cauchy problem (1.1).

Lemma 2.3 Letv e H?. Then

2 8-d d
vl < anu; IAv]Z, (2.2)
2

where Q is a ground state of

d 8-d
ZA2Q+ TQ—IQI2Q=O, QeH. (2.3)

Lemma 2.4 Letd =8 and W(x) = 830 colve

(1+]x%)2

AW - |WPPW =0, WeH> (2.4)
Then the best constant C, > 0 of the Sobolev inequality
Ivlla < CllAvlly,  veH? (2.5)

_1
is given by C, = |AW ||, *, where W is the solution of (2.4).

Remark 2.5 The sharp Gagliardo—Nirenberg inequality (2.2) was obtained by Fibich, Ilan,
and Papanicolaou in [6], and the existence of the ground state solution of Eq. (2.3) was
proved by Zhu, Zhang, and Yang in [23]. For the sharp generalized Gagliardo—Nirenberg
inequalities (2.2) with fractional order derivatives, the readers can refer to [4, 5, 8, 21, 24,
25]. The sharp Sobolev inequality (2.5) was established in [1, 16, 20].

3 Sharp criteria of blow-up and global existence

In this section, we first consider the H? energy-critical case: p = 3 and d = 8. By con-
structing the invariants, we can find the sharp criteria of blow-up and global existence
for Cauchy problem (1.1).

Theorem 3.1 Letm =1,p=3,d =8,and W be the solution of (2.4). Assume that (uy, u;) €
H? x L? and

E((uo, m1)) < ;IL||AW||§. (3.1)
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Then
(i) if | Auoll3 + lluoll3 < | AW ||3, then the solution u(t,x) of Cauchy problem (1.1) exists
globally, and u(t, x) satisfies that, for all time ¢,

|lau@®]; + |u@)]: < 1AW2, (3.2)

(i) if | Auoll3 + lluoll3 > | AW |3, then the solution u(t,x) of Cauchy problem (1.1) blows
up in finite time 0 < T < +00.

Proof Firstly, applying the best constant of Sobolev inequality (2.5) to the energy func-
tional E, for all £ € I (maximal existence interval), we get

1 2 2 Ch 2,2
( (w0, 5y)) ) = 5 (18w + [l - 5 (| auco )

—_

Vo
= S (lau@]; + [u@)]3) - & Clau@]; + [u@]3)’, 63
where C, = ||A W||;% and W is the solution of (2.4). Now, define a function on the interval
[0, +00) by

4
*

_ x4
4 .

1,
=3
Then, we see that f/(y) =y - Cl? = y(1 - C!?), and there are two roots for the equation
) =0:91=0,9, = C2 = ||AW||2 Hence, y; is the minimizer of f(y) and y, is the max-
imum of f(y). Meanwhile, f (y) is increasing on [y1,y2) and decreasing on [y;, +00). Note
that f(y1) = 0 and f(y,) = 'A‘V”z . It follows from (2.1) and (3.1) that, for all £ € /,

N IRE E((u(t) —u(t))) E((uor 1)) <f ). (3.4)

Secondly, using the convexity and monotony of f(y) and the conservation of energy, we
construct two invariant evolution flows generated by Cauchy problem (1.1) as follows:

AW |3
K := {u(t) e H*\ {0} ‘ ||Au(t)||§ + ||u(t)||§ <|AW|3,0<E< I 2 > },

AW |3
Kyi= {u(t)eHz\{O}‘ | 8w+ Ju)]2> 1awi0 < £< 12 ”2},

where E := E((u(t), at”(t))) Indeed, if uy € K3, ie, |Auol3 + |uoll3 < |[AW]3, then
VIIAuolI3 + lluo |5 < yo. Since f(y) is increasing on [0,7,) and for all £ € 1,

IIAWllz

f(\/ |au@)];+ |40)]3) = E(wo,u) < = fonax =S ). (3.5)

According to the bootstrap and continuity argument, we can show that the corresponding
solution u(t,x) satisfies that, for all ¢ € I,

JIau®]? + 4@ <2 (3.6)
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which implies that K; is invariant. In fact, if (3.6) is not true, then there exists #; € I such
that /|| Au(t1)||? + [|u(t1)]|2 = ys. Since the corresponding solution u(t,x) € C([0, T); H* x
L?) of Cauchy problem (1.1) is continuous with respect to ¢, there exists 0 < £, < #; such
that

VIau)|? + [ue)]2 = 2.

Thus, injecting this into (3.5) with £ = £,

AW |2
4

S(2) =f(\/” Auto) ||§ + ||M(t0)H§) < E((uo,w1)) < = fmax = (¥2),

which is a contradiction. Hence, (3.6) is true. On the other hand, if uy € Ky, i.e., || Aug||5 +

lluoll3 > IAW]|3, then /|| Auoll3 + lluoll5 > ¥2. Since f(y) is decreasing on [y,, +00) and for
allt e,

1AW _
4

S 1w} + 107 < E(Gao,0)) < S =f 0.

According to the bootstrap and continuity argument (see the proof of the invariance of
K7), the corresponding solution u(t, x) satisfies that, for all ¢ € I,

VIauo]2+ ]2 > 67)

which implies that Kj is invariant.

Finally, we return to the proof of Theorem 3.1. By (3.1) and || Auol|3 + [luoll3 < |[AW3,
we get uy € Ki. Applying the invariant of K3, (3.2) is true and the solution u(¢, x) of Cauchy
problem (1.1) exists globally by the local well-posedness (see Proposition 2.1). This com-
pletes part (i) of the proof.

On the other hand, (3.1) and || Auol|3 + |luoll3 > |[AW|3 imply uo € K,. Applying the
invariant of K, (3.7) is true. According to the conservation of energy and assumption
(3.1), we deduce that, for all £ € I,

2

d
O] = —4E (o)) + zH Du] +2) w2 +2fuco
2

2

d
>_||AW||§+2HW(¢) e 2 )]+ 2o (3.9)
2

Letting J(¢) := [ |u(¢,x)|* dx and computing the derivatives of J(¢), we see that, for all ¢ € I,
J'(£) =2 [ u(t) £ u(t) dx and

(0 =2 [ (‘%u(t)

Inject (3.8) into (3.9). For all t € 1,

2

+ u@)|* - | Aue)| - ]u(t)\z) dx. (3.9)

2

9 2
7" (t) > 6“Eu(t) -2|AaW| 2 +z||Au(t)”§ +2||u(t)||§ >6 , (3.10)
2 2

0
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which implies that J”(t) is positive and has a lower bound for all ¢ € I. Applying the Holder
inequality to J'(¢), we get
5 2

3 tu(t)

('®)° <4u@),

2

for all ¢ € I. Multiplying (3.10) with J(¢), we deduce that, for all £ € [,

2
J@&'(®) > 6” %u(f) |u®)]; > g(m))z, (311)
2

and there exists £y > 0 such that J'(¢) > O for all ¢ > £. Therefore, as the proof of Theo-
rem 3.1, the solution u(t, x) of Cauchy problem (1.1) blows up in finite time 0 < T < +00. [J

Now, we investigate the sharp criteria of blow-up and global existence for Cauchy prob-
lem (1.1) in the H? sub-critical case: p =3 and d = 6.

Theorem 3.2 Let m =1, p =3, and d = 6. Assume that (uy,u,) € H> x L? and

E((uo, m1)) < ?IIQH%. (3.12)

Then
(i) fllAuoll2 < (%)% | Qll2, then the solution u(t,x) of Cauchy problem (1.1) exists
globally and u(t, x) satisfies that, for all time t,

| au®)], < (g) " 1Ql (3.13)

(ii) if [l Auollz > (%)%L | Qll2, then the solution u(t,x) of Cauchy problem (1.1) blows up in
finite time 0 < T < +00,
where Q is the ground state of (2.3).

Proof Tt follows from the proof of Theorem 3.1 that we give the main schedule of the
proof of Theorem 3.2 in the following. From the sharp generalized Gagliardo—Nirenberg
inequality (2.2) with d = 6, we see that, for all ¢ € I (maximal existence interval),

ad 1 1 1
£( (w0 550 ) = S |AuO] + 5[0 - 5 o | awto)
1 1 1 1
> S18uO L+ SOl - 3101 - groms | Auol:
1 1
= S [au)]; - E | Au@)]5. (3.14)

Define a function f(y) on the interval [0, +00) by

1 6
y .
81Qll3

1
f(.)’):?’z—
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We see that y; = 0 is the minimizer of f(y) and y, = (%)% IQll2 is the maximum of f(y).
Meanwhile, f(y) is increasing on [y1,y,) and decreasing on [y, +00). Note that f(y;) = 0
and f(y,) = 2%,5 |Qll3. By (2.1) and (3.12), we see that, forall £ € ],

f(|au@],) §E<(u(t), %u(t))> = E((uo, 1)) < ?IIQII% <f() (3.15)

Then, as in the proof of Theorem 3.1, we can construct two invariant evolution flows
generated by Cauchy problem (1.1) as follows:

4\ 3

K= {u(t) € H*\ {0} ] |Au)], < (5) IQll2,0< E < %IIQII%},
4\ 3

Ky = {u(t) € H*\ {0} \ |Au@)|, > (5) IQll2,0< E < %IIQII%},

where E := E((u(t), 8%u(t))). Finally, using the invariances of K; and K,, we can complete
the proof of Theorem 3.2. (3.12) and ||Aup||> < (%)% IQll2 imply that uy € K7. Applying
the invariant of K3, (3.13) is true and the solution u(z,x) of Cauchy problem (1.1) exists
globally by Proposition 2.1. This completes the proof of part (i).

(3.12) and ||Aupll > (%)% |Qll2 imply that uy € K,. Applying the invariant of K3, (2.1),

and (3.12), we deduce that, for all £ € I,

2

0]
2ut) | = ~8E((ut0)) + 4” 00|+ w4l o)

2

4+/3
V3 v 4| 2u@] + 4o (316)
2

d
> —TIIQH% +4H pPLl0)

Letting J(¢) := [ |u(¢,x)|* dx, by some basic computations, we deduce that, for all ¢ € I,
J'(¢) =2 [ u(t) 2 u(t)dx and

e -2 / (‘%u(t)

It follows from (3.16) and (3.17) that, for all ¢ € I,

2
+ u@)|* - | Aue)| - ]u(t)\z) dx. (3.17)

2 43

1 8 2
J'(®t) > 6” Eu(t) , i J (3.18)

0
1QI2 + 2 A2+ 2 )] = 6H 2w

which implies that J”(t) is positive and has a lower bound for all ¢ € I. Applying the Holder
inequality, we get J'(£)? < 4 u(?)||3]] % u(t)||3. Multiplying (3.18) with / (), one deduces that,
forallt el,

2
1670 > 6” Duo| o> 2 (319)
£, 2

Thus, as the proof of Theorem 3.1, the solution u(¢, x) of Cauchy problem (1.1) blows up
in finite time 0 < T < +00. g
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