Ma et al. Boundary Value Problems (2019) 2019:41 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-019-1155-7 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Positive solutions of fourth-order problems
with dependence on all derivatives in
nonlinearity under Stieltjes integral boundary
conditions

Yuexiao Ma', Chenyang Yin' and Guowei Zhang'"

“Correspondence:
gwzhang@mail.neu.edu.cn; Abstract
gwzhangneum@sina.com

"Department of Mathematics In this article, we investigate the existence of positive solutions to fourth-order

Northeastern University, Shenyang, problems with dependence on all derivatives in nonlinearities subject to the Stieltjes
China integral boundary conditions

u(e) = £t u(e), u' (0, 0" (0,0 (@), tel0,1],

u'(0) + B lul =0, U"(0)+ Bolul=0,  u(l)=Bslul, u"(1)=0,

—u(t) = g(t,u(), u' (D), u" (0, u" (), tel0,1],
u(0) = o [u], u'(0) = azlul, u"(0) = aslul, u”(M) =0,

where f:[0,1] x Ry x R® - Ry, g:[0,1] x R? — R, are continuous and f;[u], &;[u]
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1 Introduction and preliminaries

In the article, we investigate the existence of positive solutions to fourth-order bound-
ary value problems (BVPs) with dependence on all derivatives in nonlinearities under the
boundary conditions involving Stieltjes integrals

u® (&) = f(t,u(t), ' @), (t),u”(t)), tel0,1],
' (0)+ Bilu] =0, u”(0)+ Bolu] =0, u(l)=pBslul, u”(1)=0,

(1.1)
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and

~u®(t) = g(t, u(t), u' (), u" (£),u” (1)), te[0,1],
w0 =aful,  w(0)=aful,  u(0)=aslu],  u"(1)=0,

(1.2)

where B;[u] = fol u(t) dB;(t) and o;[u] = fol u(t) dA,(t) are Stieltjes integrals with B;, A; of
bounded variation (i = 1, 2, 3).
Webb, Infante, and Franco [1] were concerned with the existence of positive solutions

for the fourth-order differential equation

uP(t) = g(O)f (t,u(®)), ae.te(0,1)
subject to several nonlocal boundary conditions such as
u(0) =0, u'(0) =0, u(l) = afu], #(1)=0
and
u(0) =0, u’(0) =0, u(1) = afu], u’(1)=0,
etc. In these equations ofu] denotes a linear functional on C[0,1] given by «[u] =

fol u(s) dA(s) involving a Stieltjes integral. Infante and Pietramala [2] proved the existence

of positive solutions for the cantilever equation

u®(t) = g(t)f (t,u(t)), te(0,1),
u(0)=u/(0)=u"(1) =0, u” (1) + ko + B(a[u]) = 0,

where kj is a nonnegative constant, B is a nonnegative continuous function, and «[4] is as
the above. Their main ingredient is the classical fixed point index. By making use of the

monotonically iterative technique, Yao [3] studied the positive solution for a nonlinear

fourth-order two-point boundary value problem

u® () =f(t, u(t),u'(t), te(0,1),
u(0) = 4/ (0) = "' (1) = (1) = 0.

Alves et al. [4] considered, also by using the monotone iteration method, the existence of

positive solutions for the beam equation

u(e) = f (&, u(®),u'(2))
subject to boundary conditions

u(0) = /(0) =0, u" (1) = g(u(1)), W(1)=0 or u’'(1)=0,
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where g is a continuous function. Li [5] and Ma [6] discussed the conditions ensuring the
existence of positive solutions for the fourth-order boundary value problem

u®(e) = f(t,u(®),u" (1)), te(0,1),
u(0) = u"(0) = u(1) = u"(1) = 0.

The proofs of main results are respectively based upon fixed point index theory on cones
and global bifurcation techniques. Respectively, by Krasnosel’skii’s fixed point theorem
and convex functional fixed point theorem, Bai [7] and Guo et al. [8] explored the existence
of positive solutions for the nonlocal fourth-order problems

u® (@) + Bu () = Af (t, u(e), " (£))

and

uD(t) + pu' () = M (t, u(t), ' (&), " (£), u”"(¢))

with the same boundary conditions

1 1
u(0) = u(1) = /0 p(s)uls)ds, u’(0)=u"(1) = /0 q(s)u’(s)ds,

where p,q € L[0, 1] are nonnegative. Recently in [9], Li obtained the existence of positive
solutions for the local fully nonlinear problem

u®(t) = f(t,ut),u (), u"(t),u" (t)), te[0,1],
u(0)=u'(0)=u"(1)=u"(1) =0,

wheref : [0,1] x ]Ri x R_ — R, is continuous and f (¢, x1, 3, ¥3, x4) may have superlinear or
sublinear growth in x1, %, x3, x4. We also refer to some other relevant articles, for example,
[10-14].

By fixed point index on cones of completely continuous operators, Webb and Infante
[15] put forward a unified method to establish the existence of positive solutions to local
and nonlocal boundary problems if f does not depend on derivatives. They dealt with the
boundary problems involving Stieltjes integrals with signed measures.

Motivated by the above-mentioned works, we consider BVPs (1.1) and (1.2) in which
the nonlinearities depend on all derivatives and the boundary conditions include Stieltjes
integrals of signed measures. Some growth conditions are posed on nonlinearities f, g,
meanwhile the spectral radii of corresponding linear operators are restricted, which means
the superlinear or sublinear conditions. On the cones in C3[0, 1] we apply the theory of
fixed point index, the existence of positive solutions to BVPs (1.1) and (1.2) is obtained.
For the superlinear case, we require the Nagumo-type condition similar to [9]. In view of
the above features, we treated them in a different way from those in the references earlier.
It is worth noting that two cones are defined, the large one is reproducing and serves as
the partial ordering, the small one is applied to compute fixed point index. Especially in
the process of derivation, the partial ordering induced by cone and the natural ordering
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of functions in function space are combined to use. In order to illustrate the results in this
paper, we give some examples under mixed multi-point and integral boundary conditions
with sign-changing coefficients.

For the sake of proving the theorems, we state the following lemmas, see [16, 17]. Let
X be a Banach space and P be a closed convex set in X, if Ax € P for any A > 0, x € P, and
x = 0 (the zero element in X) provided £x € P, then P is said to be a cone in X. A cone P
in X is called reproducing if X = P — P.

Lemma 1.1 Let §2 be a bounded open set with 0 € §2 in X and P be a cone. IfA: PN 2 — P
is a completely continuous operator, and pAu # u foru e PN as2, u € [0,1], then the fixed
point index i(A,PN 2,P) = 1.

Lemma 1.2 Let 2 be a bounded open set in X and P be a cone. IfA:PN 2 — Pisa
completely continuous operator, and there exists vy € P\ {0} such that u — Au # vv, for
u € PNas2 andv > 0, then the fixed point index i(A,PN §2,P) = 0.

Lemma 1.3 (Krein—Rutman) Let P be a reproducing cone in Banach space X and L : X —
X be a completely continuous linear operator with L(P) C P. If the spectral radius r(L) > 0,
then there exists ¢ € P\ {0} such that Lo = r(L)g.

Throughout this paper, X = C3[0, 1] is the Banach space which consists of all third-order

continuously differentiable functions on [0, 1], and its norm is |« s = max{||«|c, |#'| c,
ll«”|lc, |4 || c}. For r > 0, denote the bounded open set £2, = {z € C3[0,1] : ||u||c3 <7}

2 Positive solutions of BVP (1.1)
For BVP (1.1) we make the following assumption:
(C1) f:[0,1] x R, x R® — R, is continuous, here R, = [0,00) and R_ = (-00,0].
As shown by Webb and Infante [15], there exists a solution to BVP (1.1) if and only if

the integral equation
3 1
u(t) = Bilulyi(o) + /0 Kot s)f (5, (s), ' (5), ' (5), " () s =: (Tu)(2), (2.1)
i=1

where y1(£) =1 -1, ya(t) = 3(1 - £2), y3() = 1,

1 1
~ 35(1=s5)+¢(s>=1%), 0=<t<s<l,
ko(trs)_ 1 1
5s(1—s)+§ts(s—t), 0<s<t<l,

and B;[u] = fol u(t)dB;(¢) (i = 1,2,3), has a solution in C3[0,1]. We set

3 1
Bu)©) =Y Bluly),  (Fu)) = fo kot S)f (s, 14(5), 1/ (5),u (5), " () d,
i=1

so that (Tu)(t) = (Bu)(t) + (Fu)(z).
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We impose other hypotheses:

(Cy) B; is of bounded variation, moreover
1
Ki(s) := / ko(t,s)dB;(t) >0, Vse[0,1](i=1,2,3);
0

(C3) The 3 x 3 matrix [B] is positive whose (i,/)th entry is 8;[y}], i.e., it has nonnegative
entries. Furthermore its spectrum radius r([B]) < 1.
Making use of the notations in [15] and writing (8,y) = Z?zl Biv; for the inner product
in R3, we define the operator S as

(Su)(e) = ((I - [B) " BLFul, y () + (Fu)(®),

and thus S can be written as follows:

(Su)(2)

1
i /0 (= 1B1) " K(s), ¥ 0) + Kol ) (5 1(5), 4 (5), (), " (5)) s

1
[ ol 9,109, 9,0"9) 23)
ie.,
3
ks(t,5) = (1= [B]) K6y 0) + ko(t:s) = D (s)n(e) + ko(ts), 24

i=1
where «;(s) is the ith component of (I — [B])"1K(s).
Lemma 2.1 [f(C,) and (Cs) hold, then k;(s) >0 (i = 1,2,3) and for t,s € [0,1],
co(t)Do(s) < ks(t,s) < Dy(s), (2.5)

where

> 1 1 1
®o(s) = ;/q(s) +sU=9+ 25 @) =5(1-7),

and

dks(t,s) -

a(O)Pils) = —— — =<

where

2
Dq(s) = ZK,-(S) + %S(Z —9), () =2, Dy(s) = k() +s, o(t) =t.
i=1

Page 5 of 22
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Proof «i(s) >0 (i =1,2,3) are due to [15]. (2.5) and (2.6) come directly from the inequali-
ties

3 3 3
%(1 =) ) kils) < D kils)yil®) < Y kils),
1 i=1 i=1

i=

%(1 - tz)(%s(l —s)+ %ss> <(1-72) (%S(l —s)+ ésg> <ko(t,s) < %s(l —s)+ %s3

and
2 2 3 2
Y Kkl <ty kils) <= Y kil (0) < Y kils),
i=1 i=1 i=1 i=1
%tzs(Z -5 < —% < %S(Z -s),
3 2
1) <00 = Y kOO, 1= -0
i=1
for t,s € [0,1]. O
In C3[0, 1] we denote the subsets
P={ueC?0,1]:u(t) > 0,u/(t) <0,u"(t) <0,u"(t) < 0,Vt € [0,1]}, (2.7)
K={ueP:ult) = co®)ullc,~u' () = c1(0) | .
—u"(8) = es(8) || o, V2 € [0, 1];
Brlu] = 0, Bo[u] = 0, B3[u] = 0,4 (1) = 0}. (2.8)

It is easy to verify that P and K are cones in C3[0, 1] with K C P. Now define the following
linear operators:

1
(Liu)(t) = / ks(t,s)(aiu(s) — b (s) — ciud (s) — diud" (s)) ds (i =1,2), (2.9)
0

1
(Lzu)(t) = alf ks(t, s)u(s) ds, (2.10)
0

where a;, b;, ¢;, d; (i = 1,2) are nonnegative constants.

Stipulate the partial ordering induced by P: u < v, equivalently v > y, if and only if
v — u € P. We know that if P is a solid cone, i.e., the interior point set P # 4, then P is
reproducing (refer to [16-18]).

By the routine method we can prove the following Lemma 2.2 via Lemma 2.1 (cf. [15]).

Lemma 2.2 If (C1)—(C3) hold, then S : P — K and L; : C*[0,1] — C®[0,1] are all com-
pletely continuous, and L;,(P) C K (i =1,2,3).

Lemma 2.3 ([15]) If (C1)—(C3) hold, then S has the same fixed points in K as T. Further-
more, the positive solutions to BVP (1.1) are equivalent to the fixed points of S in K.
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Theorem 2.1 Suppose that (C1)—(Cs) hold and that
(F1) there are constants ay, b1, c1,d1, Co > 0 such that

St %1, %0,%3,%4) < arx1 — b1xo — c1x3 — dixa + Cy (2.11)

Sor (¢,%1,%2,%3,%4) € [0,1] x R, x R3, the spectral radius r(L,) < 1;
(F,) there are constants ay, by, co,dy > 0, and v > 0 such that

ft,%1,%0,%3,%4) = agx1 — baxy — Cox3 — daxg (2.12)
for (t,x1,%2,%3,%4) € [0,1] x [0,7] x [-r,0]3, the spectral radius r(Ly) > 1; here L; :
C3[0,1] — C3[0,1] (i = 1,2) are defined by (2.9).

Then BVP (1.1) has a positive solution in K.
Proof Let W ={u € K :u = uSu,r € [0,1]}, here S and K are defined by (2.3) and (2.8),
respectively.

First we prove that W is a bounded set. Actually, if # € W, then u = uSu for some u €
[0, 1]. It follows from (2.9) and (2.11) that

1
u() = u(Su)(®) = n /0 ks(t,s)f (s, u(s), u'(s),u”(s), "' (s)) ds
1
< / ks(t,s)[alu(s) — b1/ (s) — 1’ (s) — dru” (s) + Co] ds
0
1
~ @)+ o [ kster9)ds
0
and
1
(I - Lu)(t) < Gy / ks(t,$)ds = v(t), te0,1].
0

h s(ts) 02k (,5) and 93k (t,5)
Jat

792 a3

Clearly v € P, and we can easily see from (2.11) wit
(see Lemma 2.1) that, for ¢ € [0, 1],

nonpositive

W)= L) O +V(E), '@ = L)' O +V' @), o) = La)" @) +v" (@),

thus (I — L1)u < v. Since the spectral radius r(L;) < 1, the bounded inverse operator (I —
L;)7! exists and it can be written as

(U-L) ' =I+Li+L} 4+ L0+

Because L1(P) C K C P by Lemma 2.2, we have (I — L;)"!(P) C P, and thus the inequality
u < (I - L;) v holds. So, for t € [0,1],

0<u(®) < (U-L)™)®, 0=u@®=(U-L))®),

0=u'(6) > (I-L)™)'@®),  0=u"(®) = (I-L)™) ()

which imply that |ju||cs < ||(I = L1)7!v| 3, i.e., W is bounded.
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Take R > max{r,sup W}, then uSu # u for u € K N 982 and u € [0,1], we have from
Lemma 1.1 that i(S,K N 2z,K) = 1.

Since Ly : P — K C P and r(Ly) > 1, by Lemma 1.3 there exists ¢y € P\ {0} such that
Ly@o = r(Ly)@y. Furthermore, @g = (r(Ly)) ' Lago € K.

Suppose that S has no fixed points in K N 9£2,, and we will show that u — Su # v, for
uecKnNos2,andv > 0.

If otherwise, there exist uy € K N 352, and vp > 0 such that u — Sup = vo¢o, and clearly
Vo > 0. Since uy € K N 352,, we have

0<uy®)<r, -r=<uy(t), uy@®), u"()<0, Veel01].
From (2.4), (2.9), and (2.12) it follows that V¢ € [0, 1],

(Suo)(t) = (Louo)(2), (Suo)' () < (Lauo)'(2),
(Suo)"(t) < (Lauo)" (2), (Suo)" () < (Lauo)" (1),

these imply that
uy = Voo + Stig > Vowo + Loty > Vogo. (2.13)

Set v* = sup{v > 0: ug > vgo}, then vy < v* < +00 and uy > v*@. Hence from (2.13) it
follows that

Uy = Vo@o + Loug > Vo®o + I)*Lz(po =Vo@o + U*V(Lz)wo.

However, r(Ly) > 1, so ug > (vg + v*)¢@g contradicts the definition of v*. Therefore u — Su #
v foru e KN as2, and v > 0.

Therefore it follows from Lemma 1.2 that i(S,K N £2,,K) = 0.

Using the properties of fixed point index, we have that

i(S,KN(2-\ 2,),K) =i(S,K N2, K) —i(S,KN 2,K) =1,

and hence S has a fixed point in K. Thereby BVP (1.1) has a positive solution by
Lemma 2.3. O

Theorem 2.2 Suppose that (C1)—(Cs) hold and that

(F3) there are constants dao, by, ¢y, dy > 0, and r > 0 such that
St x1,%0,%3,%4) < agx1 — baxy — Cox3 — daxg (2.14)
for (t,%1,%),%3,%4) € [0,1] x [0.r] x [-1.0]3, the spectral radius r(Ly) < 1, where L, is

defined by (2.9);
(Fy) there are positive constants ai, by, c1, Cp satisfying

1 1 1
min{%/o (1—52)¢0(s)ds,b1/0 s2¢1(s)ds,c1/0 s<1§2(s)ds} >1 (2.15)
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such that
St %1, %0, %3, %4) > arx1 — bixy — 13 — Cy (2.16)

for (¢,%1,%2,%3,%4) € [0,1] x R, x R3,
If the condition of Nagumo type is fulfilled, i.e.,
(F5) for any M > O, there exists a positive continuous function Hy(p) on R, which satisfies

+00

pdp

A m =+00 (217)

such that ¥(t,x1,%5,%3,%4) € [0,1] x [0, M] x [-M,0]*> x R_,

S(&,%1,%0,%3,%4) < Hpr(|%4l), (2.18)
then BVP (1.1) has a positive solution in K.

Proof (i) In this step we will show that uSu # u for u € KN 982, n € [0,1], which implies
from Lemma 1.1 that i(S,K N £2,,K) = 1.
If otherwise, there exist u; € K N93£2, and uo € [0, 1] such that u; = (1oSu;, then we have

from
0 = ul(t) =rn 0 = _ull(t)r Ll (t) uw(t) =rn Vt e [0) 1]
and (2.14) that, for ¢ € [0, 1],

ui(t) < Low)(®),  uy(8) = (Loma)'(8),

ui(t) = (Lown)"(@®),  uf'(®) = (Laur)" (2),

hence (I — Ly)u; < 0. Because the spectral radius r(L;) < 1, it follows that the bounded
inverse operator (I —L,)™! : P — P exists and u; < (I — L,)™'0 = 0, which is a contradiction
tou; € KNIK2,.

(ii) Let M be

{ 4Cy [y o(s) ds Cofy Pils)ds  Co [y Pals)ds } .
max . .
a1f0 (1 - s2)dDy(s) ds—4 b fo 2@ (s)ds — 1 a1 fo sDy(s)ds— 1
Equation (2.15) tells us that M > 0. By (2.17) it can easily be seen that
+00 ,0 dp B
——— = +00,

o Hu(p)+Co
and so there exists M; > M such that

My d

pap (2.20)

_ >
o Hulp) +Co

Page 9 of 22
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(iii) For u € K, define the homotopy H(A, u) = Su + Av, where

1
v(t) = CO/ ks(t,s) ds,
0

thenve K and H:[0,1] x K — K is completely continuous.
Let R > max{r, M;}, and we will prove that

H\u) #u, YueKNas2g, e l0,1]. (2.21)
If it is false, there exist u, € K N 32 and A € [0, 1] such that

H (ko u2) = s, (2.22)
then by (2.16) and Lemma 2.1 we have that

llzallc = u2(0)

1 1
= /0 kg(O,S)f(S, us(8), uy(s), uy(s), u/z”(s)) ds + 10Cy /0 ks(0,s)ds
1
> / ks(0,8)[a1ua(s) — bruy(s) — cruy(s) — Co + AoCo | dis
0

1 1 1
2/0 ks(0,5)[a1ua(s) = Co| ds = 2—1/0 <1>o(5)u2(5)ds—Co/0 Do(s)ds

arlluwllc [* 9 !
> 2 / (l—s )®O(S)ds—C0/ Do(s)ds,
0 0

”u/Z“C = —uy(1)

1 1
:_/ akS(l’S)f(S’uZ(S)’“,2(5)’”/2,(8),1/2”(3))ds—xoco/ Oks(Ls)
0

at Y

1 ok Ls ! "
= —/ Sa(t ) [&huz(S) — by (s) — crug(s) — Co + )»oco] ds
0

1
> —/ Oks(1,5) [—blu’z(s) - Co] ds
, ot

1 1
> b / ®1(s) (—u/z(s)) ds — CO/ ®1(s)ds
0 0

1 1
=il [ Pe0d- [ ds

””/2/ “c = —u(1)
1 92
0 kg(l,S) ds

1 92
- [ TESLS) (¢ 1y (5), 18 51,14 (5), 4 () s = 2 Co | =

at?

1 82ks(1, 5) ) ,
_/ #[a”’h(” — buuty(s) — cyuy(s) — Co + 1o Co | ds
0

L 92ks(1,
Z—/ M[—clug(s)—Co] ds
0

Page 10 of 22
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1 1
> clf Dy (s)(—us(s)) ds — CO/ Dy (s)ds

0 0
1 1
> 1 ||uf Hc/ sDy(s) ds — Co/ Dy (s) ds.
0 0
These imply by (2.19) that
luallc <M, |us | - <M, |uy] . <M. (2.23)
From (2.18), (2.22), and (2.23) it follows that

uS(t) = £ (6, ua(8), u(8), uy (1), ) (£)) + Ao Co

<f (& ua(t), uy (2), uy(£), 3 (£)) + Co < Hpr(—u5'(£)) + Co. (2.24)

Multiplying both sides of (2.24) by —u;(t) > 0, we have that

—uy (Ous(2)
Huf )+ Co ~ 2 @), £€[0,1]. (2.25)

Then integrating (2.25) over [0, 1] and making the variable transformation such as p =
—uy'(£), we have from (2.23) that

1y llc d ity (0) d
/ L:/ LS”Q(O)—MQ(I)SHMQHCSM
0 Hu(p) + Co  Jowyay Hum(p) +Co

since u5'(1) = 0 and u(24)(t) > 0 by (2.24). Hence by (2.20) we also have that [|u)'||c < M;
and ||uy |3 < M, a contradiction to ||u; ||z = R > M.
By the homotopy invariance property, from (2.21) the fixed point index is

i(S,K N 2p,K) =i(H(0,"),K N2, K) = i(H(1,-),K N 2, K). (2.26)

(iv) Let A(t) = %(1 —¢%), we have from (2.10) and Lemma 2.1 that
1
L0 =ar [ 51 -hte5)ds
0
1
>—(1- t2)/ =(1-s*)@o(s) ds
2 0 2

1
- (“2_1/0 (1—s2)<1>0(s)ds>h(t),

so by [18, p. 67, Theorem 2.5] and (2.15), there exist

1
A > = (1—52)q§o(s)ds>2
0

and ¢ € C[0, 1]\{0} such that ¢o(¢) > 0 and ¢ = )qnggoo since L3 is a completely contin-
uous linear operator in C[0, 1]. Obviously ¢ € P and thus ¢y € K by Lemma 2.2.
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(v) Now we prove that u — H(1,u) # vg, for u € K N 382z and v > 0, where ¢y appears in
step (iv), so then

i(H(1,-),K N 2, K) =0 (2.27)

holds by Lemma 1.2.
If there exist ug € K N 982z and vg > 0 such that up — H(1,up) = vogo. Clearly vy > 0 by
(2.21) and thus

uo(t) = (H(1,u0))(£) + vowo(t) > vowo(t)
for t € [0,1]. Set
V¥ = sup{v > 0:up(t) = voo(t), Ve € [0, 1]},
then vy < v* < +00 and uy(t) > v*@y(t) for t € [0, 1]. From (2.16) we have that, for ¢ € [0, 1],

uo(£) = (H(L, 10))(£) + vowo(t) > (L3uo)(£) + vowo(t)

> v*(L3@o)(t) + vopo(t) = L1v™@o(t) + vowo(2).

From XA; > 2, we have that A;v* + vg > v* contradicts the definition of v*.
(vi) Finally it follows from (2.26) and (2.27) that i(S, K N §2¢,K) = 0 and

i(S,K N (2 \ 2,),K) =i(S,K N 2p,K) - i(S,K N £2,,K) =-1.
Hence S has a fixed solution and BVP (1.1) has a positive solution by Lemma 2.3. O

In order to give some examples, consider the fourth-order boundary problem under
mixed multi-point and integral boundary conditions with sign-changing coefficients

u®(t) = f(t, u(t), ' (), " (£), " (1)),  t€[0,1],
W)+ ud) - Lu®)=0,  w(0)+ [y u(t)cos(nt)dt =0, (2.28)
u(l) = u(z) - ;u3),  u"(1)=0,

thus B [u] = %u(i) - 1—1214(%), Bolu] = fol u(t) cos(rt) dt, Bzlu] = %u(%) - iu(%). We estimate
some coefficients, and Matlab is used to calculate in some places.

1
K1(s) =/0 ko(t, ) dBy () = ;Lk()(i,s) _ %k()(%s)

12,19 1
1285 T 1925 0<s=<g
_J13 12, 4 1 1 3
=¢ 13 _ 11 4l o 1 1 < 2
245 965 t345 " 3 1 <S5y
13_12,.1., 1 3
365 S TSt 3<s=L

and hence 0 < IC;(s) < K1(1) = % < 0.0330;

s—s> cosms 1

1
ICZ(S):/ ko(t,s)cos(nt)dt=2—+——— (0<s<1),
0

22 T4 w4
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and hence 0 < ICy(s) < K5(1) < 0.0302;

1
Ks(s) =f0 kolt, ) dBs (1) = %k()(%,s) . ;Lk()(%s)

32, 17 1

338"+ 1585 0<s=<3,

)13 72, 3 11 3

= ES—ES +m$—%, §<SSE’

S — 3+ Es+ e, S<s<1,

and hence 0 < C3(s) < K3(1) = % < 0.0489.
The 3 x 3 matrix

Bilnl  Bily2l  Bilysl t = i
Bl= | Baln] Bl Balvsl | =2 5 0
Bslnl  Bslyal  Bslysl £ & i

and its spectrum radius r([B]) = 0.4479 < 1. Those mean that (C;) and (Cs) are satisfied.
Now we take into account the constants in Theorem 2.1 and Theorem 2.2.

13112 0.1875 0.2915
(1-(B]) " <[ 02957 1.1551 0.0658
0.3802 0.2515 1.4179

and

0.0633
(1-(B))"'K(s) < [ 0.0480 |,
0.0896

thus ks(t, s) < 0.0633(1—) +0.0480 x 1 (1-£%)+0.0896 + ko (£, 5) < 0.3437. So, for u € C3[0,1]
and ¢ € [0,1],

1
|(Liu)(t)| < 0.3437/ (ai|u(s)| + bi|u/(s)| + ci|u/'(s)| + di|u”’(s)|)ds
0

<0.3437(a; + b; + ¢; + dl)”I/l”C?) (i=1,2),

here L; (i = 1, 2) are defined in (2.9). Since all the terms are nonpositive in the first, second,
and third derivatives of ks(t,s) with respect to ¢, we also have that, for u € C3[0,1] and
te[0,1],

1
|(Liu)/(t)| < 0.6114/ (ai|u(s)| + b,-|u’(s)| + ci|u”(s)| + di|u”'(s)|)ds
0

<0.6114(a; + b+ c; + di)|ull s (i=1,2),

1

’(L,»u)”(t)| < 1.0480/ (ai‘u(s)| + bi’u/(s)’ + c,-|u”(s)| + d,-’u”’(s)|) ds
0

<1.0480(a; + b; + c; + d)|lullcs (i=1,2),

Page 13 of 22
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1
’(L,»u)’”(t)‘ < /(; (ai|u(s)| + b,-‘u/(s)| + cl-|u”(s)| + dl-|u”/(s)|) ds

<(@i+bi+ci+dlullcs (i=1,2).
Therefore the radius r(L;) < ||L;|| < 1.0480(a; + b; + ¢; +d;) < 1 if
a;+bi+c¢+d; <1.04807 (i=1,2). (2.29)

On the other hand, we have from Lemma 2.1 and Lemma 2.2 that, for u € K \ {0} and
te[0,1],

1 1
(Lau)(t) = /0 ks(t,s)azu(s) ds = arco(t) /0 Do(s)uls) ds

1 1
> asco(t) /0 Bo(s)cols) e ds = ascolt) 1l /0 ¢o(5)Bo(s) ds

and
1 1
(Lot = La0) = st [ co)@ats)ds
0
hence
1 1
(L3)(0) 2 a2 [ ks(e5) (00 s = ascot) [ @ls)La(o)ds
0 0
1 2
> aaco(t) /0 Po(s)eo(s)] (Low) HCdS>;ﬂ260()||M||C< [ co(s)cbo(s)ds)
and

1 2
|Gl - (1200 = gaiuic( [ ao@osds)

By induction,

n 1 n
(L5u) | = (Lhu)(0) = <%> ||M||c</ Co(S)d’o(S)dS) ‘
0

As a result, it follows that, for u € K \ {0},

n 1 n
25 e = HLZuHngHLZuch(%) ||u||c( / Co(S)‘Do(S)dS) ,
0

and according to Gelfand’s formula, the spectral radius

r(Ly) = hm ”L" H tn

1/n 1
> %(/0 co(s)Do(s) ds) im <|:|:|:|C ) = %(/0 co(8)Po(s) ds),
C3

Page 14 of 22
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which implies that r(L,) > 1 when

720 2 2
az —— > . (2.30)
13 5 30 =551 -9)+¢sPlds [ co(s)Do(s)ds

Example 2.1 I f(t,x1,%9,%3,%4) = J%1 — &/%s, then BVP (2.28) has a positive solution.

Proof Take a; = %, bi=c=0,d;, = %, Co=2and ay =56,by=¢cy=0,d, =1, r=1/2500.
Obviously, (2.29) and (2.30) are satisfied, meanwhile conditions (2.11) and (2.12) are ful-
filled. Then BVP (2.28) has a positive solution by Theorem 2.1. O

Example 2.2 1If

1,4, 1,4, 1.4, 14
5%1° + 79Xy + §X3 + Xy

f(trxlerrx3rx4) =
1+a2 +x3 +x3 +x7

then BVP (2.28) has a positive solution.

Proof Take a; = %, by = 11—0, Cy = %, dy = %, r < 1, itis easy to check that (2.14) and (2.29) are
satisfied. Now take a; = 56, b; = 10, ¢; = 3, it is clear that

1 1 1 1
% ; (1—52)¢0(s)ds> %/0 (l—sz)[55(1—5)+ gs?’] ds
1 720 (1 1 1
—x— | (1-8)|=s(1-9)+=5|ds=1,
47 13 J, 2 6

1 1
1

b1/ 52®1(s)ds>b1/ —stds=1,
0 0o 2

1 1
a / sDy(s)ds > ¢; / sds=1,
0 0

so (2.15) is valid. It can be seen that (2.16) is satisfied for Cy large enough. Let Hy;(p) =
M? + p? for (F5). Then BVP (2.28) has a positive solution by Theorem 2.2. O

3 Positive solutions of BVP (1.2)
For BVP (1.2) we make the following assumption:
(C}) g:[0,1] x R* — R, is continuous.
As in [15], there exists a solution to BVP (1.2) if and only if the integral equation

1
0

3
u(®) = Y oiuldi(t) + / Ko(t,5)g (s, u(s), u'(s), u" (s), " (5)) ds =: (Tu)(t),
i=1

where §1(t) = 1, 82(¢) = ¢, 85(¢) = %tz’

IA
A N
IA
%)
IA

1.3
5l

’IZO(trS) =
L1s(3¢* - 3ts +5%),

o O
IA
[
IA
~
IA
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and o;[u] = fol u(t) dA;(t) (i = 1,2,3), has a solution in C3[0, 1]. We set
3 N 1
(Au)(z) = Zai[u]&-(t), (Fu)(t) =: /0 ko(t,8)g (s, u(s), 1/ (s),u” (), u” (s)) ds,
i=1

so that (Tu)(¢) = (Au)(t) + (Fu)(t).
We impose other hypotheses:

(Ch) A; is of bounded variation, moreover
~ 1~
Ki(s) := / ko(t,s)dA;(t) >0, Vsel0,1] (i=1,2,3);
0

(C3) The 3 x 3 matrix [A] is positive whose (i, /)th entry is o;[§;] and whose spectrum
radius r([A]) < 1.
Writing (o, 8) = Z?zl a;8; for the inner product in R3, we define the operator Sas
(Su)(t) = ((1 - [A])_la[?u],ﬁ(t» + (Fu)(t), (3.1
and thus S can be written as follows:
(Su)@)
1
= [ (- 1) R 80+ Fale )6 60, (9) s
0
1 ~
= / ks(t,s)g (s, u(s), u'(s), u"(s),u" (s)) ds,
0

that is,
~ ~ ~ 3 ~
Rs(t,9) = ((1 - (A1) "R, 80) + Ro(trs) = 3 Rils)8i(8) + Koltrs),
i-1

where K;(s) is the ith component of (I — [A])_IIE(S).
Lemma 3.1 If (C}) and (C3) hold, then ki(s) > 0 (i = 1,2,3) and, for t,s € [0,1],

Co(6)Bo(s) < s(t,) < Bols), (32)
where

3

~ - 1 1 - 1

Dy (s) = E Ki(s) + gsg + ES(I —9), co(t) = Etg,
i=1

and

G()P1(s) < — = =< Po(s), (3.3)
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where
> 1
Fu)= YR+ 3529 GO=2, =R +s G-t
i=2

Proof k;(s) >0 (i = 1,2,3) are due to [15]. (3.2) and (3.3) come directly from the inequali-

ties
3

3 3 3
Ly g2 L
LY Re = 1Y R0 = Y R0 = YR
i=1 i=1 i=1 i=1

1 1 1 1 1 ~ 1 1
it?’(gsg + §S(1 —s)> < t?’(g 3 Es(l —s)) < ko(t,s) < 853 + Es(l —5)

and

3 3 3 3
£y Kl <ty Rils) < Y Kls)si(e) < Y Rils),
i=2 i=2 i=1 i=2

%t23(2 —5) < ak"a(t 9 —3(2 s),
£s(5) < R (s) = lel(s)s”(n i< a"t(t 9
for t,s € [0,1]. O
In C3[0, 1] we denote the subsets
D= {ue Cl0,1]:u(t) = 0,4/ (t) = 0,u"(£) = 0,u”" () = 0,V € [0,1]}, (3.4)
K={ueP:u@®)=co®ullc,
u’(t) > cy(t) H u’ H o Vee(0,1];
ay[u] = 0,a5[u] > 0,a3[u] > 0,14 (1) =0}. (3.5)

It is easy to verify that Pand K are cones in C?[0, 1] with K C P. Now define the following

linear operators:

1
L)) = fo Ks(t,s)(@uls) + bt (s) + Tt (s) + di"(s)) ds (i =1,2),
(3.6)

~ 1 ~
(Lzu)(t) =Elf ks(t, s)u(s) ds,
0

where @;, b;, ¢, d; (i = 1,2) are nonnegative constants.
By the routine method we can prove the following Lemma 3.2 via Lemma 3.1.

Lemma 3.2 If (C})—(C}) hold, then S : P — K and L; : C3[0,1] — C3[0,1] are all com-
pletely continuous, and Z,-(T’) cK (i=1,2,3).
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Lemma 3.3 ([15]) If (C})—(C3) hold, then S has the same fixed points in K as T. Further-
more, the positive solutions to BVP (1.2) are equivalent to fixed points of SinK.

Theorem 3.1 Suppose that (C;)—(C3) hold and that
(F)) there are constants @1, b1,S,d1, Co > 0 such that

gt %1, %0, %3, %4) < d1%1 + b1%s + Crv3 + dixa + Co (3.7)

Jor (£,x1,%2,%3,%4) € [0,1] x R, the spectral radius r(fl) <1
(F,) there are constants @y, by, To,dy > 0, and 7 > 0 such that

(&, %1, %0, %3,%4) = dox1 + baxy + CoXz + doxy (3.8)

for (t,%1,%2,%3,%3) € [0,1] x [0,7]%, the spectral radius r(L,) > 1; here L; : C3[0,1] —
C3[0,1] (i = 1,2) are defined by (3.6).
Then BVP (1.2) has a positive solution in K.

Proof It is easy to verify that P defined by (3.4) is a solid cone, and we define the partial
ordering induced by P such as u < vif and only if v— u € P. The rest is similar to the proof
of Theorem 2.1. O

Theorem 3.2 Suppose that (C})-(C3) hold and that
(F5) there are constants G2y bo, T dy > 0, and 7 > 0 such that

g(t, %1, %0, %3, %4) < doxy + Doy + Toxs + daxy (3.9)
Sfor (t,x1,%2,%3,%4) € [0,1] x [07]%, the spectral radius r(zz) <1, where Ly is defined

by (3.6),
(Ey) there are positive constants dy, b1, %, Co satisfying

~ 1 1 1
min{ % / $$Po(s) ds, bI/ 2Py (s) ds,a/ sD(s) ds} >1 (3.10)
0 0 0
such that
(8,21, %0, %3, %4) > d121 + 51x2 +Cra3 — 60 (3.11)

fO}" (ttxltxexByxﬁl) € [07 1] X R:L.
If the condition of Nagumo type is fulfilled, i.e.,
() forany M > 0, there exists a positive continuous function H m(p) on R, which satisfies

+00

pdp
o Hu(p)+1

such that
g(t’xlyx21x31x4) = ﬁM(xZL), V(t)xlxx21x31x4) € [O> 1] X [0>M]3 X R+? (3'12)

then BVP (1.2) has a positive solution in K.

Page 18 of 22
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Proof Let

M= max{ 4G fol o (s) ds Co fol @ (s)ds Co fol D, (s)ds }

a1 fol $3Do(s)ds —4 by fol 20, (s)ds—1 fol s (s)ds — 1
and the rest is similar to the proof of Theorem 2.2 in which A(t) = %tS for step (iv). O

In the following, we consider the fourth-order boundary problem under mixed multi-
point and integral boundary conditions with sign-changing coefficients

—uD(t) = g(t, ult), u (&), " (&), " (1), tel0,1],
u(©0) = u(d) - Lu®), WO = [y¢-Hui)dt, (3.13)

W'(0) = uld) - Lu),  w'()=0,

1
thus oq[u] = %u(i) - Tio”‘(%)’ aylu] = fo (t - %)u(t) dt, az(u] = %u(%) - 1—14u(%). We also
estimate some coefficients as in the previous section.

1 1~ /1 1 ~/3
ICl(s) = / ko(t,S)dAl(t) = —k() —S ) — —k() — S
0 2 4 160 4
793 77 2, 71 1
9605 ~ 12805 Tt 5120% 0<=s=<g
=J_ 1 __9 3 2_ 13 1 3
768 ~ 51205 T 12805 ~ 9605 7 2 <S= %
53 3
61,440 1<s=1L

and hence 0 < Izl(s) <0.0011;

~ 1[5 1 1Y 1
Ka(s) = —/ t—= )Pdt+ —/ t— = |s(38* - 3ts +5*) dt < 0.0282;
6 Jo 8 6 J, 8

~ 1 1~ /1 1~ /3
ICg(S) = /0 k()(lf,S) ng(t) = §k0(575> — ﬁkO(Z,S)

1.3 11 2, 19 1
728~ 155t ugS 0<s=<3,
_Ja 9 32 13 1 3
= %—ms+ms—ﬁs, §<S§E’
29 3
5376’ ) <s< 1,
and hence 0 < Izg(s) < 0.0060.
The 3 x 3 matrix
79 77 71
a1[81]  oada]  oa[ds] 160 640 5120
Al = | aald] wls] wEBl|=| 2 2 =
a3[81]  3[2]  a3(ds] : B =

and its spectrum radius r([A]) = 0.6600 < 1. Those mean that (C3) and (Cj) are satisfied.
Now we take into account the constants in Theorem 3.1 and Theorem 3.2.

2.3438 04079 0.0784
(I-1A]) " < | 1.3962 16558 0.2004
13354 0.5223 1.1205
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and

0.0145
(1-[A])"'K(s) < | 0.0494 |,
0.0229

thus Ks(t,s) < 0.0145 + 0.0494¢ + 0.0229 x 1£2 + ko(t,s) < 0.2421. So, for u € C*[0,1] and
te0,1],

1
’(Ziu)(t)| < 0.2421/ (2i|u(s)| +Zi|u’(3)| +E»|u”(s)’ + Ei|u’”(s)‘) ds
0
<02421(F; + b+ +d)ulles (i=1,2),

here L; is defined in (3.6) (i = 1,2). Since all the terms are nonnegative in the first, second,
and third derivatives of Zg(t, s) with respect to ¢, we also have that, for z € C?[0,1] and
te[0,1],

|Lau) (£)| < 05732 /0 1 (@] u(s)| + Bil ' (5)] + i |u" ()| + di| " (5)|) ds
<05732( + b+ T+ d)ulles (i=1,2),
(L) ()] < 1.0229 /0 1 (@] u(s)| + Bil ' (5)| + T|u" ()| + di| " (5)]) ds
<1.0229; + b; +T; + d)l|ullcs (i=1,2),
(L) (8)| < /0 1(21'i|u(s)| + byl ()] + T |u"(5)| + di|u"(5)]) ds
<@+bi+C+d)ulles (=1,2).
Therefore the radius r(L;) < ||L;|| < 1.0229(%; + b; +T; + d;) < 1 if
Gi+bi+T+d;<1.02297" (i=1,2). (3.14)

By the same reasoning as in the last section, we have from Lemma 3.1 and Lemma 3.2
that, for u € IN(\ {0} and t € [0, 1],

~ n 1 n
@0l - @)= (5 ) wc( [ aoduas)
0

and the spectral radius
~ ay Lo
=2 ([ a0dod),
0

which implies that r(I,) > 1 when

1680 2 _ 2
17 (M85l —5) + 1s31ds ~ [ To(s)Pols)ds

G > (3.15)
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Example 3.1 If g(t, x1,%2, %3,%a) = \/%1 + /%4, then BVP (3.13) has a positive solution.

Proof Taked = 1,5, =% =0,d; = },Cy = 2 and @, = 100, 5, =%, = 0,d, = 1,7 = 1/40,000.
Obviously, (3.14) and (3.15) are satisfied, meanwhile conditions (3.7) and (3.8) are fulfilled.
Then BVP (3.13) has a positive solution by Theorem 3.1. O

Example 3.2 1If

1xit b bad o+ aexd + Lag

4 20
2 2 a2 2
1+x7 +0x5 + x5 +x5

g(t,x1,%0,%3,%4) =

then BVP (3.13) has a positive solution.
Proof Taked, = i, Zz = 2—10,?2 = %, Ez = %,7< 1, it is easy to check that (3.9) and (3.14) are
satisfied. Now take @; = 99, Zl =7,C, = 3, it is clear that

~ 1 - ~ 1 1 1
ﬂ/ s3¢0(s)ds>ﬂf S| Zs(1—-s) + =% | ds
4 Jo 4 Jo 2 6

1 1680 [! .[1 1
53[55(1 —8)+ 853] ds=1,

> X ——

4”17 ),
~ [t~ ~ (11 20 (11

b1/ s2¢1(s)ds>h1/ —33(2—s)ds>—/ —s2(2-s)ds=1,
0 0o 2 3 Jo 2

1 1
E'l/ s®,(s)ds >~c‘1/ sfds=1,
0 0

so (3.10) is valid. It can be seen that (3.11) is satisfied for C, large enough. Let I:?M(p) =
M? + p? for (F5). Then BVP (3.13) has a positive solution by Theorem 3.2. O

4 Conclusion

By the theory of fixed point index on cones in C3[0, 1], we in this paper give the sufficient
conditions for the existence of positive solutions to two classes of fourth-order problems
with dependence on all derivatives in nonlinearities subject to Stieltjes integral boundary
conditions. These sufficient conditions include some inequality ones on nonlinearities and
the spectral radius ones of linear operators so that the nonlinearities have superlinear or
sublinear growth. The derivatives, from the first to third order, of the positive solutions
are nonpositive for one class and are nonnegative for the other class respectively. Some ex-
amples are also presented to illustrate the theorems under mixed multi-point and integral
boundary conditions with sign-changing coefficients.
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