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1 Introduction

In this paper, we are concerned with the following problem:

|t )P 1aye — 0 At — Ay + ffoo w(t —s)Au(s)ds — y Au, = f(u),
(x,2) € 2 x RY,
ulx,t) =0, (x,t) €2 xRY,

(1.1)
u(x,0) = ug(x), us(x,0) = up(x), «x€82,

where £2 is a bounded domain of R” (n > 1) with smooth boundary 952, p is a positive
constant, and y > 0. We prove the existence of a global solution by means of the Galerkin
method and establish the exponential stability under suitable assumptions by using a sim-
pler auxiliary functional than that in [1]. We also show the polynomial stability under
suitable conditions.

Partial differential equations in viscoelastic materials have important physical back-
ground and important mathematical significance. The viscous effects are described and
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characterized by an integral term, and the integral term indicates a dissipative effect. For
mathematical analysis on the motions of evolution equations with memory, we refer to [8,
32]. Problem (1.1) is related to the equations

S(u)uy — Au— Auy =0, (1.2)

which have several modeling features. If f(u,) is a constant, Eq. (1.2) has been used to
model extensional vibrations of thin rods (see [27, Ch. 20]) and it differs from D’Alembert’s
wave equation because of Auy, which is not a damping term. On the contrary, Au in-
creases the energy functional. If f(u;) is not a constant, Eq. (1.2) shows that the density of
materials depends on the velocity ;.

In the past ten years, several authors studied the homogeneous Dirichlet boundary value
problem for the following model with memory (starting from the zero moment) and vari-
able density:

t
lte|P oy — A+ / gt-t)Au(r)dr + F(u,u, uy) =0
0

in a bounded domains £2 C R”. Cavalcanti et al. [2] considered the model with integral
dissipation and strong damping

t
|u,¢|"utt—Au—Autt+/g(t—s)Au(s)ds—yAut:(), (x,2) € 2 x R,
0

Assuming that 0 < p < ﬁ ifn>3orp>0if n=1,2 and that g(t) decays exponentially,
they obtained the global existence of a solution for y > 0 and the uniform exponential de-
cay of the energy for y > 0. Cavalcanti et al. [3] considered this model and proved intrinsic
decays for large classes of relaxation kernels described by the inequality g’ + H(g) < 0 with
convex function H. Han and Wang [11] considered the equation with integral dissipation

and linear damping
t
ltts|Pthsy — At — Aty + / gt—s)Au(s)ds+u; =0, (x,¢t) €2 xR".
0

They proved the global existence and exponential decay when g is decaying exponentially
by introducing two auxiliary functionals. Han and Wang [12] established the general decay

of energy for the equation with integral dissipation and nonlinear damping
t
lte|P thyy — At — Ay + / gt —s)Au(s)ds + |us|"u; =0, (x,t) € 2 x R,
0

by introducing two auxiliary functionals. Messaoudi and Tatar [29, 30] considered the
equation only with integral dissipation

t
lte|P thyy — At — Ay +/ gt—s)Au(s)ds=0, (x¢t) €2 xR*.
0

Under some assumptions on g, they obtained exponential and polynomial decay rates.
Messaoudi and Tatar [28] studied the equation with external force term and only with
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integral dissipation
t
lte|P oy — Atk — Aty + / gt —s)Au(s)ds = blulPu, (x,t) e 2 xR*. (1.3)
0

By introducing a new functional and using potential well method they showed that there
exists an appropriate set S (called a stable set) such that if the initial datum is in S, then the
solution continues to live there forever. They also showed that the solution goes to zero
with an exponential or polynomial rate depending on the decay rate of the relaxation func-
tion g. Liu [26] considered (1.3) and proved that, for certain class of relaxation functions
and certain initial data in the stable set, the decay rate of the solution energy is similar to
that of the relaxation function. Conversely, for certain initial data in the unstable set, there
are solutions that blow up in finite time.

Now, we list some important literature on the nonlinear evolution equation with sered-
itary memory and variable density. Aradjo et al. [1] considered the equation with integral

dissipation in infinite interval

t
ltg| P tayy — 0 Ak — Ay + / wt—s)Au(s)ds—yAu +f(u)=h, (x¢t) €2 xR,
—00
where £2 is a bounded domain of R” (n > 1) with smooth boundary 3£2. They estab-
lished the uniqueness of the solution, exponential decay, and global attractors. However,
the existence of a solution is not given in detail, two auxiliary functionals are introduced
to prove the exponential decay result, and the polynomial decay result is not given. Conti
etal. [5] established an existence, uniqueness, and continuous dependence result for weak
solutions to the nonlinear viscoelastic equation with hereditary memory on a bounded

three-dimensional domain
o0
10,14|° 01t — Ayt + y (=AY du — e A + / wS)Au(t—s)ds+f(u) =h
0

with Dirichlet boundary conditions. In particular, the parameter p belongs to the interval
[0,4], the value 4 is critical for the Sobolev embeddings, whereas f can reach the critical
polynomial order 5. Lately, Conti et al. [4] studied the nonlinear viscoelastic equation

|0;14|” Oge1s — ABystt — At + / wS)Au(t —s)ds+f(u) =h
0

and showed that the sole weak dissipation given by the memory term is enough to en-
sure the existence and optimal regularity of the global attractor A, for p < 4 and critical
nonlinearity f.

In recent years, Fatori et al. [9] studied long-time behavior of a class of thermoelastic
plates with nonlinear strain and long memory; the main result establishes the existence of
global and exponential attractors for the strongly damped problem through a stabilizabil-
ity inequality. In addition, for the weakly damped problem, they establish the exponential
stability of its Galerkin semiflows. Li et al. [13—15] proved the existence uniqueness, uni-
form energy decay rates, and limit behavior of the solution to the nonlinear viscoelastic
Marguerre—von Karman shallow shells system. The global existence uniqueness and de-
cay estimates for nonlinear viscoelastic equation with boundary dissipation were given in
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[16, 17, 19, 22-25]. The authors in [10, 18, 20, 21] studied the blowup phenomenon for
some evolution equations. Du and Li [6, 7] proved the integrability and regularity of the
solution to some equations.

In this paper, we study the equation with hereditary memory (uo(x, t), £ < 0) and variable

density

t
|| by — 0t Ak — Ay + / w(t —t)Au(r)dr — y Au, = f(u), (1.4)

—00

that is,
o0
|| thyy — 0t Ak — Ay + / w(@)Au(t —t)dr — y Auy =f(u),
0

which can be rewritten as

AL 7P (a - /OO M(r)dr)Au — Ay
. 0
- /0 (D) A(ulx, ) — ulx, t — 7)) dt — y Auy = f ().

This equation inspires us to define

n:=nlxt1)=ulxt)—uxt-1), @*71)€NxR,t>0,
which implies

Ne(x, 8, T) = ue(x, t) — (2, £, 7) = w0, 8) — e (0, t —T), (%, 1) € 2 x RY,£>0,
and

t=0:n,0,7) =ug(x,0) —ug(x,-7), (x,7)€ 2 xR".

Hence Eq. (1.4) can be rewritten as
[o¢] [o¢]
mmmn—<a—/ Mhﬂh>Au—Aun—/iﬁdﬂAMﬂdT—yAm=fW)
0 0
Without loss of generality, we assume that o — fooo u(t)dr =1. Then

el Pthee — At — Aty — [° w(t)Andr —y Auy = f(u),  (x,8) € 2 x R*,

N, t, T) = u(, £) — n (%, 8, T),

u(x,0) = up(x), (%, 0) = u (%), (1.5)
nxt0)=0,  n0,7)=no(x 1),

u=0 a2 x R*, n=0 982 x R* x R*,

where

no, T) = up(x,0) — up(x, —7), (x,7) € 2 x R,
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The main contribution of this paper are: (a) the equation with hereditary memory, vari-
able density, and external force term is representative; (b) the detailed construction pro-
cess of the energy functional is given by an integration method; (c) we give a detailed proof
of the existence for the solution; (d) the proof of the exponential decay result is simplified
by introducing only one auxiliary functional; (e) the polynomial decay result is established.

The outline of this paper is as follows. In Sect. 2, we present the preliminaries and im-
portant our results. In Sects. 3-5, we prove the main Theorems 2.1-2.3, respectively.

2 Assumptions and the main results
In this paper, we assume that the following conditions (41)-(A3) hold:

(A1)

2
n-2

O<p< ifn>3; p>0 ifn=12,
which implies that
H}(R2) — LX7D(Q).
(A2) f:R — R and satisfies
f@) =fW)| <co(X + ulf + [vIP)lu-v], wveR,
where ¢y > 0 and
0<p§% ifn>3; p>0 ifn=12,
and

f(s)s<F(s)<0, VseR,

where F(z) = [, f(o)do.
(A3) w satisfies

ne ct (R+) ﬂLl(R+), 0<u(r)<oo, w(0) >0, (+00) =0
with
(o]
/ w(t)dr =1ky >0,
0
and there exists a constant ki > 0 satisfying
/ 3
wi(t) < -kipit), VieR',1<g< 5

To consider the relative displacement 7 as a new function, we introduce the weighted
L?-space

M :=L%(RY HY(R2)) = {V:R+ —>H&(Q)‘/(;oou(t)||VV(t)||jdr < oo},



Li and Jia Boundary Value Problems (2019) 2019:37

which is a Hilbert space endowed with inner product

v, W)pm = /OO/,L(‘L')(/Q V(r) - Vw(r)dx) dt
0

and norm
o0 2
nw%=/ u(@| v, dr.
0
We introduce the notation
H = Hy(22) x Hy(£2) x M.

Remark 2.1
(1) H)(2) — L"(£2) with

v N

2n
Srfm: 1’123,
1

2, n=
which implies
lgll- < Bllgll, Vo € Hy(£2).

(2) From (A;) we can easily get f(0) = 0.

(3) The condition g < % is imposed to ensure that fooo u?> (1) dr < oo. In fact,

assumption (A3) implies

G

1 ’
(L+g)aT

() < 1>,

2 —
q_

and therefore [~ 1%7(t)dt < 0.

Give the initial data (g, u1,19) € H, a function z = (4, us, n) € C([0, T], H) is a weak so-
lution of problem (1.5) if it satisfies the initial condition z(0) = (o, &1, 170) and

(le)” e, w) + (Vit, Vw) + (Vity, VW)+)/(VMt)VW)+/ w(t)(Vn, Vw)dr
0

= (f(u),w),

(3t77 +0; an)M = (th,V)M,

forall we H}(£2),ve M, and ae. t € [0, T].

Multiplying both sides of Eq. (1.5) by #;, integrating the resulting equation over £2, and

using the Green formula, we have

oo
/|ut|puttuta’x+/ Vu'Vutdx+‘/ VuttVutdx+/ Vut/ w(t)Vn(r)dr dx
2 2 2 2 0

+y/ |Vut|2dx:/f(u)utdx,
I?) 2

Page 6 of 23
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that is,
d +2 1 1 2
e 19+ 51V - [ Fuas]
oo
+ Y|Vl + / wt/ w(t)Vndrdx=0.
Q 0
A direct computation and application of (1.5) show that

‘/Vut/ ,an(r)drdx:/(Vm+Vn,)/ w(t)Vndr dx
2 0

/ Vm/ Vndrdx+/ Vm/ T)Vndtdx

IIVnIIM + (Vi V) pm.

This computation inspires us to define an energy functional as follows:

1 , 1 1 1
B0 = — Il + 5190l + 51Vl + 5190 - [ Fuods 1)
and

E'(t) = =y IVuell; = (e, ) pa-

Using (A3) and (1.5), we have

_1 > i 2 __l * ’ 2
(nr,n)M—2/9</0 M(T)arlvnl dt)dx— 2/9(/0 W (7)|Vnl dr>dx

Then
, 2 1 ™ 2
E'(t) = -y | Vu,(0) |, + 5/0 W (0)|Vn(r)|,dr <o. (2.2)

Theorem 2.1 Assume that conditions (A1)—(As) hold and y > 0. If the initial data
(¢00, 41, n0) € H, then for any T > 0, problem (1.5) has a weak solution

(, uz,m) € C([0, T1, H)
satisfying

uel®(RYGHY(R2)),  we L®(RYSHN(R)),

uy € L*([0, T Hy(2)),  neLl*(R5M).
Theorem 2.2 Assume that conditions (A1)—(A3) hold and y > 0.If q = 1, then
E(t) <Ke™, t>0,

where K and v are positive constants.
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Theorem 2.3 Assume that conditions (A1)—(As) hold and y >0.If1<q< %, then

1

Et)<KQ+t)y 2D, >0,
where K is a positive constant.

3 Proof of Theorem 2.1
We study the equation

oo
|o6e|Pthee — Ars — Ay — / w(t)Andr —y Auy = f (u).
0
Let {w;}°, be an orthogonal basis of Hj with wj satisfying

—Aa)]‘ = )\.]‘a)j, x € $2,

wjloe =0.

By normalization we have ||w;|l» = 1 and write Vi = span{w, ..., wx}. For any given inte-
ger k, we consider the approximate solution

k
w(t) =Y d(t)ey

j=1
that satisfies

(|txe|? trees 0)) + (Vg VCU;‘) + Vg, Vo) + v (Vg VCU/‘)
+ Jo @) (Ve V) dr = (f (ur), o)), (3.1)

I/lk(o) = Uk, uk,t(o) = Ulks j: 1, 2)“',/(,

and, as k — oo,

k k
Ugk = Z(uo,a)i)wj — uy in Hé and wuqy = Z(ul,wj)wj —u; in Hé. (3.2)
j=1 J=1

Here we denote by (-,-) the inner product in L2(£2). Then (3.1) can be reduced to the
second-order ODE system

(135, ' Ol S5, e (Dwi a) + 1, (8) + Aid, (8) + v, ()
07 57 @) () - Gt = D) dT = (F(T 1, (B)ay), ), (3.3)
40 = (o), & (0)=(,w), j=1,2...k

According to the standard existence theory for ordinary differential equations, we infer
that system (3.3) admits a solution c;((t) in [0, t,,), where t,, > 0. Then we can obtain an
approximate solution u(t) of (3.1) in Vj over [0, t,,), and the solution can be extended to
[0, T] for any given T > 0.

Page 8 of 23
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Multiplying (3.3) by cj,;/(t) and summing with respect to j, we conclude that

d{ 1 , 1 1 o0
p <m e 135 + EIIVukllﬁ + EIIVukzllﬁ) +y I Vurell3 + /0 w(T) (Vi Vugs) dr

= (f (i), up)- (3.4)

Simple calculations yield

f () (Vg Vitg) d
0

© 1d
_ / Rk, Vi + Vi) de = = il + (Ve V), (3.5)
0

1 o d
Mkes MIM = 5/ (/ M(r)a—|Vnk|2dr> dx
2\Jo T

- -%L(/O u/(r)Wnder) dx

1 [e¢}
-5 [ w@Ivnga 6)
0

Combining (3.4) and (3.6), we find

d 1 p+2 1 2 1 5 1 9 /
dt “ + o IVl + 5 I Vaklly + 5 — | F(uy)dx
dt<p+2” kt|p+2 2” kll3 2” kell 2||77k||M 5 (o)
1 (e @]
-1Vl e 5 [ WOV <o (37)
0

Integrating (3.7) over (0, ¢) and noting (3.2), we obtain

1 1 1
p+2 2 2 2
174 + —||Vu + —||Vu + — - F(uy)dx
2” kt||p+2 2” k||2 2” kt||2 2||’7k||,/\/1 / (k)

1 1
piat 5 | Vu@[ + 3 [ Ve O

1
=< m “ Mkt(0)|
1
+3 IOl - [ P)ds
<Kj, (3.8)

where Kj is a constant independent of . It follows from (3.8) and the Poincaré inequality
that

{ur} is bounded in L>(0, T; H}),
{uxe} is bounded in L>(0, T; HY), (3.9)
{1k} is bounded in L2(0, T; M).

Page 9 of 23
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Multiplying (3.1) by c’,;//(t) and summing with respect to j, we obtain

y d
/ e 1te e + (Vs Vitgas) + | Vit |2+ Vi 12
Q 2 dt
o0
+/ w(t) (Ve Vite) d = (f (ur), i)
0
that is,
y d
s |P g |2 dox + | Vit |2 + = — 1| Vg, ||
/Q| ol ki + | Va1 + 2 1V 1
o0
- (Vitg, Vitger) - f () (Vi Viske) d + (F (00, ) (3.10)
0

The right-hand side of (3.10) can be estimated as follows:

1
|~ (Vitg, Vitgar) | = ‘—/ Viur Vg dx| < & Vit || + EIIVWII% Ve >0, (3.11)
2

‘— / w(T)(V e, Vi) dt
0

1 o 2
§8||Vukn||%+£/ (/ M(r)lvnkldt) dx
2 0

[eo) 2
< eVl + o /g ( /0 W(r)m(r)wmdr) dx

1 o0 o0
5e||wm||§+£f /L(f)df// ()| Vi 2 d dx
0 2 J0

ko
= || Vil + " IV 1ll5e (3.12)

with ky = fooo wu(t)dt. Using (A,), the Sobolev embedding theorem, and the Poincaré in-

equality, we have

() )| = ‘— fg Pl d

< Co/ (1 + [k |P) [t | | aee | A
2

2 2(p+1) 2
< Co(llurll3 + ||uk||2(p+1)) + & || tgee ||

< C*(IViel? + IV 137Y) + £ C | Vit |2 (3.13)
By (3.10)—(3.13) we have

d
IV el

14
Wie|° | tiee |2 A + || Vige | + = —
f9| ol ki + | Vol + £ 5

1 2+ Ko
<2+ C)el| Vg |13 + (E + C*) Va2 + C* | Vi |37 + 4—8||Vnk||2M,
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that is,
0 2 . v d 2
4k |° |thee |~ dx + [1 -2+ C)S] ||Vukrt||2 + ——||Vukt||2
o 2 dt
< (2 ) IVl + NV + 2 o, (3.14)
— \4e 4e
From (3.14) and (3.18) we know that
0 2 . v d 2
|2tke|” N2tkee|” Ao + [1 -2+ C)8]||Vuktt||2 + EE”VMMHZ <Kj. (3.15)
o)
Integrating (3.15) over (0,¢) (0 < ¢ < T) and noting (3.2) yield
t t ,y
[ [ v dsdz + [1-@+ O] [ 19l + L 1vuelE < Cr. (3.0
0 Je 0
Taking ¢ suitably small in (3.16), we can obtain the second estimate
t
| 1kl + 1 <
0
which implies that
{t431} is uniformly bounded in L2 (0, T; H&). (3.17)

According to estimates (3.9) and (3.17), we infer that there exists a subsequence in {,,}
(denoted by the same symbol) such that

up —u  weak-star in L%(0, T; H}(R2)),

uie — u, weak-star in L=(0, T; HA(£2)),

. (3.18)
upe — uy - weakly in L2(0, T; H} (£2)),
mk—n  weakly in L2(0, T; M),
which, combined with the Aubin-Lions compactness lemma, implies
ur — u strongly in C([0, T]; H(£2)),
k gly in C([0, T]; Hy(£2)) (3.19)

up, — u;  strongly in C([0, T1; H} (£2)).
Using (A;) and (3.19), we get
S () = f(w).
From (3.19) we get uy; — u; a.e. in §2 x (0, T'). Hence

lvie|" iy — |ute|’u;  ace.in 2 x (0, T). (3.20)

Page 11 of 23
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On the other hand, by the Sobolev embedding theorem and || Vu||3 < L1, we have

T T
2 1
otk ke | 20,2020 = f / e |2°*D) dx d < BHo+D f [V atge 1240 die
0 2 0

< BT < (3.21)
Thus, using (3.20), (3.21), and the Lions lemma, we derive
|t e — |1y’ u,  weakly in L2(0, T; L*(£2)). (3.22)

Let D(0, T) be the space of C* functions with compact support in (0, T'). Multiplying
(3.1) by 6(¢) € D(0, T) and integrating over (0, T), it follows that

T T T
/ (|ukt|pum,wj)9(t)dt+/ (Vuk,Va),»)O(t)dt+/ (Vitgy, V)0 (t) dt
0 0 0
T T poo
+y/ (Vugg, V) (t) dt+/ / w(T)(Vir, Vo (t) de dr
0 o Jo

T
- f (F () )60 . (3.23)
0

Noting that {w; ,'°=O1 is a basis of H}, via convergences (3.18), (3.19), and (3.22), we can get
from (3.23) that

(|ut|”utt,a)j) +(Vu, V) + (Vuy, Vi) + y (Vug, V) + /000 u(r)(Vn(t), Va),-) dr
= (fw), ),
and hence, for all w € H}(£2),
00
(1tee] s, @) + (Vit, Vo) + (Vi (2), Vo) + y (Visg, Vo) + /0 w(t)(Vn(r), Vo) dt
= (f(w), o). (3.24)
Using (3.2) and (3.19), we have
u(0) = uo, u;(0) = uy. (3.25)
On the other hand, by Pata and Zucchi [31] we have that
n e C([0, T], M). (3.26)
Combining (3.20), (3.25), and (3.26), we complete the proof.

Remark 2.4 For the uniqueness of the weak solution, see [1].

Page 12 of 23
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4 Proof of Theorem 2.2

Define the functionals

1
_ p _
D(t) = P /Q |us|P usu dx /;)Autudx (4.1)
and
L(t) = ME(t) + ®(¢), (4.2)

where M > 0 will be fixed later. We recall that E(t) is decreasing since E'(£) < 0.

Lemma 4.1 For M > 0 sufficiently large, there exist constants B, B > 0 such that

BLE(t) < L(t) < B2E(t), t=0.

Proof By the Holder and Cauchy inequalities we have

IA

200

1
—f l2te|P* Y || dx + / Vu; - Vudx
p+1l/jg 2

1 1
1 3 3
([ ()
p+1\Jg 1)

1 2 1 2
+ S IVl + S 1Vl

IA

1 o 1 , 1 )
= ﬁllutllgwl)llullz + S IVally + S Vals.
Since E(t) is decreasing, from the Sobolev embedding theorem we have

) 1

ﬁnutng’;;mnunz < ﬁuutniﬁgﬁ) + 33
< GE(O)| Vi3 + Cul| Vaell3-
Therefore
|@ ()| < CE().
Then taking M > C, we complete the proof. d

Lemma 4.2 There exist Cy >0 and C3 > 0, dependent on the initial data, such that

®'(t) < —E(1) - (% - e) Va5 + G| Vuul8)]2

_CS/OOM/(f)an(r)”;dr vt >0.
0
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Proof From the definition of ¥ () we get

L
2

1
D'(t) = —/ (|ut|"u”u+ I7ALS7%77s ((u%) )tutu) dx—/ (Augu + Ausuy) dx
p+1Jgo Q

1
= /(|ut(t)|puttu+|ut|putut+p|ut|”uttu)dx—/ (Auttu+|Vut|2)dx
p+1lJjg 2
1 2
- [l S+ 33+ 9
2 p+1

p+2

Using (1.5), we easily see that
/ (1tae the — Avsyy)
2

= —||Vu||% + /()‘oou(t)(/g An(t)u(t) dx> dr + y‘/gAutudx+ /ﬂf(u)udx.

We now estimate the second and third terms in the right-hand side as follows. Using the
Cauchy inequality with ¢ and the Holder inequality, we have

/oo,u(r)(/ An(t)u(t) dx> dt
0 2

= /Vu(t)/oou(t)Vn(t)drdx
2 0

oo 2
1(‘;"||V1,t||2+%/;2</0 u(r)Vn(t)dr) dx

1 ko 9
< —¢||Vu —
=3 IVul3 + SIIHIIM

N

and
1 2 v’ 2
Auudx| < —€||Vull; + — Vi |l5.
Q 2 2e
Therefore
/ 2 7/2 p+2 O 2
@'(t) < -(1-8)[|Vull; + 1+2— Va5 + || Urllpez + 8||77||M~

Noting the definitions of E(¢) and (A;), we obtain

1 3 92 2
D'(t) < -E(t) - (5 - 8) ||VM||§ + (5 + 2—> ”V”tnz mllutllﬁﬁ

1 ko
(30 )i @3)

By Sobolev embedding we have

w225 < BE(0)% | Ve |12 (4.4)
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Using (A3), we get

1 o0
uw%_—F/’uthmﬂﬁm.
1J0

Combining (4.3)—(4.5), we finish the proof of Lemma 4.2.

Proof of Theorem 2.2 By Lemma 4.2 we have

@%n5-ﬂn+cﬂvmuwj4gﬂwwqumﬂﬁdL
Note that
Em:—Avaﬁ+§AwquVMﬂﬁm
and
L(t) = ME(¢) + D(¢).
Then taking M = max(2C;, %), we have
L'(t) < -E(¢).
Using Lemma 4.1, we obtain

, 1

L'(t) < —Eﬁ(t).
By the Gronwall inequality we obtain

L() < LO)e 72",
By Lemma 4.1 we have

BLEW) < L£(1) < BEO)e 7,
that is,

E(¢) <Ke™,
where v = ﬂ—lz and K =

B2£(0)
A

5 Proof of Theorem 2.3
We define

1
D(t) = /lut|putudx—/ Au,udx,
p+l/je 2

_ ~ __ o ([
W(t)—/ﬂAut(/o M(t)ndr)dx p+1/9|ut| ut(./o u(r)ndt)dx

(4.5)
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and set
L(t) = ME(t) + W (t) + x (2),

where M and ¢ will be fixed later.

Lemma 5.1 For M > 0 sufficiently large, there exist constants B, B > 0 such that
BiE(t) < L(t) < BE(t), t=>0,

foranyO0<e <1.

Proof Since

/QAut(/ooou(r)ndf)

dr

<[
|, e

O
< IVl + Sl

/ Aundx

Vlzit . VT] dx

dr

by the Hélder and Cauchy inequalities we have

/ |uag| 1 dx
Q

p+1

1 1
5—/ lae(0)] | dix
p+lJg
1

1 201y ;.\ 2 25\
(e ([
1

e IIM:II’)M)IInIIz

Since E(t) is decreasing, from the Sobolev inequality we have

1 2(p+1) 1 2
<———=lu +
sl < 5= B + 5= Il

< CLEP(0)| Ve |3 + C1lI V3.

Therefore

1 o0
‘— / |ut|ﬂut( / M(r)ndf> dx
p+1lJg 0

Consequently,

<koC1EP(0)| Vel + C1lI Vil 3s-

| ()] < CE@®).

Using Lemma 4.1 and taking M large enough, we complete the proof of Lemma 5.1.

Page 16 of 23
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Lemma 5.2 Under the conditions of Theorem 2.2, the functional

b , _
D(t) = p+1/9’ut(t)‘ u(t)u(t) dx /QAut(t)u(t)dx

satisfies

2

14 1 2
@'(t) < —[1-(1+ko)d1 ]I Vull3 + <1 + E) [ Vasel3 + il Nl

1 oo

v o [ e [Cunenvaiass [ ruuas
461 Jo 0 Q

forany &, > 0.

Proof As in the proof of Lemma 4.2, we get
, 1
Q'(t) = / (lut|putt - Autt)udx +— ||Mt||Z:§ + ”Vutll% (5.3)
o p+1
and

(|Mt|putt - Au”)udx
2

:—||Vu||§+/0 ,u(r)(/Q An(r)u(t)dx) dt

+y‘/;2Autudx+/gf(u)udx. (5.4)

By the Cauchy inequality the second and third terms can be estimated as follows:

/:O/L(r)</9 Anu(t)dx) dt

1 [o¢] o0
<okl Vull + o [ aar [ uioivar, (55)
461 Jo 0
and
y2
y/ Auudx| = —y/ Vu, - Vudx| < 8 ||Vull3 + ~—||Vuell3, (5.6)
2 2 4-(31
where §; > 0.
Combining (5.3)—(5.6), we establish Lemma 5.2. O

Lemma 5.3 Under the conditions of Theorem 2.2, there exist constants C,C’',C" > 0 such
that

_ - S o ([
lI/(t)—/gAut(/o u(f)ndr)dx p+1/9|ut| ut(./o u(r)ndt)dx
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satisfies

! 4 k
W'(t) < (82 + 80) | Va3 + (82 — ko + 28,C") | Vaael3 - p—flnutnﬁié
[o¢] o0 o0 5
v [ s [ uoivadr-2¢ [ W@ vaw);dr
0 0 0

forany &, > 0.

Proof From definition of ¥ we have

v'(t) = / Aun(/ooy,(r)ndt) dx+/;2Aut(‘/oou(r)ntdt) dx
0

[
p+1/ |Mt|put(/ M(‘L’)Thdl’> dx
p+1 ( e f)ndf>
= /( |ut|putt+Autt (/OO/L ‘L’)ndt)dx

2 0

|uz| Mt o
+/Q< ,0+1 )(/(; ,ut)mdt)dx

= 11 + 12.

Nlb

From (1.5) we see that

II:L(—Au—/ w(t)Andr —y Au, —f(u)> (/ M(T)’?df) dx
o 0

By the Green formula and the Cauchy and Hélder inequalities we have the following esti-

mates:

L—Au(/ooop.(t)ndr) dx
= /Q Vu- (/Ooou(r)Vndr) dx

1 o0 o0
<5 IVul+ o / W2 (7 dr / WD) [Vl de,
2 J0 0

-y /Q Aut(/ooou(r)n(r)dr) dx
= V/;Vut- (/Ooou(r)Vndr) dx

1 o0 o0
<5 1Vl + / 1297 dr f W40 Vl2de,
2 J0 0
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and
) %) © H . 4 2
—/ </ ,u(t)Andt)(/ u(r)ndt)dx:/ (/ MZ/L2(‘L')V7](‘E)dT> dx
2 \Jo 0 2 \Jo
o0 oo
< [Cwrawar [ woienigar.
0 0
Using (A;) and the Cauchy, Holder, and Poincaré inequalities, we obtain
o0 1 o0 o0
-/ f(u)( / u(r)ndr)dxsszc:||w||§+— | wwar [ uwa@ivnizar.
2 0 4682 Jo 0
Therefore
o0 o0
B = (624 OIVHI + sVl + € [ w2 s [ piovniBar. ()
0 0
From (1.5) we easily obtain
| wemdz == [ uomede+ [ womtde= [ @nde koo,
0 0 0 0
Then

k + oo ’
b = ko[ V(03 - = 13 + / u(r)( / Am(t)ndx)dr
0 2

1 e«
— M(r)( | —|ut(t>|”ut(t>ndx>dr.

Using the Green formula and the Cauchy and Hélder inequalities, we have

/:OM/(I)(/Q Auy(t)n dx> dr = —/Ooo M/(T)</Q Vau,(t) - Vndx) dr

(o)
s—/ WOVl [Vl de
0

+

o0
<8&C|Vu,|l3-C" f W (@IVllsdr.
0

Using the method similar to that in the proof of Lemma 4.1, we get

1 o0 o0
f mr)( f i) w0 dx) dr < 85,C |V 2= C” / WD)V de.
p+1Jo Q2 0
Then
’ 2 ko p+2 1 *© ’ 2
I = (ko + 2801l - = Il -2C" [ i3 (5.9
0

Considering (5.7) and (5.8), we arrive at the conclusion. O
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Proof of Theorem 2.3 Using
L(t) = ME(t) + eD(t) + ¥(2),
E@) =y |[Vu@}+ 5 /0 @V dr <o,
and Lemmas 5.2-5.3, we get
L (t) = ME'(t) + @' (t) + ¥'(2)

2
< [—yM + (1 + 3;71)8 + 28, —ko + 282C/:| ||Vu,||§

k() & 2
—(1-(ko+1)8 8y + 8,C| | V)% - - o
+[—(1 - (ko + 1)81)e + 82 + 8,C] [ Vull; |:,0+1 p+1:|||14t||p+2

M o0
+ [7—26’/} / W@Vl dr
0

Rl * 4 2
* [481 +C}/0 H (t)dffo M (T)IIanlzdt+8Lf(u)udx.

Taking M > 0 sufficiently large and suitable ¢, 81,82 > 0 such that

ko &
- >
p+1 p+1

0, —(1-2681)e +8, +8,C <0,

2 M
y 2 ! U
-y M+ 1+K e+y 8y —ko+25,C <0, ?—ZC >0,
1

by using the inequality p/(t) < —k;u?(t) we have

M 1" *© M /) *
(? e )/ WOIVnIRde s-kl(? —2c/)/ @IVl dr.
0 0

Therefore

2
L) < [—yM + (1 + :T)e + 285 — ko + 252c/} Vi |2
1

k £
+[~(1 = (ko + 1)81)& + 85 + 8:C] I Va3 - [pfl - J [ %

- [/q (%4 —zc”> - (4%1 ; C)/o ,ﬁ-q(r)dr}/o 1@ |V2 de

te / f)udx.
fe)

By Remark 2.1 and (A,), taking suitable M > 0, ¢, 81,8, > 0, we get

£ < —c(nmn% Va3 e [ orvniae - [ f(u)udx)
0 2

o0
2
< —c<||w||% + Va3 + o235 +/ uq(r)uwn%dr)
0
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Using (A3), we can easily show that [, u'?(t)dt < oo for any 6 <2 —g. Then

A::/(; ul’e(r)/QWanxdt
< 2/0wul-9(f)[(z(|vM(t)|2+ Vu(t - 7)) dxdr

< C/ w()dr <L (5.10)
0

with positive constant L > 1.
Using the conditions of Theorem 2.3, the Holder inequality, and (5.10), we see that

o0 o0

IIn||2M=f u(r)fwwdxdr:f w(@) V3 de
0 2 0
o0

—1)(1-60) (g-1)

(g-1)( 2 la-1) 0q 28
= f po () Vall, ™ w0 ()|l de
0

q-1

e 2 -1+ * 2 e
< / W @)Vl dr / (o) V|2 dr
0 0

%]
00 P
§L|:/ m(r)|vn|§dr]q : (5.11)
0

Therefore we get, for o > 1,

E°(t) < CE"-I(O){nwtn% 275 + 1V} - / F(u) dx}
2

; c( | umnwn%dxdr)
0

< cgﬂ-l(O)[nwtn% + el 225 + V)3 - / F(u)dx}
2

ab
q-1+6

+c{f0 M(r)nvnngdr} ) (5.12)

By choosing 0 = % and o =2q -1 (hence q—019+9 = 1) estimate (5.12) gives

E°(t) < C{ IV l3 + Netell035 + 1 Vel - /Q F(u) dx + fo Oom(r)nwn%dr}. (5.13)
A combination of (5.9) and (5.13) then leads to

L(t) <-CE°(t).
By Lemma 5.1 we have

L) < —Cia,c" . (5.14)
P
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A simple integration of (5.14) over (0, ) yields

LO<CA+071, £>0, (5.15)
that is,
L) <Ci(1+0) 7T, ¢>0. O

6 Conclusions

In this paper, we consider the Dirichlet boundary value problem of nonlinear evolution
equation with hereditary memory, variable density, and external force term. We prove the
existence of a global solution by means of the Galerkin method, establish the exponen-
tial stability by using only one auxiliary functional (this method is simpler than that in
[1]), and also show the polynomial stability under suitable conditions. Under suitable hy-
potheses on the external force term function f and integral kernel function pu with y >0
in the model, we can further consider the local existence and blowup phenomenon of the

solution.
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