Aphithana et al. Boundary Value Problems (2019) 2019:47 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-019-1162-8 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Forced oscillation of fractional differential
equations via conformable derivatives with
damping term

Aphirak Aphithana', Sotiris K. Ntouyas** and Jessada Tariboon'"

“Correspondence:
jessada.t@scikmutnb.acth Abstract
"Intelligent and Nonlinear Dynamic

Innovations Research Center Based on the properties of nonlocal fractional calculus generated by conformable

Department of Mathematics, derivatives, we establish some sufficient conditions for oscillation of all solutions for
Faculty of Applied Science, King fractional differential equations with damping term. Forced oscillation of conformable
Mongkut’s University of Technology . . . . . .

North Bangkok, Bangkok, Thailand differential equations in the frame of Riemann, as well as of Caputo type, is

Full list of author information is established. Examples are provided to demonstrate the effectiveness of the main
available at the end of the article results.

MSC: 34A08; 34C10; 26A33

Keywords: Forced oscillation; Oscillation theory; Fractional differential equations;
Fractional conformable integrals; Fractional conformable derivatives; Damping

1 Introduction
Fractional differential equations gained considerable importance due to their various ap-
plications in viscoelasticity, electroanalytical chemistry, control theory, many physical
problems, etc. The books [1-6] summarize and organize much of fractional calculus and
many of theories and applications of fractional differential equations. Many authors have
studied the existence and uniqueness of solutions for different types of fractional bound-
ary value problems; see the papers [7—18] and the references cited therein.

The oscillation theory for fractional differential and difference equations has been stud-
ied by some authors (see [19-29]). In [23] the authors studied the oscillation theory for

fractional differential equations by considering fractional initial value problem of the form

Dix@) + fit,x) = v(t) + fo(t,x), t>a,

(1.1)
1imt~>a+ ];_qx(t) =b,

where D denotes the Riemann-Liouville fractional derivative starting at a point a, of
order g with0<g <1, J2 ™% is the Riemann-Liouville fractional integral starting at a point
a, of order 1 — g, f1, f> are continuous functions.
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Recently, in [21] the authors studied the oscillation of a conformable initial value prob-
lem of the form

DUPx(t) +filt,x) =1(t) + St %), t>a, 12)
limy gt oF P2 = by (=1,2,...,m), '
where m = [a] = min{m € Z|m > o}, ,0%" is the left conformable derivative of order
a € C, N(a) > 0in the Riemann—Liouville setting and ,J*7 is the left conformable integral
operator.
In [22] the authors studied forced oscillatory properties of solutions to the nonlinear
fractional initial value problem with damping

(Dot*»)(®) + p(O)(DGy)(8) + q(O)f (¥(2) = g(8), >0, 13)
(IL9)(0+) = b,
where b is a real number, « € (0,1) is a given constant, and Dy, is the Riemann—Liouville
fractional derivative of order .
In this paper, motivated by the above papers, we study forced oscillatory properties of
solutions to the conformable initial value problem with damping in the Riemann—Liouville
setting as follows:

DN x(E) + p(t)aDPx(t) + q(O)f (x(t) = g(8),  t>a, (1.4)
limy g (V- Px(t) = by (j=1,2,...,m), '
where m = [a],0< p <1, p e C(R*,R), g € C(R*,R"), g € C(R*,R), f € C(R,R) are con-
tinuous functions, ,D%7 is the left conformable derivative of order @ € C, R(«) > 0 in the
Riemann-Liouville setting, and ,J%” is the left conformable integral operator.
Moreover, we study the forced oscillation of conformable initial value problems in the
Caputo setting of the form

SO rx(t) + p(6) gD x(D) + q(O)f (D) = g(1), t>a, 15)

kDPx(a)=br (k=0,1,...,m~1), '
where m = [a], and D% is the left conformable derivative of order o € C, %i(a) > 0 in
the Caputo setting.

Definition 1.1 The solution x of problem (1.4) (respectively (1.5)) is called oscillatory if it
is neither eventually positive nor eventually negative. Otherwise, it is called nonoscillatory.

This paper is organized as follows. Section 2 introduces some notations and provides
the definitions of conformable fractional integral and differential operators together with
some basic properties and lemmas that are needed in the proofs of the main theorems. In
Sect. 3, forced oscillation of conformable fractional differential equations in the frame of
Riemann is presented, while in Sect. 4 forced oscillation of conformable fractional differ-
ential equations in the frame of Caputo is established. Examples are provided in Sect. 5 to
demonstrate the effectiveness of the main theorems.
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2 Preliminaries
The left conformable derivative starting from a of a function f : [a,00) — R of order 0 <
p <1is defined by

(D°f)(0) = tim L€ a) ") ~f (&)

€e—0 €

If (,D°f)(¢) exists on (a, b), then (,D°f)(a) = lim,_, ,+ (,Df)(¢). If f is differentiable, then
(D)) = (¢ = @)1 (). 2.1)

The corresponding left conformable integral is defined as

dt

a0 = [ fom 0<p=t

For the extension to the higher order p > 1, see [30].

Definition 2.1 ([31]) The left conformable integral operator is defined by

capprn L [T(@—a) —(t—a)"\*T" f(t)dt
=g [ () 22

where o € C, R(a) > 0.

Definition 2.2 ([31]) The left conformable derivative of order & € C, R(«) > 0 in the

Riemann-Liouville setting is defined by

D[ () = J'DP (T )f (x)

mpr [(*(x-a) - (t-a)* " f)dt
CTm-a) /), ( o ) (t—a)l-r’

(2.3)

where m = [R()], 7’D? = ,D°,D’---,D", and ,D’f is the left conformable differential
_\(_/

m times
operator presented in (2.1).

Definition 2.3 ([31]) The left Caputo conformable derivative of order « € C, R(«) > 0 is
defined by

§DUf(x) = I (DPS (%)

o1 ¥ —a) —(t—a) " Drf(¢) dt
- F(m—a)_/; ( 0 ) (t—a)—r’ (2.4)

where m = [W()], 2’D? = ,D°,D”--.,D", and ,D’f is the left conformable differential
———

m times
operator presented in (2.1).
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Lemma 2.1 ([31]) Leta € C and ,J~*"x(t) be the conformable integral (2.2) of order j—«,
then

I (a)

~a, o, _ _ _ (=)
I (D*f (%)) = f (x) ;—pa—ir(a_/u)(" )", (2.5)

3 Forced oscillation of conformable differential equations in the frame of
Riemann
In this section we study the oscillation theory for equation (1.4). We prove our result under
the following assumption:
(H) p e C(R*,R), g C(R*,R*), g € C(R,R), f € C(R,R) and f()/u > 0 for all u #0.

We set
&) =T (a )Xm: b_](;(j)p]:l) (3.1)
and
e - [ (A y (Ml Gy _dv

fora <t < T, where M = ,9%"x(t;)V(t1).

Theorem 3.1 Suppose that (H) and for every sufficiently large T the following conditions

hold:
o o l1-a ¢ (¢ - a),O —(w- (,z)p a-l M + tllp(g(W)V(W)) dw _
tl;r&mf(;) /T < P ) ( V(w) )(W—a)l—p =-00
(3.3)
and
li 0\ [(E—a) —(w=a) \“T (M4, P @WVW)\  dw
P Sup( p ) /T ( P ) ( V(w) ) w=ays =
(3.4)

where V (t) = exp fé (s —a)’"\p(s)ds, t, > a, and M is an arbitrary constant. Then every
solution of problem (1.4) is oscillatory.

Proof Let x be a nonoscillatory solution of problem (1.4). Without loss of generality, sup-

pose that T > a is large enough and #; > T so that x(¢) > O for ¢ > ;. According to (1.4) and
(H), the following inequality is satisfied:

D[ D x(O)V ()] = (t - a)*~ pj[ DU x() V(1))

=(t—a)"” ”j (D x()) V(E) + (t — a) ", D px(t)—(\/(t))
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= DRV (E) + p(t) D™ x(t) V (£)
= —q(O)f (x@) V(&) +g@&) V()
<g@®)V().

Taking the left conformable integral order p for the above inequality from #; to £, we can

obtain

DRV (L) < D x(tr) V(1) + o I (g(1)V(2))
=M+,1°(g(t)V(9)). (3.5)
From Lemma 2.1 and (3.5) we get

M+, 17V (D)
V()

D%Px(t) <

)

which leads to

x(t) i TP x(a)(t - a)P @D 3 |:M + o, IP(g&) V(D) :|

= P I (a—j+1) V()

So, we have

i by(t - a)P @
O L e+

j=1

(t—a)’ —(w—a)P\* " M+ 4, IP(gw)V(w)) dw
F(a)/( > ( V(w) )(W—ﬂ)lp

for every sufficiently large 7. Multiplying both sides of the above inequality by I («), we

can obtain

—a)P pla—j)
‘11"(01 -j+1)

(t-a)y —(w-a)’\*" ( M+ ,I°(gw)V(w)) dw
+A ( o ) ( \aw )w-wkp

Lit—a)y —(w-a)l\* [ M+ n I (gw)V(w)) dw
+A( P ) ( V(w) >w-mw

- d(t) + A, T)

Lit—a) —(w—a)* \* [ M+, 1°(gw)V(w)) dw
+A( P ) ( Vw) )w-mw’

I (a)x(t) < I'(e )Z

(3.6)

where @ and A are defined in (3.1) and (3.2), respectively.
Multiplying (3.6) by (%)1‘“, we get

tp 1-«
0< <—> I (o)x(2)
0

Page 5of 16
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l1-a 1-a
< <ﬁ> D(t) + <ﬁ> AL, T)
o o

P\ L (E—a)? —(w—a) \*! M+, 1P (gw)V(w)) dw
+(?> /T< p ) ( V(w) )(w—a)l-p' 7

Taking T7 > T, we consider two cases as follows.
Case(1):Let0<a < 1. Then m =1 and (%)1‘“®(t) = btP~P*(t — a)?*~". Since the func-

tion /1, (¢) = tP~°*(t — a)*** is decreasing for p > 0 and « < 1, we get for £ > T; (see [21])

1-a
(&) o
P

The function f,(t) = t***[(t — a)” — (W — a)”]%"! is decreasing for p > 0 and « < 1. Thus,
we get

1-a
(5) en
P

_‘ PN T (t—a)’ — (w—a)’ a-1 M+t11p(g(W)V(W)) dw
e

< [(4) (e M V)
“Ja P 1%

<|bT{"(Ty — a)’* " = ey (Th). (3.8)

V(w) (w—a)l-r
[T\ (Tia)y - w-a) T M+t11*’(g<w>ww)>‘ dw
_/a (7) ( P ) V(w) (w—a)l-r
= Cz(T, Tl) (39)

Then, from equation (3.7) and ¢ > T3, we get

(ﬁ)“’ f t(W)al(Mﬂll”(g(W)v(W))) dw
p T p V(w) (w—a)l-r

> —[a1(Th) + eo(T, Th)],

hence

o 0 l-a pt (t-a) —(w—a)’ el /ar + tllp(g(w) V(w)) dw
t1_1)r§) 1nf<;) /T ( o ) < V(w) ) (w—a)l-r

> —[c1i(Th) + (T, Th)]

> —00,

which is a contradiction to condition (3.3).
Case (2): Let a > 1. Then m > 2. Also (“T”)p"“p <1 for @ >1 and p > 0. The function
h3(t) = (t — a)?~" is decreasing for j > 1 and p > 0. Thus, for ¢t > T1, we have (see [21])

1-a
0

= |yl(Th —a)”
< F(O{)]ZI: m = C3(T1). (3.10)

Page 6 of 16
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Also, since (%)1‘0‘ <1and ((t’“)p;+”)p)°“1 <1fora>1and p >0, we get

l-a
(5) #en
P

|/ o o T r( gy — (w—a)P \ ¥ M+, 1P (gw)V(w)) dw
o) [ (s ) e

Ti(t-a) —w=—a) \* M+, 1°(gw)V(w)| dw
E/a ( % )

V(w) (w=a)l-r
- /T <M+t11p(g(w)\/(w))> dw

V(w) (w—a)l=»
From (3.7), (3.10), and (3.11), we conclude that

(ﬁ)l_a /t(M)H(A“nl”(g(W)V(W))> dw
p T P V(w) (w—a)'~r

—[ea(T1) + ca(T)]

= C4(T). (311)

for t > T,. Hence

o P\ L (E—a)’ — (w—a) \*} M+, IP(gw)V(w)) dw
t1_1>r10101nf<;) /T< P ) < V(w) )(W—a)l—p

—[ea(T1) + ca(T)]

> —00,

which is a contradiction to condition (3.3). Therefore, we get that x(¢) is oscillatory. In case
x is eventually negative, similar arguments lead to a contradiction with condition (3.4). The
proof is completed. O

4 Forced oscillation of conformable differential equations in the frame of

Caputo
In this section, we study the forced oscillation of conformable initial value problem (1.5).
We set
bk(t a)Pk
Y= )Z oKkl (4.1)
and
r —a)f - SV AN * 1P
- [ (Lot M eV )y .
‘ p Viw) (v a7

fora <t < T, where M* = f@""‘)x(tl)\/(tl).

Lemma 4.1 [31] Letf € C? [a,b] and a € C, then

m-1 ko _ 4\Pk
I (CDUf) = f) - Y Lf (Z)]f]o(c‘ a)

k=0

(4.3)
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Lemma 4.2 [31] Let o, 8 € C. If the conformable derivatives gﬁa'pf(x) and g@‘“ﬂ’pf(x)

exist, then

§DUP (D) = LD IS (). (4.4)
Lemma 4.3 [31] Let o € C, m = [R(«)]. Ifx €N, then

SO () = 7D f ). (4.5)

Theorem 4.1 Suppose that (H) and for every sufficiently large T the following conditions

hold:
. <tp>1m/t((t—a)”—(W—a)”>“1
llm lnf — _—
=00 P T P

M+, 1P (gw)V(w)) dw
% ( Viw) ) w—ayr

= -0 (4.6)
and

1-m t a-1
(5 (=52
t—00 T

M+, 1P (gw)V(w)) dw
x ( Vw) ) w—a)i-r

- o0, (4.7)

where V(t) = exp fttl (s —a)*tp(s)ds, t1 > a, and M* is an arbitrary constant. Then every

solution of problem (1.5) is oscillatory.

Proof Let x be a nonoscillatory solution of problem (1.5). Without loss of generality, sup-
pose that T' > a is large enough and ¢; > T so that x(¢) > O for ¢ > #;. According to (1.5) and
(H), the following inequality is satisfied:

DD x(B)V (1)) = (¢ - a) dit [co* V()]

= (t—a)" % (CD* x(t)) V() + (¢ - a)l"pf;@“‘px(t)% (V)
= SO )V (£) + p()SD“ x(£) V(1)
= —q(O)f (x(®)) V() + @)V (2)

<gt)yV(e).

Taking the left conformable integral of order p to the above inequality from ¢, to ¢, we can
obtain

CDHOV() < DAtV (1) + o1 () V(D)

= M*+,1°(g(O) V(1)) (4.8)

Page 8 of 16
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From Lemma 4.1 and (4.8) we have

Cpuny(py « M+ ulEOVE)

V(t)
Then we get
2 CDPx(a)(t - a)Pk M+, 1°(g(0) V()
sy - 3 a2 H e @ <aw[ 1 }
e pkk! V(t)
So, we have

m-1 ¢ k
x(t) < Z DHla)t - a)™

K1
Py pkk!

1 (Y (t—a) —(w=a) \"" ([ M*+ I (gw)V(W)\  dw
+r<a)/a( p > ( V() )(w—a)lp

for every sufficiently large 7. Multiplying both sides of the above inequality by a constant

I' («), we have

22 Cprx(a)(t — a)Pk

I (e)x(t) < r(a)g —
Ti(t—a)y —(w—a)’\* " [ M*+ , IP(gw)V(W)\  dw
' / ( P ) ( V(w) ) (w—ay
L(t—a) —(w—a)’ \“ ([ M* + I (gw)V(W)\  dw
’ /T ( p ) ( V(w) ) (w—a)l-r

=W+ 82T

Lit—a)y —(w—a) \* " ( M* + ,1°(gw)V (w)) dw
+/T( , ) ( Vw) >(w—a)l—p’ )

where ¥ and £2 are defined in (4.1) and (4.2), respectively.
Multiplying (4.9) by (%)1"”, we get

tP 1-m
0< (—) I (0)x(2)
P

tP 1-m tP 1-m
(_) mm(_) 2,7)

P p

P\t (t—a)”—(w—a)p)“_l
() [

M+, P@W)VW)\  dw
x ( Viw) ) w—a)»"

(4.10)

Take T > T. We consider two cases as follows.

Page 9 of 16
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Case (1):Let 0<a < 1. Then m =1 and (%)I‘W’W(t) = I'(a)by.
The function /14(¢) = ((t_“)p_#)"“1 is decreasing for p > 0, ¢t > T1 > w, and « < 1. Thus,

we get

1-m
() e
0

Trt—a) —(w—a) \* " [ M* + ,1I°(gw)V(w)) dw
/( p > ( V(w) )(w—u)l-p

</T((t—a)p—(w—a)p)“ M* + 1P (g(w)V (w dw

" Ja p V(w) (w a)t=r

_ [ ((Ti-ay - (w-a) UM+, P @W) V(W) dw

‘/a ( p > V(w) (w-a)-+

= C5(T, Tl) (4-11)

Then, from equation (4.10) and ¢ > T, we get

(g )1-‘” / ((t—a)" —(w—a)ﬂ)“(M* + tlﬂ’(g(w)V(wD) dw
p . P V(w) (w—a)l-r

> —[I(@)bo + c5(T, Th)],

hence

(N [ (= a) = (=) \ N M+ 1P (@(w) V(W) dw
t1_1>r10101nf<;) /T< P ) ( V(w) )(W—a)l—p

> —[I(@)bo +¢5(T, T1)]

> —00,

which contradicts condition (4.6).
Case (2): Let a > 1. Then m > 2. Also (“T“)””"p <1 for m > 2 and p > 0. The function

hs(t) = (t — a)?**D is decreasing for k < m — 1 and p > 0. Thus, for ¢ > T}, we have

2\ P\ A bt - a)P
‘(;) W(t)‘=‘(—) ray, 2

k=0
t—a\"" bk t ﬂ (k —m+1)
= ‘( t ) F( )Z k —m+1

- e )Zwu(t ay b

k— m+1 ]

b (T a plk—m+1)
<I'(a )Z' kl( 1k m+)1k| = ¢o(T)). (4.12)

Page 10 of 16
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Also, since (%)1‘”’ <1and (E2=w=2"yo-1 (] for ¢ > 1 and p > 0, we get

1-m
(&) s
P

_‘ N (T (E—a) = (w=a)* T M+ 1P (g(w) V(W) dw
e (e i) o

- T((t-a) —(w-a)\*" M*+t11p(g(W)V(W))‘ dw
<[ (=) (

V(w
S/T (M*+t11"(g(w)V(w)))‘( dw

V(w) w—a)l-r
From (4.10), (4.12), and (4.13), we conclude that

(ﬁ)l_m/t<(t—a)p —(W—ﬂ)p)a_l<M* +t11p(g(W)V(W))> aw
p . 0 V(w) (w-a)t-r

> —[e6(T1) + ¢7(T)]

w—a)l-r

= ¢7(T). (4.13)

for t > T;. Hence

tP 1-m
lim inf(—)
t—00 p

> —[c6(Th) + ¢7(T)]

ff ( (t—a)’ — (w—a)” )“—1 (M* + 4, 17 (g(w) V(w))) dw
(

T p V(w) w—a)'=r

> —0Q,

which contradicts condition (4.6). Therefore, we conclude that x is oscillatory. In case x
is eventually negative, similar arguments lead to a contradiction with condition (4.7). The

proof is completed. d

5 Examples

In this section, we present examples to illustrate our results.

Example 5.1 Consider the conformable initial value problem

0D 3 x(f) — oD Nx(t) + (¢ + 5)2(2x + 5)e" % = e cost, t>0, 5.1)
lim_ o+ 032 %(£) = 0. '

Here o =1/2, p=1,a =0, p(t) = -1, q(t) = (t + 5), f(x) = (2x + 5)e’"%, g(t) = e* cost,
and V(s) = €175, It is easy to verify that assumption (H) is satisfied if x(¢) > 0. Then

oI (@) VW) = / 2V (s)ds

5]

w
/ e* cosse* ds

2]

et1+w 2t
(sinw + cosw) — T(Sin t1 + costy)
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et1+w T 62t1
= «/Esin(w+ Z) - T(Sintl +costy).

Set t; = /2. Hence, we can obtain

(£)7 [[(Lmmtmary ™ (Mear V) s
P 0 p V(w) (w—a)l-
/t(t— w)‘%ew‘% << - i) + Qe%*w sin<w+ z)) dw.
0 2 2 *

Set ¢ — w = 52, then the above integral can be written as the following form:

0 1 b4 2M— 4 2 s
/ —e[_52_7 (( e ) + £67+t_52 sin(t—52 n z))(—Zs)ds
i S 2 2 4

1 ;T Vi 2 1 ot Vi 252 . 2 T
=t7(2M—e”)e‘7/ e ds+t2/2e / e sin|t—s +Z ds
0 0

NI

=t
1
t2

1 P Vi 2 1 o - T Vi ) 2
:t7(2M—e”)e_7/ e ds +t2+/2e* sin t+Z / e coss”ds
0 0
Vi
T
—t23/26* cos (t + Z) / e sins? ds.
0

252

2 2 . 2
e , as the result of |e” 2 < e, e 2| < e an
Let ¢t — +00 th It of coss?| < e 2" sins?| < e d

lim;—s oo f()*/Z e ds = @. So, we know that

\/E 2 \/Z 2
lim e coss’ds and lim e > sins®ds

t—>+00 0 t—>+00 0

are convergent.
: Vi og? 2 : VE 92 o 2
Thus, we can set lim;_, o fo e = coss“ds=A,lim;_, 00 fo e 5 sins*ds = B. Select the
sequence {fx} = {77” — 7% +2km —arctan ’[TB 1, limg, o0 &k = 00, then we calculate the following
term:

1 - \/ﬁ T \/ﬁ
klim {tkz e’ [(ZM —€e)e 2 / e ds + /2t (sin (tk + Z) / e coss? ds

7\ [V .
—cos (tk + Z) / e > sins? ds>:| } (5.2)
0

Firstly, we consider the following limit:

T Vi 52 ) T Vik 52 )
lim { sin| &% + — / e coss“ds—cos| ty + — / e sins”ds
k00 4 ) J 4/ Jo

. . (77 -B . 7 -B
=A- lim sin| — + 2kmw —arctan — | — B - lim cos| — + 2km — arctan —
2 A 2 A

k—o00 k—o00

(7T -B 7 -B
=A-sin| — —arctan — | — B - cos| — — arctan —
2 A 2 A

=—vA? + B2,
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1 T
Secondly, we know that limy_, o £ €% = +00 and limy_, oo (2M — €7 )e™ 2 fom e ds = M -

e")e 7 4 Hence, for (5.2), we have

1 . (V& Vi
lim {t,f ek |:(2M —€e)e 2 / e ds + /2elk (sin (tk + %) / e coss® ds
0 0

k— 00

NG
—Cos (tk + z) / e sin s> ds)] }
4/ Jo

= (+00) - |:(2M— e")e 2 g + (+oo)(—«/m):|

=—00.
Then we obtain

1-o t a—1
lim inf<ﬁ) / <(t_a)p_(w_ﬂ)p>
=00\ p 0 P

(M + tl]”(g(w)V(w))) dw oo
( = —-0Q.

V(w) w—a)l-r

Similarly, selecting the sequence {;} = {57” — 7 +2lm —arctan _73}, we can obtain

) P l-a pt (t—ﬂ)p _ (W_a)p a-1 M + tllp(g(W)V(W)) dw _
t;rg)sup(;) /0 ( P ) ( V(w) >(w—a)1—p -

Hence, by Theorem 3.1 all solutions of (5.1) are oscillatory.

Example 5.2 Consider the Caputo conformable initial value problem

g’D%'lx(t) - g’i)%’lx(t) +e’ In(x +e) = eXsint, ¢>0, (5:3)
x(0) =0.
Herea=1/2,p=1,a=0,m=1, p(¢) = -1, q(t) = etz,f(x) =In(x + e), g(t) = ¥ sint, and
V(s) = ''=*. Thus assumption (H) is satisfied. Then we have

eZt 1

tlll(g(W)V(W)) = etl;W«/Esin(W— %) - T(Sin t; —costy).

By setting £; = /4 and ¢ — w = s, we obtain

(g )“” /t((t—a)” —(w—a)ﬂ)“(M* + tllﬂ(g(w)v(w») dw
P A 0 V(w) (w—a)l-»

¢ pig 2 big
:/ (t—w)_%ew_Z M*+£e1+wsin w—z dw
o 2 4

and
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. YV NG
=2M*e" % / e ds+ V2e* sin (t - %) / e 2’ coss® ds
0 0

i
—/2e* cos (L‘ - %) / e sins? ds,
0

respectively. Using the method in Example 5.1, we choose a sequence

() 3n w ok ‘ -B
=y— + — + 7T —arctan — ¢,
k 2 4 A

where the constants A and B are defined in Example 5.1. Then we calculate

lim | sin|  — — / e ¥ coss®ds—cos| ty — = / e > sins*ds
k— 00 4 0 4 0

. . (3w -B . 37 -B
=A- lim sin| — + 2kw —arctan — | — B - lim cos| — + 2km — arctan —
2 A 2 A

k—o00 k— o0

=—+A2+B?

and

L [VE Vi
lim {et" [ZM*e_I / e ds + /2et <sin <t/< - %) / 2 coss®ds
0 0

k— o0
N
—cos (tk - z) / ¢ sin s> ds)i| }
4/ Jo
= (+00) - |:2M*6_7‘1 \/T; + (+00)(-VA2 +BZ)] = —00.
Then we obtain

lim inf<ﬁ)1_m /KW)H
t—00 o o .

(M* + tl]"(g(w)V(w))) dw
- V(w)

w-a)l»r

o . _B .
Similarly, by selecting the sequence {¢;} = {5 + 7 + 2[m — arctan =}, we can obtain

1-m ¢ a-1
won(2) " [ (£
t—00 0

(M* +t11p(g(w)V(w))) dw
x Viw)

(w—a)l-r

Hence, by Theorem 4.1 all the solutions of (5.3) are oscillatory.

2

Example 5.3 By direct computation, we can find that the function x(¢) = —£* is a nonoscil-

latory solution of problem

0D 3 w(t) + VE( L +20) =€, t>0,
. x4 (54)
limt%y ojE'Ix(t) =0.
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Next we will show that condition (3.3) does not hold by setting « =1/2, p =1, a =0,
p(©) =0, q(t) = V1, f(x) = (4//7) + (eV*/x"%)), g(t) = ¢, and V(s) = 1. It is obvious that
(H) is satisfied. Therefore, we get

oI (gw)V(w)) =€ - e,

By setting ¢; = 1, we obtain

<ﬁ)1a /t(MYl(MMWg(W)V(W))) dw
p 0 P V(w) (w—a)t-

1 ﬁ 2
=22 <(M —e)Vi+ et/ e ds),
0

which yields

o P\t (t—a)’ —(w—-a)’ a-1 M+tljp(g(w)v(w)) dw
tlggmf(;) _/0( P ) < V(w) )(w—a)l—p

1 \/E 2
= lim inf{2t2 <(M —e)Vt+ et/ e’ ds)}
t—00 0
ﬁ:| - .

= (+00) - |:(M —e)(+00) + (+oo)7

6 Conclusion

In this paper force oscillatory properties of solutions of conformable differential equations
with damping term are established. The cases of conformable differential equations in the
frame of Riemann and Caputo type are considered. A sufficient condition for oscillation
of all solutions is given. The obtained results are illustrated by numerical examples. More-
over, a counterexample is presented to show the existence of a nonoscillatory solution in
case the conditions do not hold.
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