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1 Introduction

In the last decades, the short pulse equation has attracted much attention. It was intro-
duced as a model equation to describe the propagation of ultrashort optical pules in silica
optical fibers [1] which has the form

Mo =+ 2 (MB)xx, (1)
where u represents the magnitude of the electric field, subscripts denote partial differ-
entiation. In order to obtain more information to study Eq. (1), a number of works have
been presented. For instance, its integrability in [2—4], solitary wave solutions in [5], pe-
riodic and traveling wave solutions in [6], two-loop soliton solutions in [7], periodic and
multiloop solitons in [8].

To describe the propagation of polarized ultra-short pulses, the short pulse equation
has been generalized to the multi-component integrable systems. Among them, Matsuno
presented the two-component system [9]

Uy = U+ 3 (UViLy)z,

Vet =V + %(MVVx)x,

which is addressed from its multi-component model.
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Another integrable coupled short-pulse equation is given by Feng [10] as follows:

U = U+ (UP)xx + 3Vl @)
_ 1.3 1,2
Var =V ¢ (VW )x + 5U Vi

Let u = v, Eq. (2) degenerates to Eq. (1); v =0, Eq. (3) recasts to Eq. (1).
In this paper, we consider the Yao—Zeng two-component short-pulse equation [11]

Uy = U+ () @

Var =V + %(M2Vx)xr

which describes the propagation of polarized ultrashort light pulses in cubically nonlinear
anisotropic optical fibers. The Hamiltonian structure of Eq. (4) was established in [11], the
zero-curvature representation of Eq. (4) was analyzed in [12]. For the sake of getting more
information about Eq. (4), the goal of the present paper is to analyze symmetries, invariant
solutions, and conservation laws of Eq. (4). The Lie group method [13-15] is considered to
be one of the most effective methods to obtain exact solutions for lots of nonlinear partial
differential equations(PDEs). Another important research topic is related to conservation
laws of PDEs. For the PDEs which do not admit a Lagrangian, based on symmetries [16],
Ibragimov presented the concept of an adjoint equation to investigate conservation laws
by using the conservation law theorem in [17]. There has been a lot of success in this
direction to construct conservation laws for PDEs [16, 18, 19]. By means of conservation
laws, one can determine exact solutions of PDEs [20, 21].

The rest of the paper is arranged as follows. In Sect. 2, we present the Lie point symme-
tries of Eq. (4). In Sect. 3, the similarity reductions are made, exact solutions are consid-
ered by means of the Lie group method. In Sect. 4, the explicit solutions for the reduced
equations are presented via the power series method, and the detailed proof for the con-
vergence of the power series solutions is provided. In Sect. 5, we prove that Eq. (4) is non-
linearly self-adjoint and construct its conservation laws by applying Ibragimov’s method.
Finally, we have a summary of the paper.

2 Lie point symmetries
In this section, we apply the Lie point symmetry method to Eq. (4) and determine its
infinitesimal generators and the commutation table of Lie algebras.

First of all, let us consider a one-parameter Lie group admitted by Eq. (4) with a generator
of the Lie algebras of the form

X =E3+ 10, + pdy, + @0, (5)

where &, 7, ¢, ¢ are functions of x, ¢, u, v and are described as infinitesimals of the sym-
metry groups.
The invariance criterion for Eq. (4) with respect to operator (5) is read as [13, 22]

er(Z) |:uxt —U- %(us)xx:| = 0’

1
er(z) [sz -V- ) (u2vx)x] =0.
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The symbol prX®@ is the usual 2th-order prolongation of the operator [13, 22]. In this

case,

0 0 a
rX® =X+ ) — + o) — 4 ¢ @ __
p ¢x aux (px BVx ¢xx 8 (pxx a ¢xt Uy (pxt 8th

where

¢(1 Dy¢ — uyDy§ — uyDy,
(p’(cl) =D,p —vyDy§ — v, Dy,
¢9(c3c) = D92c(¢ - Eux - Tut) + suxxx + TlUxxts

(2 _
Pxx =

Dz(‘/’ ‘i:vx - Tvt) + gvxxx + TVxxts
xt =DyDy(¢ — Etty — Tuy) + Ethnr + Tl

(px% = Dth(<P — &V, — TV!) + %-Vxxt + TVxits

and Dy, D; are the total derivative operators, e.g.,

b ? P P 3 3 3 3
=—+uU Vi AU A Ve Uy — Vi — + -
PR au T v M ow T Tave . You, Yo,

Substituting pr X into Eq. (4) yields the following over-determining equations for the
unknown functions &, 7, ¢, and ¢:

&=6,=6=0, & =-1,

T, =7,=7,=0, 74 =0,
6= —ur,, (6)
Px=¢=0,  ¢n=0, ¢u=¥.
Solving Eq. (6), we get
E=—-cix+cs, T =C1t + Cy, ¢ =-ciu, © =C5V + Cald,

where c1, ¢3, ¢3, ca, and ¢s are arbitrary constants. The Lie algebra of infinitesimal symme-
try of Eq. (4) is spanned by the following vector fields:

X1 = —xax + tat - Ltau, X2 = at, X3 = Bx, X4 = ua‘,, X5 = Vav.

Furthermore, in order to classify all the group-invariant solutions, we determine an op-
timal system of one-dimensional subalgebras of Eq. (4) by using the method in [23, 24],
which only relies on the commutator table.

First, the commutator relations of X;, X5, X3, X4, X5 are represented in Table 1 by ap-
plying the commutator operator [X,,,, X,,] = X, Xy, — X, X

An arbitrary operator X € Ls is written as

X= 11X1 + lzXz + ngg + 14X4 + 15X5.

Page 3 of 16
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Table 1 Table of Lie brackets

X, X Xi X2 X3 X4 Xs
X 0 X X Xy 0
X5 X 0 0 0 0
X3 -X3 0 0 0 0
Xy Xy 0 0 0 Xy
Xs 0 0 0 Xy 0

To discuss the linear transformations of the vector [ = (l1, /3,3, 14, 15), we apply the fol-

lowing generator:

Ei=cilo,, i=1,234,5

(7)

where cf; is defined by the formula [X;, X;] = cg.Xk. Based on Eq. (7) and Table 1, E;, Es, Ej,

E,, Es5 can be represented as

Ey=—-l0y, + 13313 — 140y,

Ey =hLop,

E3 =-10y,

E4 = (ll + 15)814)

Es = —l4d),.

For Ej, E,, Es, E4, E5, the Lie equations with parameters a;, ay, as, a4, as and the initial

condition Zlaizo =1,i=1,2,3,4,5 are shown as follows:

dh
dﬂl
dh
dllz
di
dﬂg
dh
dﬂ4
dh
dﬂ5

dl, h dis i dly 7 dis
dﬂl - » d&ll - d&ll a 4 d&ll Y
b _; dls dly dis

d&lz - dﬂz - d&lz - ddz -
di, diy -~ di, dis
_:0’ —:_lr _:O) —:0:
das das ! das daz

di, dis dl, - - dis
—=0’ —:07 _=l ’ —=0,
day da, das T day

di, dls dl, - dis
-0, =0  -—=-, -0
das das das * das

The solutions of these equations give the transformations

Ti:h =1,
Ty:l =1,
Ts:h =1,
Ty:h =1,

Ts:lhi =1,

h=eb,  L=el, L=e“lh, L=l
h=ah+b, L=k, =L =1

I =1y, I3 = —asly + s, Ly=1ly, Is=1s,
h=b, L=k, L=al+l) b, =1,
I =1y, Iy =1, [y=e%l, Is = .

Page 4 of 16
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The determination of the optimal system demands a simplification of the vector
l= (111121 13)14;15) (8)

by using the transformations 77 — T5. We will obtain the simplest representative of each
class of similar vectors (8). Take two cases into account.

Case2.1l, #0

Leta, = —5—? and a3 = ﬁ—? in the transformations 7T, and 73, we have l~2 = l~3 = 0. Vector (8)

is simplified as the form

1=(4,0,0,4,15). %)

2.1.1 ll + 15 7/0

By taking as = — lllf*ls in the transformation T4, we have I, = 0. Vector (9) is hence reduced
to the form
l= (11,0,0,0, 15) (10)

We get the following representatives:

X1, X1 + Xs. (11)

2.1.2 ll + l5 =0
We get the following representatives:

X1 — X5, X1 — X5 & Xa. (12)

Case2.21, =0
We obtain vector (8) of the form

1=(0,0,13,14,15). (13)
221 I5#0
Let ay = —% in the transformations T, we have l; = 0. Vector (13) is simplified as the
form
l = (O} 12) 1310> 15)' (14)

As a result, we get the following representatives:

X5, X5 £ X,, X5 £ X3,,Xs £ Xo £ X3. (15)

222 I5=0
We obtain vector (13) of the form

1=(0,0y,13,14,0). (16)

Page 5 of 16



Gao and Zhang Boundary Value Problems (2019) 2019:45 Page 6 of 16

Considering all the possible combinations, we get the following representatives:
Xo, X3, Xa, Xo £ X3, Xo £ Xa, X3 + Xy, Xo £ X3 £ X (17)

Finally, by putting together all the operators (11), (12), (15), and (17), we achieve the
following theorem.

Theorem 2.1 The operators in {X1, Xy, X3, X4, X5} create an optimal system:

X1, X1 £ X5, X1 — X5 £+ Xy, X5, X5 + X5, X5 + X3, X5 + X5 + X3,

Xo, X3, X4, Xo £ X3, X0 £ X4, X3 Xy, Xo £ X3 £ X4

3 Similarity reductions and exact solutions
Based on Theorem 2.1, we will discuss the reductions and exact solutions of Eq. (4) in this
section.

Case 3.1 Reduction by X;.

Solving the characteristic equation for X;, we get similarity variables

u
z=1x, p=- q="v,
x
and the group-invariant solution is p = f(z), g = g(z), i.e.,

u = xf(2), v=g(2). (18)

Using Eq. (18) in Eq. (4), we have

f +f3 _ 2f/ + 3Zf2f/ _ f// + ZZﬁ/Z + %Z2f2f// =0, (19)
g _g/ + Zf2g/ _Zg// +22ﬁr/g/ + %szzg// =0,

where f' = d—j;,g/ = le—‘g.

Case 3.2 Reduction by X, + Xs.
Similarly, we have z = x, u = f(2), v = g(z)e’. The corresponding reduction equation is

f+*+ 3" =0, 20)
g-g+f'd +3f’¢" =0,
where f’ = d—i, g = Z—‘i. Therefore, Eq. (4) has a solution u = 0, v = ¢;€**, where ¢; is an
arbitrary constant.
Case 3.3 Reduction by X; + X3 + Xs.
We have u = f(2), v = g(z)e* in which z = x — ¢. Substituting group invariant solution into
Eq. (4), we get

f+ﬁ'/2 +f// + %fo// =0,

(21)
g+g +g' + 3’8+ e+ + 37" +f¢ =0,

where f' = %,g’ = %.
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Table 2 Similarity reductions of the Yao—Zeng two-component short-pulse equation

Generators Similarity variables  Reduced equations

Xi+Xs 7=1, f413=2f —2f" + 3262F + 2262 + 122" = 0
u:); f(2), g-zg" - 2ff'g+ 2*ff'g' + $22F2g" =0.
v=129
X1 =Xs+Xq4 z=1tx, f+13=2f —2f" = 32f2f - Z22ff? — % 2f21 =,
u=xf(2), g- %f3 +1 =29 +F2g—zqg" - 2zf2F + 2zf2g  + zff'g + %szzg” +22ff'g’ = 0.
v=x9(2)-xInxf(z)
Xo z=X, f+ 12+ 112" =0,
u="£), g+ff'g + 3f2g" =0.
v=g(2).
Xo + X3 z=x-1 f+f"+ /2 + L2 =0,
u="f(), g+g’ +ff'g' + 12" =0.
v=g(2).
Xo + Xy z=X, f+ 12+ 112" =0,
u="f(), g-f'+ff'g + 1f2g" =0.
v=g()+tf2)
Xo+ X5+ X  z=x-t, f+ "+ 2+ 112" =0
- 1 -
u="£(), g+f +q"+2F2f +ff'g + 3f2g" =0.
v=g(@)+xf(2)

Case 3.4 Reduction by X3 + Xj.
We have u = f(z), v = g(z) + xf(2) in which z = ¢. Substituting group invariant solution
into Eq. (4), we get

f=0
g=0.

(22)

Therefore, Eq. (4) has a solution « = 0, v = 0. Obviously, the solution is not meaningful.
Some of the similarity reductions for the optimal system of one-dimensional subalgebra
are represented in Table 2.

4 The explicit power series solutions

In Sect. 3, we obtained the reduction equations by using symmetry analysis. The power

series can be used to treat differential equations, including many complicated differential

equations with nonconstant coefficients [25]. In this section, we solve the nonlinear ODE

(19) by the power series method. For other reduction equations, power series solutions

can also be obtained similarly. For more details on power series solutions, see [15, 26].
Now, we seek a solution of Eq. (19) in a power series of the form

= anzn! g(z) = anznx (23)
n=0 n=0

where the coefficients p, and g, are all constants to be determined.
Substituting (23) into (19), we have

anz + ZZZPlPk 1Pn-kZ" —22(71 + Dppnz"

n=0 k=0 [=0

oo n k
+3z Z Z Z(Vl -k + Dpipripn-rnz"

n=0 k=0 [=0
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-z (n+1)(n+2)puaz"

n=0
oo n k
+ Z2 Z Z Z(k - l + 1)(1’1 - k + 1)P1Pk—l+1pn—k+12"
n=0 k=0 [=0
1 oo n k
+ 522 Z Z Z(l’l - k + 1)(1’! - k + 2)plpk—lpn—k+22n = O; (24-)
n=0 k=0 [=0
o 0 o n k
N @02 =S 4 D2 +2 3 S 1~k + Vpipridn-in?"
. n=0 n=0 k=0 I=0
00
-z (I’l + 1)(” + 2) n+22n
q
n=0
oo n ok
+ Z2 Z Z Z(k -+ 1)(1’1 —k+ l)plpk—l+1q;'1—k+lzn
n=0 k=0 [=0
1 o n
+ 522 >0 Z(” k+1)(n =k + 2)pipr-1Gn-k+22" = 0.
n=0 k=0 [=0

From (24), comparing coefficients, we obtain

1
p1= EPO(I +py),  41=40

) ) (25)
pr=pi(l+6p),  a2= o (1+p).
Generally, for n > 0, we have
1 n k
= + —k+1 k—1+1)pi_ _
Pn+3 (1+3)(n+4) {Pn+2 kX:O: ;(” )Pl[( )Pk—141Pn-k+1
1 n+l  k
toln—k+ 2)Pk—an—k+2j| + )Y (8n=3k+ I)pipk-iPu-ks2
k=0 =0
n+2
+> p:pn+z:po}, (26)
1=0
1 n k
n+3 = 7 o\ n+ k 2 k+3 n—k+
Gn+3 (n+3)2{61 2+ =0§|: (n—k+2)(n -k + 3)pipr-1qn-k+2

n+l
+(k—-1+1)(n—k+ 1)Plpk-l+1%:-k+1] + PP }

In view of Eq. (26), we can obtain all the coefficients p;, ¢; (i > 3) of the power series
(23), e.g.,

1 2 2
ps3 = 1—2(172 +10pp2 + 10pop?),
(27)

1 2
~(q2 + 3p3a2 + 3popr4h).-

113=9(

Page 8 of 16
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Therefore, for arbitrary chosen constant numbers py and go, the other terms of the
sequence {p,}52, and {g,}52, can be determined by (25) and (26). This implies that for
Eq. (19), there is a power series solution (23) with the coefficients constructed by (25) and
(26).

Now we show the convergence of the power series solution (23) of Eq. (19). In fact, from
(26), we have

n k

|pn+3| = M|:|pn+2| + Z Z |pl|(|pk—l+1||Pn—k+1| + |Pk—l| |pn—k+2|)
k=0 [=0

n+l n+2
+ ZDmnpk Pnicea] + Zmnpm n} n=01,...,

k=0 1=0

where M = max{1, % 2,3 ,Po}. Similarly, from (26), we have

n k
(s3] < N[|qn+2| + 3 (1illpketllgn-re2] + |PellPr-ro1 |G- )
k=0 [=0
n+l
+Z|pl||Pn+l—l|:|; n=0,1,..., (28)

where N = max{1, %,ql}.

Now, we define two power series R=R(z) =Y o r,z" and S=S(z) = Y. s,2" by

ri = |pil, si=lgl, j=0,1,2,

and

n k
Fues =M |:rn+2 Y kA kot + T kT noks2)

k=0 1=0

n+l n+2
+> Zrl”k Foke2 + Z Fiwiat |,

k=0 I=
0 =0 (29)

n k
sniz =N |:5n+2 £ YD Uk tSnkva + Ik 11Snks1)
k=0 [=0

n+l
+ Zrlrn+1—l:|x
1=0
where n=0,1,.... Then, it is easily seen that
|pnl <1, |gnl<$p, n=0,1,2,....

Thus, the two series R=R(z) = Y o, r,z" and S = S(z) = >, s,2" are majorant series of

(23), respectively. Next, we show that the series R = R(z) and S = S(z) have positive radius

Page 9 of 16
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of convergence.
o0
— 2 n+3 _ 2
R(z) =rog+rmz+rz + E Tne3Z 0 =rg + 1z + 12

n=0

00 0o n k

n+3 n+3
+M E TueaZ' '+ E E (NP k1 Tnekrl + FIT kA n—k42)Z
n=0 n=0 k=0 [=0

oo n+l k 00 n+2
NN ket Y Y it

n=0 k=0 [=0 n=0 [=0

=10 + 11z + 122" + M[2(R = ro = 11z) + ZRR = 19)* + zR*(R — 19 — 112)

+ z(Rz(R —rg) — rgrlz) + z((R +719)(R—r9—1r12) + riz(R - ro))],

and

o0
S(z) = So + 512 + $22° + an+3z”+3
n=0
o0 o n k
=sp+812+52° +N [Z $ne2Z" 2 4 Y Y (M kctSnoke + TPk t1Snoks1) 2
n=0 n=0 k=0 [=0

oo n+l
Y e

n=0 [=0

=S + 812 + $92° + N[z(S — 80 — $12)

+ZRY(S — 5o — 512) + ZR(RS — roS — Rsg + 1oSo) + zZ(R2 - r(z))].
Consider now the implicit functional system with respect to the independent variable z:

F(zR,S) =R ~ro—riz—ryz> = M[z(R - ro — 112) + ZR(R — r0)* + ZR*(R - ro — 112)
+ z(Rz(R —ro) — rgrlz) + z((R +79)(R—rg —r12) + riz(R - ro))],
G(z,R,S) =S — sy — 512 — $22° —N[z(S — 50— $12) + ZR*(S — 80 — $12)

+ ZR(RS — roS — Rsg + roso) + 2 (R* = r5) ]

Since F, G are analytic in the neighborhood of (0, ry, s9) and F(0, ro, so) = 0, G(0, ro, o) = 0.

Furthermore, the Jacobian determinant

d(F,G)
IR,9) |,

=140,

0,70,50)

if we choose the parameters ry = |po| and so = |qo| properly. By the implicit function the-
orem [27], we see that R = R(z) and S = S(z) are analytic in a neighborhood of the point
(0, ro, s0) and with the positive radius. This implies that the two power series (23) converge
in a neighborhood of the point (0, 7o, so). This completes the proof.

Page 10 of 16
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Hence, the power series solution (23) for Eq. (19) is an analytic solution. The power

series solution of Eq. (19) can be written as the following:

f@=po+p1z+psZ° + ) puisz’™
n=0

1 1
=po+ ipo(l +p%)z + Epl (1 + 619%)22

00 n k
1
+ Z m ipnﬂ + Z Z(” k+ 1)pl|:( -1+ 1)pk—l+1pn k+1

n= k=0 [=0

n+l k

+= (n k + 2)pi-1pn- k+2:| +Y > Bn=3k+ I)pipribaie>
k=0 =0

n+2
+ ZplerZ—lp() }ng

1=0

€@ =qo+ qz+ 2+ Y Guisz"”
n=0

1
=qo + qoz + L—qu(l +pg)7*
00 1 n k
+Z (Vl+3)2 {6]m2 ZZ[ (Vl k+2 (l’l /(+3)Pll7k 1Gn—k+2
k=0 1=0

n+l
+(k=l+1)(n—k+ 1)plpk—l+lq;1—k+l] £ pipnnaiq }Z””

Thus, the explicit power series solution of Eq. (4) is
1 1
u(x, t) = pox + Epo(l +p%)tx2 + gpl(l + 6p3)t2x3

00 n k
Z n+3)(n+4) ipm Y Y (n-k+ l)pz[(k—l+ DPk-t1Pnkn

k=0 [=0
1 n+l k
+ =i+ 2)pk—lpn—k+2] + 3 (Bn=3k+ I)pipi-iu-ks
k=0 [=0

n+2
3 4
+§ PiPnia-ipo (£0x"T
1=0

1
v(x, t) = qo + qotx + qu(l +pg)t2x2

o 1 n k
’ Z (n+3)? {qm 2 Z[ (n =k +2)(n =k + 3)pipiiGn-rkr2

k=0 =0

n+l
+(k=l+1)(n—k+ 1)Plpk—l+1qn—k+1:| + Y Ppwah }t”*sx"*g,
=0
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where pg and ¢q are arbitrary constants, the other coefficients p,, g, (n > 1) depend on
(25) and (26) completely.

Remark 4.1 The power series solutions can greatly enrich the solutions of Eq. (4) and
converge quickly, so it is convenient for computations in both theory and applications.

5 Nonlinear self-adjointness and conservation law
In this section, we prove the nonlinear self-adjointness of Eq. (4) and determine its con-

servation laws.

5.1 Preliminaries
Consider the rth-order system of m PDEs:

Eo(®u,uay, ... up) =0, a=12,...,m, (30)
where x = (x!,...,2"), u = (ul,..., u"), u¥ = Ju®/dx", ug = 82u”/9x'9x/, and u(;) denotes the

collection of all ith-order partial derivatives of u with respect to x.
The adjoint equations of Eq. (30) are defined by [28]

8L
EX (%, 1, V, (1), VA)s - - - U(r)y V() = S =0, (31)
where v = (V,...,v"), L = vﬂEﬁ(x, u,uq),...,Ug)) is the formal Lagrangian, and 6/6u° is

the Euler—Lagrange operator defined by [28]

where D; denotes the total derivative operators with respect to x;.

Definition 5.1 ([16]) System (30) is said to be nonlinearly self-adjoint if the adjoint system
(31) is satisfied for all solutions u of Eq. (30) upon a substitution

VW=9%xu), a=1,...,m, (32)
such that ¢(x, u) = (p!,...,¢™) #0.
Definition 5.1 is identical to the following identities:
EX (%, 1,V (1), V() - - - U(r)s V() = kgEﬁ(x, wuay,..., U)o, B=1..,m, (33)

where A is a certain function.
The following theorem will be used to obtain conservation laws [17].

Theorem 5.2 Any infinitesimal symmetry (local and nonlocal)

: a
X=£ , U, yees) — + o y U, yeee
& (xu,uqy,...) g (o w1y, - ) 3
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admitted by Eq. (30) gives rise to a conservation law D;(C’) = 0, where C' is constructed by
the formula

; oL oL oL
C'=w* -Di\ — | +DiDi| — ) —---
ouy ouj; ousy
ij
0L oL
+ (W) 3 =D 5 )+
duiy; ou

+D]-Dk(Wa)|: L _...]+..., (34)

o
0 uijk

with W = n® — Efu;?‘. The Lagrangian L should be written in the symmetric form with

respect to all mixed derivatives uy, 7R

5.2 Nonlinear self-adjointness
Following Definition 5.1 and Theorem 5.2, we can prove the nonlinear self-adjointness of

Eq. (4) and thus obtain its conservation laws.

Theorem 5.3 Equation (4) is nonlinearly self-adjoint under the substitution
Al =V, Az =-CU,
where ¢, is an arbitrary constant.

Proof Let the formal Lagrangian of Eq. (4) be of the form

L= A1<uxt —u-— é(ug)xx> + A2<vxt —v- %(uzvx)x),

where A;, A, are two new dependent variables.
Using the equivalent formula (33) of the definition of nonlinear self-adjointness, the

identities

8L

1 1
E = )\,} (”xt - Uu- E(MS)xx> + )\,% (th —-V- E (uzvx)x),
—=:u —u—l(us) +A22(v —V—l(uzv)
(SV 2 Xt 6 xx 2 Xt 2 %)y ]’

(35)

are established under the substitution A1 = A1(x, £, u,v), Ay = Ay(x, £, 1, V).
By splitting Eq. (35) with respect to the coefficients of different order derivatives of u

and v, we obtain a system in the unknown variables A;, A, whose solutions are
Ay =cyv, Ay = —c1u,

where ¢; is an arbitrary constant. This completes the proof. d
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5.3 Construction of conservation laws
For the infinitesimal operator X = £0, + 70; + ¢9,, + ¢9,, by Theorem 5.2, the conservation

law of Eq. (4) is represented in the form D,C* + D,C* = 0. Moreover, we have

= W[ 0L —Dt(i) —Dx<£>] +D,(W") aaﬁ + D (W*) 9L

I Oy O0lyy Ut 7
oL oL oL oL oL
+ W' — - D, -D, + Dy (W) +D(W") —,
IV Vs OVix OVt OVix
oL oL
C'=W*|-D, D (W*)—
[ (8Mxt>:| * ( )auxt
oL oL
+W"| =D, + Dy (W) —,
3th avxt

where W* = ¢ —&u, — tuy,, WY = ¢ — v, — Ty, the Lagrangian £ = Ay (s, —u — %(u‘%)xx) +
A2(th V- %(uzvx)x) = Clv(uxt —u- %(ug)xx) - Clu(vxt —-V- %(uzvx)x)
By simplifying C*¥, C*, we have

3 1
C* = <—c1uvux + Ecluzvx - C1Vt> W* + civDy (W*) - ECIMZVDx(Wu)

1 1
+ (—Ecluzux + cm,) WY —ciuD,(W") + iclung(W"), (36)
C' = —c1ve W" + crvDe (W) + ey WY — cyuD (W”). (37)

Case 5.1 For the generator X; = —x9, + td; — ud,, we obtain W* = —u + xu, — tu,, W’ =

xv, — tvy. According to Egs. (36) and (37), we have

3
C* = (—cluvux + icluzvx — vy | (= + xuy — tuy) + yv(=2uy + Xty — tUly)
L 5 L 5
- Eclu V(Xlpy — Ehgy) + —Eclu Uy + Crtty | (xvy — tVy) — cru(=Vy — tVy + XViy)

1 3
+ o (Ve =ty + XVxy),

Ct = —1vu(—u + Xty — tit) + CLV( Kty — tlhsy) + CLibe(XVy — tV,) — CLU(Vy — EVig + XVr).

Case 5.2 For the generator X, = 9;, we obtain W* = —u;, WY = —y,. According to
Egs. (36) and (37), we have

X _ 3 2 1 2
C*=-— —C1UVUy, + Eclu Vy —C1Vt Uy — C1VUy + Eclu VUgy

1, 1,
- —§C1u Uy + C1Us |V + C1UVy — §C1M Vixs

C = 1Vt — €1Vl — CLULV; + CLUVy.
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Case 5.3 For the generator X3 = d,, we obtain W* = —u,, W = —v,. According to
Egs. (36) and (37), we have

Cx _ 3 2 1 2
=—| —Cciuvu, + Eclu Vy — C1Vt | Uy — C1 VU5 + Eclu VUhyy

L 5 L3
- —Eclu Uy + C1Ust vx+cluvxt—§clu Vaxs

C" = 1 Vylhy — C1VUyy — CLUxVy + C1UV gy

Case 5.4 For the generator X, = ud,, we obtain W* =0, W = u. According to Egs. (36)
and (37), we have

Cx_ 1 2 1 3
= —iclu Uy + C1U; u—cluut+§clu Uy,

C' = cruput — crblhy.

Case 5.5 For the generator X5 = vd,, we obtain W* = 0, W" = u. According to Egs. (36)
and (37), we have

Cx_ lc 2 1 3
= —2 11U Uy + CrUs |V —C1UV: + 20114 Vs

C' = cuuyv — ciuv,.

6 Conclusions

In this paper, the Lie symmetry analysis is applied for the Yao—Zeng two-component short-
pulse equation. New invariant solutions are constructed based on the optimal system.
Moreover, we use the properties of nonlinear self-adjointness of Eq. (4) to obtain general
formulae of conservation law. Our results can be applied to describe the propagation of

polarized ultrashort light pulses in cubically nonlinear anisotropic optical fibers.
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