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1 Introduction

The p-Laplacian boundary value problems with p-growth conditions arise in applications
of nonlinear elasticity theory, electro-rheological fluids, and in non-Newtonian fluid the-
ory of a porous medium (cf. [6, 7, 13]). A typical model of elliptic equation with p-growth
conditions is

—div((a + |Vu|)p72Vu) = f (%, u).
In particular, when « = 0, the operator
~A, = —div((|Vul) V)

is called the p-Laplacian. In general, when p = p(x), the p(x)-Laplacian problems are inho-
mogeneous, so they may have singular phenomena like inf A = 0, where A is the set of the
eigenvalues of the p(x)-Laplacian eigenvalue problem

—div((a + |Vu|)p(x)72Vu) = AulfW 2y in £2,

u=0 onds2,
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where £2 is a bounded domain in RN, N > 1, with a smooth boundary 3£2. But the eigen-
value problem when « =0, p(x) = p constant and 1 < p < 0o has no singular phenomena,
i.e., inf A > 0. It was proved in [9] that the eigenvalue problem when o« = 0, p(x) = p con-
stantand 1 < p < oo has a nondecreasing sequence of nonnegative eigenvalues 1;, obtained
by the Ljusternik—Schnirelman principle, tending to oo as j — 00, and the corresponding
orthonomalized eigenfunctions ¢, j = 1,2, ..., where the first eigenvalue 1, is positive and
simple and only eigenfunctions associated with A; do not change sign, the set of eigenval-
ues is closed, the first eigenvalue 1, is isolated. Thus there are two sequences of eigenfunc-
tions (¢;); and (u;); corresponding to the eigenvalues A; such that the first eigenfunction
¢1 > 0 in the sequence (¢;); and the first eigenfunction i, < 0 in the sequence (u;);.

Now in this paper, let ¢; be the first positive orthonormalized eigenfunction corre-
sponding to A;.

In this paper we consider the multiplicity of solutions u € W?(£2) for the following p-

Laplacian Dirichlet boundary value problem with jumping nonlinearities when N = 1 and

px) =p;

—(|u/|p_2u’)/ =blulPut —alul’u +s¢t”" in 2,
(1.1)
u=0 onds2,

where 2 = (¢,d) C R, ¢ < d, is an open interval, 2 < p < oo and p’ is given by 1—1] + 1% =1,
u* =max{y,0}, u~ = —min{x, 0}, s € R, LP(£2) is the p-Lebesgue space, with its dual space
17 (£2), and WP(Q) is the Lebesgue—Sobolev space.

Our problems are characterized as a jumping problem, which was first suggested in the
suspension bridge equation as a model of the nonlinear oscillations in a differential equa-

tion

U + KUy + Kou® = W(x) + €f (x, £),
(1.2)
M(O, t) = M(Ly t) =0, Uy (0, t) = Mxx(L! t) =0.

This equation represents a bending beam supported by cables under aload f. The constant
b represents the restoring force if the cables stretch. The nonlinearity #* models the fact
that cables resist expansion but do not resist compression. Choi and Jung (cf. [2—4]) and
McKenna and Walter (cf. [12]) investigated the existence and multiplicity of solutions for
the single nonlinear suspension bridge equation with a Dirichlet boundary condition. In

[1], the authors investigated the multiplicity of solutions of a semilinear equation

Au+bu" —au” =f(x) in £2,

u=0 onS$2,

where £2 is abounded domain in R”, n > 1, with a smooth boundary 352, and A is a second-
order linear partial differential operator when the forcing term is a multiple s¢;, s € R, of
the positive eigenfunction and the nonlinearity crosses eigenvalues.

Our main theorems are as follows:
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Theorem 1.1
(i) If2<p<oo,a<b,—0co0<a,b<h,then (1.1) has exactly one nontrivial solution for
all s in a bounded interval. In particular, we have that if 2 <p <00, a < b,
—oo<a,b< i ands>0,then u= ()\;Th)lﬁ¢1 > 0 is a solution and if —0o0 < a,b < A

S
A-a

(ii) If2<p<oo,a<b,rj<a,b<rji,seRisbounded,j=1,2,...,(1.1) has exactly one

and s <0, then u = (

1
)7Ly < 0 is a solution.

nontrivial solution for all s in a bounded interval.

Theorem 1.2
(i) Ifl<p<oo,a<h,—co<a<ii<b<hy,s€Rands>0,then (1.1) has no solution,
(i) fl<p<oo,a<h,—co<a<ii<b<hiy s€Rands=0,then (1.1) has exactly one
solution u = 0.
(ili) If2<p<o00,a<b,—0co<a<hi <b<liy,s€R,then there exists s; < 0 such that for
any s with s; < s <0, (1.1) has exactly two solutions.

Theorem 1.3
(i) Ifl<p<oo,a<h,—co<a<ii, Ap<b<rs, s€Rands>O0,then (1.1) has no
solution,
(i) fl<p<oo,a<h,—co<a<iy,ry<b<iAs,s€Rands=0,then (1.1) has exactly
one solution u = 0.
(ili) If2<p<o00,a<b,—00<a<hry,ry<b<is,s€ER,then there exists sy < 0 such that
for any s with sy <s <0, (1.1) has at least three solutions.

For the proofs of (i) and (ii) of Theorem 1.1, (iii) of Theorem 1.2 and (iii) of Theorem 1.3,
we use the contraction mapping principle under the condition p > 2 and direct compu-
tations. The outline of the proofs of Theorems 1.1, 1.2 and 1.3 is as follows: In Sect. 2,
we introduce some preliminaries and prove Theorem 1.1 by direct computations using
the first eigenfunction and the contraction mapping principle. In Sect. 3, we prove The-
orem 1.2 by a similar method to that of Theorem 1.1. In Sect. 4, we prove Theorem 1.3
by direct computations using the first eigenfunction, contraction mapping principle and
Leray—Schauder degree theory under the condition p > 2.

2 Preliminaries and proof of Theorem 1.1
Let L7(82) be the Lebesgue space defined by

d
Lp(.Q):{u|u:9—>Rismeasurable,/ |u|pdx<oo}

and W'?(£2) be the Lebesgue—Sobolev space defined by
WP (2) = {u e IP(2)|u (x) € P (2)}.

We introduce norms on L?(£2) and W?(£2), respectively, by

d P
allviey :inf{/\>0 ‘/ 5 1},
(4
1

d 7 d 117
el wipe) = |:/ |I/l/(x)|pdxi| + |:/ |u(x)|pdx] .

u(x)
A
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Let us define the operator —L, by
"e=2_r/
—Lyu= —(!u | u) .
We first consider the problem:

~(|w)"*w) =f@x) ing,
0 %2 .
u= )

where 1 < p < 0o and f € L’(£2), r > 1. Then (2.1) has a unique solution z € C'(£2) which
is of the form

x y
un - [ g (cf— / f(r)dr) &,

L _
wherlegp(t) = [t[P2¢ for t # 0, g,(0) = O and its inverse g;l is g;l(t) =trT1ift>0 andgpl(t) =
—|t|7-Tif £ < 0, and ¢ is the unique constant such that #(d) = 0. By [10, Lemma 2.1] or [11,
Lemma 4.2], the solution operator § is such that S : I7(£2) — C'(£2) is continuous and, by

[5, Corollary 2.3], the embedding S : L?(£2) — C(£2) is continuous and compact. By [8],
we also have a Poincaré-type inequality.

Lemma 2.1 Let 1 < p < 0o. Then the embedding
HY(2)— [F(2)
is continuous and compact, and for every u € CJ°(§2) we have
el oy < Cllllwivgy
for a positive constant C independent of u.
By Lemma 2.1, we obtain the following:
Lemma 2.2 Assume that 1 < p < 00, f(x,u) € LP(£2). Then the solutions of the problem

—(|u’|p_2u’), =f(x,u) inlL?($2),

u=0 08
belong to W (82).
For given v(u) € LP(£2) and h(x) € LP(£2), the equation
—Lyu=v(u) + h(x) inLF(£2)
is equivalent to the equation

u = (=L,) " (v(w) + h(x)).
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We observe that
| (L) (v(w) + h(x) | wir(2) = }L_llwgzgl("(”) + h()) | Wlr(g)
1 1
< o H (v(u) + h(x)) = ||U,(9). (2.2)

Proof of Theorem 1.1 (i) We assume that —0o < a,b < A;. Let us choose 1 > 0 and € > 0 so
that —u + € <a,b < A1 — €, and choose T = %. Then problem (1.1) can be rewritten as

-L, - t|ulP2u=0-0)ulf2u" - (a-1)|lulf>u + sq&f*l,
or equivalently,

u=(-L,-1g,)™" ((b- DulP?ut = (a—-1)|ulf2u + sqbf_l). (2.3)
We have that

[ Ly =28 (b= Dl *u” ~ (@~ D)l +5977") |

1
prpe 2 (G U A CRR LT

<

1P(82)

Let us set the right-hand side of (2.3) as
T(u)=(-L, - rgp)‘1 ((b —DulP?ut = (a—1)|ulf2u + s¢f_1).
Then T'(u) satisfies

“ T(u) - T(V)”LP(.Q)
= || (=L, - rgp)‘l((b —D)|ulP2ut = (a-)|ulP2u + quf_l)

~ (L~ g (b= D2 = (@ = D)W+ 598 i

<

pme N (R AR CER LT iy

~GH B - — (@ —- )P +sgl ) |y

b-a _ b-a _
g (S5t ool ) gt (P st

1
_)»1—1'

'U,(m'

-1 is continuous, for given u € W1#(£2), there exists v € W'?(£2) in a small

Since | - |
neighborhood of u such that b%"|u|1"1 + S(f)fJ and b%" [v|P=t + sqﬁf*l have the same sign.
We can also check that for any 2 < p < 00, s < 0 and for any « and v, where v is in a small
neighborhood of u such that b;—“ Pt + S(f)fJ and ”‘T“ [v]P~t + s¢f71 have the same sign, we

have

b-a _ b-a _
g (G st ) gt (S st
1P(2)

b-a b-a
-1 -1 -1 -1
g <—|M|p ) -4 <—|V|p )H .
v 2 v 2 1P(22)

<
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Thus for any u and v, where v is in a small neighborhood of u such that bT“ [ulP~! + s
—, _ —1 .

and bT“ [v[P~! + s¢!”" have the same sign, we have

” T(u) - T(V)“U’(.(Z)

1 1 b-a -1 b-a -1
< e e 1 i Y [P+ sg?
= )\.1—1' gp < 2 | | ¢1 gp | | ¢1 LP(Q)

1
1 b—a\rt, . -1 -1
< (550) 18 ) - (e
(b 471 (ﬂ)p_1
||| ] AZ =i
.
s
(bge) T

Since A, — T > "’T“ and 2 < p < 00, we have < 1. Thus T is a contraction mapping

r-T
on L?(£2). Thus T has a unique solution in L?(£2). Thus (1.1) has a unique solution.

(ii) We assume that X; <a,b < Aj.1,j=1,2,... Let us choose € >0 so that X; + € <a,b <

Ajis1—€. Letusset T = “T*b. Then (1.1) can be rewritten as

= (-Lp —tg) (b= D’ = (@ =)l +5¢7 ).
We observe that
-2y = g™ (b = Ol u* = (@ = Ol ) | oy

2 -+
< (- D) ulf2ut - (a-1)|ulf2u
<|(5) &' o - @)

LP(2)
By the same process as that of the proof of Theorem 1.1(i), the mapping on L?(£2) given
by

N(w) = (~Lp = 1) (b = D)l ?u* — (@ = D)l + 59]")

satisfies

”N(”) -N() ”LP(.Q)
= |(=Ly - 7gp) (b = T)(|ul*u" — (@ - T)(Jul’*u” + sq)’f_l)
—(-Ly = 1g) (b= DV = @@= D) (P> + 580 ) | ey

B 2

a _ -1
= [Pt + sp?
)‘j+1 _ )‘1 ( 1 )

—a _ 1 _ b_
3 (™ esel) - (5=

—a
vt
2 M),

1
<2 (b “) T T —— (b’“)p_ln ||
< ul—|v <—— |— u—v|pro
-\ 2 P@ =50 a2 @

for any u and v, where v is in a small neighborhood of u such that h’” lulP~! + s¢¥ ! and
b

b
g

LP($2)

<

b b
& ;ﬂmwﬁ—g%

jr1 = A

b=a Ayt + sqﬁp have the same sign, and 2 < p < co. Since ”1 G S bt and 2 <p<oo,we

Page 6 of 14
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2
Ajr1=hy
has a unique solution in L7(£2). Thus (1.1) has a unique solution. O

have

1
(l’%")ﬂﬁ < 1. It follows that N is a contraction mapping on L?(£2). Therefore N

3 Proof of Theorem 1.2
(i) (For the case s > 0) We assume that 1 < p <00, a<b, —co<a<Ai; <b<iyands>0.
Then (3.1) can be rewritten as

—(’u/}p_zu’), —MulPPu= b - A)|ulP2ut - (@ - A)|ulP2u + sq&f*l. (3.1)
Taking the inner product with ¢;, we have
(—(|b/ |p_2u/)/ = Alul’u, ¢1) = ((b —a)|ulP?ut = (a— ) |ulu + S¢f_l,¢1>- (3.2)
The left-hand side of (3.1) is equal to 0. On the other hand, the right-hand side of (3.1) is
positive because b — A1 >0, —(a — A1) >0 and sq&’f_l > 0 for s > 0. Thus if s > 0, then there is
no solution for (1.1).
(ii) (For the case s = 0) If s = 0, then (3.2) is reduced to the equation

(=(| ") = 2 lul?2u, 1) = (b= ) |lP2u” = (@ = ) |ul?2u™, 1),

ie.,

d
[Ty -]
c

d

=0= / [((B=AD) ul?u’ = (a— 1) ul’>u”)d:1 ] dx. (3.3)
Since b — A; > 0 and —(a — A1) > 0, the only possibility for (3.3) to hold is that « = 0.

(iii) (For the case s < 0) We assume that 2 <p < o0o,a<b, —-co<a<Ai; <b<Xyands<O0.
Let V be a subspace of L?(§2) spanned by ¢; and W be the orthogonal complement of V'
in L7(£2). Then

r(2)=vVew.

Let P be a orthogonal projection in L”(§2) onto V and I — P be the orthogonal projection
onto W. Then

d
Pu = </ u¢1)¢1 for all u € LY(£2).
c
Let u € L#($2). Then u can be written as
U=v+w, v =Pu, w=(I-P)w.
We note that P commutes with D = %. Thus (1.1) is equivalent to a pair of equations

I-P)(-(|v+ w)’|p_2(v + w)/)/)

= —P)(b|v +wlP 2w+ w) —alv+ w2 (v + w)’), (3.4)
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P(—(|(v+ w)’|p_2(v + w)/)/)

=P(blv+wl(v+w)* —alv+ w2 (v + w) + sq)f_l). (3.5)

We claim that for fixed v € V, (3.4) has a unique solution w(v) when 2 < p < o0. In fact,
we suppose that (3.4) has two solutions w;, w, for fixed v € V. Let us set a,(w) = b|v +
wiP2(v + w)* — alv + wP2(v + w)~. Then we have

I=-P[(~(|v+w) [P @+ m))) = (=(| v+ wa) 20+ wa)) )]
= (I—P)[(blv +wiP2(v+w) —alv+ wilP (v + wl)’)

- (b|v WP 2w+ wo)t —alv+ wo P2 (v + wz)_)]. (3.6)
Taking the inner product of (3.6) with w; — w,, we have

(T-P)[(-(J(v+ wl)'|p_2(v + wl)’)/) - (-(|v+ wz)’|p_2(v + wz)/)/)],wl - w,)
= (U =P)[(blv+ w2 (v + w)" —alv+ w1 P (v + wy)7)

- (b|v F WP 2w+ wo)t —alv+ wa P2 (v + wz)’)], wy — wz>. (3.7)
The right-hand side of (3.7) is equal to

((I - P)[(blv +wi P2+ wi) —alv+ wi P (v + wl)_)

—(blv+ WolP2(v + wo)t —alv+ wo P2 (v + wa)) ], wi - W2>

d
<(p- l)b/ [[Z = Pl|v+wy + 6wy —w) [ (w1 — wn)?] dix (3.8)
for 0 < 6 < 1. On the other hand, the left-hand side of (3.6) is equal to
(-P[(-(|v+ wl)/|p_2(v + wl)/)/) - (-(|v+ wz)/|p_2(v + wz)/)/)],wl - w,)
d
=(p- l)f [ -P)(|(v+w1) +6(wy - wl)’}p_z((wl - wz)/)z)] dx
a 2
> (p- D, / [ = P)(|(v+ wa) + 0w — w) [P 2(ws - wa)?)] i, (3.9)

by mean value theorem. On the other hand, by (3.8) and (3.9), we have

d
- 1))»2/ [ =P)(|(v+w1) +O(ws - W1)|p_2(W1 -w)?)]dx
d
<(@p- l)b/ [ = Pl|v+wy + 6wy — w) [ (w1 — wy)*] i,

which is a contradiction because b < A,. Thus w; = w,. Thus for fixed v € V, every solution
of (3.4) is unique. We note that w = 0 is a solution of (3.4) for every ve V = PH, v>0 or
v < 0 everywhere in £2. If v > 0, then

(I -P)(-(|(v+ w)/|p_2(v + w)’)/) = (- P)(bvP2v* —alvP?v + sqbf_l). (3.10)
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If v> 0, then (I — P)(b|vP"2v* — alv|P~2v + s¢” ") = (I — P)b[v|P2v = 0. If v < 0, then (I —
P)bv|)P2vt —alv)P2v + sqﬁf_l) = (I =P)(alv|P™v + s¢f_l) =0. Thus (1.1) is reduced to

P(—(|v’|p721/)/) =P(blvI v —alvfP v + sqb’f_l),

where v =c¢;, c € R.
If ¢ > 0, then

S
Mm-b

Al =bc? tys, &=

If ¢ < 0, then

MclP2c=alcf2c+s,  |cfP 2= .
}\.1 —a

Thus (1.1) has exactly two solutions.
4 Proof of Theorem 1.3
Lemma 4.1 (A priori bound) Assumethat1 <p <00,-00<a <Ay, hy<b<2is,s€R. Then

there exist sy < 0, s, > 0 and a constant C > 0 depending only on a and b such that for any

s with sy < s < sy, any solution u of (1.1) satisfies ||ull 1) < C.

Proof Let u be any solution of (1.1). Suppose that any solution of (1.1) is not bounded.
Then there exists a sequence (u,), such that ||, | 1) — 0o so that

pP=2 Y\ -2 -2~ -1 .
—(|u/n| u,) =blu,’*ul, — alu,l’u, +s¢f  in £2, 4.1)
or equivalently,
-1 -2 -2 — -1 .
u, =(-Lp,) (blu,, P=2ul — alu, P ~*u, + s¢ ) in 2.

Letussetw, = Then (w,), is bounded, so by passing to a subsequence if neces-

H”n”Wlp(_Q)
sary, which we still denote by (w,,),,, we get that (w,),, — w weakly for some w in W?(£2).

Dividing (4.1) by ””‘””Wlp pwe have
M/ pfzu/ / u p72 + u p,z — s —1
A e R L N L R S, @)
”ul’lllwlp ) ”urlllwlp () ”unnwlp (£2) ||u71||W1p £)

ie.,

p-1
W, = (_Lp)_l (blw,,|p 2w+ alw, |~ Zw_ + L) in £2.
”unllwlp(g)

Since, by Lemma 2.1, the embedding W'#(£2) < L?(£2) is compact, and (_Lp)_l is com-
pact operator, (w,,),, — w strongly in W?(£2). Taking the limit of (4.2) as n — oo, we have

—(’w/|p_2w/)/ = blwP 2w — alwfP 2w . 4.3)
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By Theorem 1.1(i), (4.3) has only the trivial solution, which is absurd, because
Wllwip(e) = 1. Thus the lemma is proved. a

We shall consider the Leray—Schauder degree on a large ball.

Lemma 4.2 Assume that 1 < p < 00, —00 < a < A1, Ay < b < A3. Then there exist a constant
R > 0depending on a, b, s, s1 <0 and s, > 0 such that for any s with s; <s < s,, the Leray—
Schauder degree

dps(u— (~Lpy) (blulPu* - alul’2u” + s¢}"), Br(0),0) = 0,
where —L,u = —(|u/|P72u') .
Proof Let us consider the homotopy

Flx,u) =u— (—Lp)_l(b|1,t|1’_2u+ —alulPlu + sd)’f_l).

By Theorem 1.3(ii), for any s > 0, (1.1) has no solution. Thus there exist s, > 0 and a large
R > 0 such that (4.3) has no zero in Bg(0) for any s > s,, and by the a priori bound in
Lemma 4.1, there exists s; < 0 such that for any s with s; < s < s, all solutions of

u—(=Lp)  (blul?u’ - alufu + sqﬁ’f_l) =0

satisfy || u(lw1r(o) < R and (4.3) has no zero on 9By, for any s with s; <s <s,. Since
dis(u— (=Lp) " (blulP*u’ — alul’u™ + sz¢’f71),BR(0), 0) =0,

by homotopy arguments, for any any s with s; <s < s, we have
dis(u = (<L) (blulPu’ - alulPu + s¢1f_1),BR(0), 0)

(-

(= (L) (Blulu* — alulPu” + 5261 "), Bx(0),0) = 0,

dis(u = (<L) (Blul2u* — alulP>u +s¢? " + A(s2 - 5)¢% '), Bx(0),0)
dis -

for any 0 < A < 1. Thus the lemma is proved. 0

Lemma 4.3 Let K be a compact set in LP($2). Let & > 0 a.e. Then there exists a modulus of
continuity « : R — R depending only on K and & such that

oY)

It follows that

<a(n) foralltek.
LP(2)

1017 +8) || gy < mex(n)

and

|| |(77'f - S)Jr ||LP(Q) < na(n) fUr allt e K.
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Proof Forany t € K, let 7, = (|7] — %)*. Since 0 < 7, < |t| and 7,(x) > 0 as n — O a.e,, it
follows that |7, [|z7(2) — 0 for all T € K. We claim that, for a given € > 0, there exists § > 0
such that if € K|, then |7, || 17(e) < 2¢ for all € [0,8]. Choose {t;,i=1,...,N} as an € net
for K. Choose § so that ||(7;)s||r(2) < € fori=1,...,N. Then for any 7 € K, there exists 1,
a, |leellpo) < € that T = 7 + . Since (u +v)* < u* +v*, we have || 75| 1r(o) < (Tx)s + || and

therefore |7, p(0) < lITsllp () + lollr(2) < 2€. O

Lemma 4.4 Assume that 1 < p < 00, —00 < a < Ay, y < b < A3. Then there exist a constant
R > 0 depending on a, b, s and s, < 0 such that for s; <s <0, the Leray—Schauder degree

dis (u - (—L)_l(b|u|"’_2u+ —alulPlu + s¢ffl),BR0(uo),0) =1,
where ug = (ﬁ)ﬁ ¢1 > 0 is a positive solution of (1.1).
Proof Letusset M = (L, — bgp)‘l. Then (1.1) can be rewritten as
(=Lp — bgy)(u) = blulP2u* — alulPu” - blulP2u + sqbf_l,

or equivalently,

U= M(b|u|1’_2u+ —alulPlu” - blulP%u +SA o1 b> = Tu, (4.4)
-

where M = (L, — bg,)™". The operator M is compact on L?(£2), and the set K = M(B),
where B is the closed unit ball in L?(£2). Then K is a compact set. Let us set y = min{b —
A2, A3 —b}. We can observe that | M (1) || (o) < % ||g};1 () || 27 (2)- Let & be the modulus conti-

1
nuity given in Lemma 4.3 corresponding to K and & = M(s¢? ™) = (%)PTl ¢1, and choose

€ >0 so that
o 14
ot((e(b - a))”*l + y)) < - - . (4.5)
4b-a)r1((b-a)rt +y)
We have
||b|u|1”2u+ —alulPu - b|u|p’2uHLp(m < —a)|| lulP2u~ ||U,(Q). (4.6)

1 1 -
Foru € (MS_b)P*1 ¢1 + (s|ev)PT with v € B,

s p%l 1\ 1
b= [((755) o s ) 001007 i 21

1
since (hs_b)ltl% > 0. Then T(u) = M(b|lulP~*u* — alulP>u" — blulP>u + s%) can be

rewritten as

T(u) = <ﬁ)p_1 b1 + (Isle)’%((b—a)ﬁ +y)v, vek.
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If u is a solution of (4.4), then u = Tu and, by Lemma 4.3,

1
1

o= (525) 0+ (497 @0 4

’LP(.Q)
1 1 1

< ()77 (=P 4 y)(e T ((b-@)P T +))

1

y (Isle)?-T
< E—
4(b — a)p1

It follows that

|M(Blu?u - alulP?u = blulu) |, 0

1 —
Thus we have shown that any solution u € ( )\ls_b)pTl ¢1 + |s|eB of (4.4) belongs to

1 —
(55)7 o + 1)sleB. This estimate holds if we replace blu[P~2u* — alulP~*u" - blul’u
by A(b|lulP2u* — alulP2u~ — b|luP~2u) with 0 < A < 1. Thus the equation

U= (—Lp)’l(sqﬁf_1 + blul’u + A(blulPu” — alulu” - blul’*u))

has no solution on the boundary of the ball Bds|(()\15—7b)1ﬁ ¢1) for 0 < 1 < 1. By the homo-

topy invariance degree,

dis(u— (—Lp)_1 (sq)lf_l +b|lulPu + A(19|Lt|1”2u+ —alulPu - b|u|p_2u),

() )

is defined for 0 < A <1 and is independent of 1. For A = 0,

1
p

dis(w—(-L)™! <S¢1;’-1 +blul’*u, By ((ﬁ) 1¢1>,o) =(=1) x (=1) = +1,
-

S
r1—-b

values 11, A, of —L,, to the left of b, the operator I — b(~L,)™" has two negative eigenvalues,

1
)P1¢1 is the unique solution of the equation, and, since there are 2 eigen-

since u = (

while all the rest are positive. When A = 1, we have

dis((u— (—L,,)_1 (sd)’f_l +blulPut + 1(b|z,t|"’_2l,t+ —alulPlu - b|u|1’_2u),

1

() )9 )

_ p-1 P2+ _ p-2. — S pot
=dis|s¢y  +DblulP"u’ —aluluT, By | | —— ¢11,0).
M-b

Page 12 of 14
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Thus by the homotopy invariance of degree, we have

1
=i
dLs(S¢1f1+b|M|p_2M+—d|u|p_2u_,35|s(<—S ) ¢>1), )
M—=b

= dLs<M— (-L)™! <S¢f1 + b|u|p_2u,3es|(ﬁ>p 1¢>1>, ) =1

Thus the lemma is proved. d

Lemma 4.5 Assume that 1 <p <00, —00<a <Xy, Ay <b<izand sy <0. Then there exist

a constant € > 0 depending on a, b, s such that for s; < s <0, the Leray—Schauder degree
dys (Lt - (—L)_l(b|z,¢|19_21,fr - (l|u|p_2u_ + S¢117_1),B|s\5(u1),0) =1,

where u; =

Proof We can prove this lemma by an almost identical argument as that of Lemma 4.4.
O

Proof of Theorem 1.3 The proofs of Theorem 1.3(i)—(ii) are the same as those of Theo-
rem 1.2(i)—(ii).

. ) o L
757 01> 0 in Bye((555 b)’“ 1)
)p—fl

and a solution — = ¢1 <0 in Bge(—

and € < ( )1’ I Then these two balls are dlS]OII‘lt This gives two solutions for any
n. There is a large ball Br centered at the origin and containing Bms(( )P T¢,) and

B\sls(_(a,h)%({bl) Since

dLS( (b|u|p 2ut a|u|p_2u_ +S¢11g_1),BR(O),O) =0,

1

1
dLS( p) b|u|p_2u+ —alulu +S¢1101),BR(<)L—Sb)p ¢1>,0)
-

1
51
= dLs<u— (_Lp)_l(b|u|p_2u+ —alulPtu” +S¢f1),BR(—( SA )p ¢1>,0) =1,
a— A

we have

dys(u — (~L) " (blulu* — alulP2u™ + s¢?™),

1 1

s (o (522) ) (52 "))

=-2.

Thus there exists a third solution in BR(O)\(B|S‘€((Af—_b)1% $1) U Bige(—(75
we have proved Theorem 1.3(iii). O
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