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Abstract
In this paper, we will show that solutions of the initial boundary value problem for the
coupled system of Allen–Cahn/Cahn–Hilliard equations continuously depend on
parameters of the system, and under some restrictions on the parameters all solutions
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zero with an exponential rate as t → ∞.
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1 Introduction
In this paper, we consider the following Allen–Cahn/Cahn–Hilliard system:

∂tA – αA – ∂2
x A + k|A|2A = Ah, x ∈ (0, l), t > 0, (1.1)

∂th + |A|∂xh = m∂2
x μ, x ∈ (0, l), t > 0, (1.2)

A(x, 0) = A0(x), h(x, 0) = h0(x), x ∈ (0, l), (1.3)

A(0, t) = A(l, t) = �0, ∂xh(x, t)|x=0,l = ∂3
x h(x, t)|x=0,l = 0, t > 0, (1.4)

where μ = f ′(h) – γ ∂2
x h, f ′(h) = h3 – h, and �0 is a zero vector of RN , mk > 5

4 , m, k,α > 0
are given numbers, A(x, t) = (A1(x, t), . . . , AN (x, t)) is the unknown vector function, h(x, t)
is the unknown scalar function, A0(x) and h0(x) are given initial data.

System (1.1)–(1.4) was introduced to model simultaneous order-disorder and phase sep-
aration in binary alloys on a BCC lattice in the neighborhood of the triple point [1]. Here,
h denotes the concentration of one of the components, while A is an order parameter.
The Allen–Cahn equation and the Cahn–Hilliard equation have been intensively stud-
ied [2–5]. Miranville, Saoud, and Talhouk [5] studied the long time behavior, in terms of
finite-dimensional attractors, of a coupled Allen–Cahn/Cahn–Hilliard system. In partic-
ular, they proved the existence of an exponential attractor and, as a consequence, the exis-
tence of a global attractor with finite fractal dimension. Çelebi and Kalantarov [6] proved
the decay of solutions and structural stability for the coupled Kuramoto–Sivashinsky–
Ginzburg–Landau equations.
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The large time behavior and the structural stability of solutions are important for the
study of a higher-order parabolic system. Many papers have already been published to
study the decay and the structural stability of solutions [7–9]. In this paper, we consider
the asymptotic behavior of solutions and the continuous dependence of solutions for sys-
tem (1.1)–(1.4). We are going to show the continuous dependence when the coefficient
changes, which helps us to know whether a coefficient in the system can cause a large
change in the solution.

The following is the main result of the paper.

Theorem 1.1 If

α < λ1 and λ1

(
γ m –

1
2λ2

1

)
–

3m
2

> 0, (1.5)

then all solutions of problem (1.1)–(1.4) tend to zero with an exponential rate as t → ∞.

Theorem 1.1 implies that the concentration of one of the components and the order
parameter will tend to zero as t → ∞. Hence one of the components will disappear and
the system will become disorder in a background point of view.

To prove Theorem 1.1, the basic a priori estimates are the L2 norm estimates on h and
∂xh. The main difficulties are caused by the nonlinearity of both the diffusive and the con-
vective factors in equation (1.2). To overcome such difficulty, we establish two new func-
tionals E1(t) and E2(t). Our method is based on the global energy estimates and require
some delicate local integral estimates.

This paper is arranged as follows. We first study a priori estimates in Sect. 2, and then
establish the exponential decay of solution in Sect. 3. Subsequently, we discuss the con-
tinuous dependence results in Sect. 4.

2 A priori estimates
Similar to [10], we know that problem (1.1)–(1.4) has a unique global solution. The first
step is to obtain a priori estimates of solutions of system (1.1), (1.2). Applying the operator
P2 to both sides of equation (1.2), here P2 is the inverse operator of the operator L = – d2

dx2

with the domain of definition D(L) = H2(0, l) ∩ H1
0 (0, l), we get the following problem:

∂tA – αA – ∂2
x A + k|A|2A = Ah, x ∈ (0, l), t > 0, (2.1)

P2∂th + P2(|A|∂xh
)

= –mμ, x ∈ (0, l), t > 0, (2.2)

A(x, 0) = A0(x), h(x, 0) = h0(x), x ∈ (0, l), (2.3)

A(0, t) = A(l, t) = �0, ∂xh(0, t) = ∂xh(l, t) = 0, t > 0. (2.4)

Multiplying equation (2.1) by A and (2.2) by h shows

1
2

d
dt

∥∥A(t)
∥∥2 – α

∥∥A(t)
∥∥2 +

∥∥∂xA(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx =

(∣∣A(t)
∣∣2, h(t)

)
(2.5)

and

1
2

d
dt

∥∥Ph(t)
∥∥2 +

∫ l

0

(∣∣A(x, t)
∣∣∂xh(x, t)

)
P2h(x, t) dx
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= –m
∫ l

0

∣∣h(x, t)
∣∣4 dx + m

∥∥h(t)
∥∥2 – γ m

∥∥∂xh(t)
∥∥2. (2.6)

Adding the two resulting equations together, we obtain

1
2

d
dt

(∥∥A(t)
∥∥2 +

∥∥Ph(t)
∥∥2) – α

∥∥A(t)
∥∥2 +

∥∥∂xA(t)
∥∥2 + m

∫ l

0

∣∣h(x, t)
∣∣4 dx

+ k
∫ l

0

∣∣A(x, t)
∣∣4 dx + γ m

∥∥∂xh(t)
∥∥2

= m
∥∥h(t)

∥∥2 +
∫ l

0

∣∣A(x, t)
∣∣2h(x, t) dx –

∫ l

0

(∣∣A(x, t)
∣∣∂xh(x, t)

)
P2h(x, t) dx

≤ m
∥∥h(t)

∥∥2 +
1

2m

∫ l

0

∣∣A(x, t)
∣∣4 dx +

m
2

∥∥h(t)
∥∥2 +

1
8m

∫ l

0

∣∣A(x, t)
∣∣4 dx

+
mλ4

1
2

∫ l

0

∣∣P2h(x, t)
∣∣4 dx +

1
2λ2

1

∫ l

0

∣∣∂xh(x, t)
∣∣2 dx

≤ 3m
2

∥∥h(t)
∥∥2 +

5
8m

∫ l

0

∣∣A(x)
∣∣4 dx +

1
2λ2

1

∥∥∂xh(t)
∥∥2 +

m
2

∫ l

0

∣∣h(x, t)
∣∣4 dx, (2.7)

that is,

1
2

d
dt

(∥∥A(t)
∥∥2 +

∥∥Ph(t)
∥∥2) +

∥∥∂xA(t)
∥∥2 +

m
2

∫ l

0

∣∣h(x, t)
∣∣4 dx

+
k
2

∫ l

0

∣∣A(x, t)
∣∣4 dx +

(
γ m –

1
2λ2

1

)∥∥∂xh(t)
∥∥2

≤ α
∥∥A(t)

∥∥2 +
3
2

m
∥∥h(t)

∥∥2. (2.8)

Due to the Cauchy–Schwarz inequality, we have

‖h‖2 =
(
P–1h, Ph

) ≤ ∥∥P–1h
∥∥‖Ph‖ ≤ ε‖∂xh‖2 + C1(ε)‖Ph‖2.

Choosing ε = γ

3 – 1
3mλ2

1
and C1(ε) = 1

4ε
for the last inequality and using it in (2.8), we get

d
dt

(∥∥A(t)
∥∥2 +

∥∥Ph(t)
∥∥2) + 2

∥∥∂xA(t)
∥∥2 + m

∫ l

0

∣∣h(x, t)
∣∣4 dx

+ k
∫ l

0

∣∣A(x, t)
∣∣4 dx + γ m

∥∥∂xh(t)
∥∥2

≤ 2α
∥∥A(t)

∥∥2 + C2(γ , m,λ1)
∥∥Ph(t)

∥∥2. (2.9)

Thanks to (2.9), it is true that

∥∥A(t)
∥∥2 +

∥∥Ph(t)
∥∥2 ≤ D1(t), ∀t ∈ R+,

∫ t

0

∥∥∂xA(t)
∥∥2 ds, k

∫ t

0

∫ l

0

∣∣A(x, t)
∣∣4 dx ds ≤ D2(t),

(2.10)



Yang and Liu Boundary Value Problems         (2019) 2019:54 Page 4 of 14

and

γ m
∫ t

0

∥∥∂xh(t)
∥∥2 ds, m

∫ t

0

∫ l

0

∣∣h(x, t)
∣∣4 dx ds ≤ D2(t), ∀t ∈ R+, (2.11)

where D1(t) = [‖A0‖2 + ‖Ph0‖2]e(2α+C2)t , D2(t) = D1(t) + ‖A0‖2 + ‖Ph0‖2.
Based on (2.9) and (2.10), we use the standard Faedo–Galerkin method to prove the

existence of a global weak solution [A, h] of problem (2.1)–(2.4) with the following prop-
erties:

A ∈ C
(
0, T ; L2(0, l)

) ∩ L2(0, T ; H1
0 (0, l)

)
, (2.12)

h ∈ C
(
0, T ; H–1(0, l)

) ∩ L2(0, T ; H1
0 (0, l)

)
. (2.13)

Multiplying (1.2) by h in L2(0, l), we have

1
2

d
dt

∥∥h(t)
∥∥2 = –3m

∫ l

0
h2(x, t)∂xh2(x, t) dx + m

∫ l

0

∣∣∂xh(x, t)
∣∣2 dx

+ γ m
∫ l

0
∂xh(x, t)∂3

x h(x, t) dx –
∫ l

0

∣∣A(x, t)
∣∣2

∂xh(x, t) · h dx.

By Young’s inequality, we see that

1
2

d
dt

∥∥h(t)
∥∥2 + γ m

∥∥∂2
x h(t)

∥∥2

≤ m
∥∥∂xh(t)

∥∥2 +
1

4m

∫ l

0

∣∣A(x, t)
∣∣4 dx +

1
4m

∫ l

0

∣∣h(x, t)
∣∣4 dx +

m
2

∥∥∂xh(t)
∥∥2

≤ 3m
2

∥∥∂xh(t)
∥∥2 +

1
4m

∫ l

0

∣∣A(x, t)
∣∣4 dx +

1
4m

∫ l

0

∣∣h(x, t)
∣∣4 dx. (2.14)

Applying (2.11), integrating inequality (2.14) in (0, t) gives the following estimate:

1
2
∥∥h(t)

∥∥2 + γ m
∫ t

0

∥∥∂2
x h(s)

∥∥2 ds

≤
(

1
4mk

+
1

4m2

)
D2(t) +

3m
2

∫ t

0

∥∥∂xh(s)
∥∥2 ds +

1
2
‖h0‖2

≤ D3(t), ∀t ∈ [0, T], (2.15)

where D3(t) := ( 1
4mk + 1

4m2 + 3
2γ

)D2(t) + 1
2‖h0‖2. Therefore, we deduce

∥∥h(t)
∥∥2, 2γ m

∫ t

0

∥∥∂2
x h(s)

∥∥2 ds ≤ 2D3(T), ∀t ∈ [0, T]. (2.16)

Multiplying equation (1.1) by ∂tA in L2(0, l), we see

∥∥∂tA(t)
∥∥2 +

d
dt

[
1
2
∥∥∂xA(t)

∥∥2 –
μ

2
∥∥A(t)

∥∥2 +
k
2

∫ l

0

∣∣A(x, t)
∣∣4 dx

]

=
(〈

A(t), ∂tA(t)
〉
, h(t)

)
. (2.17)
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Depending on Sobolev’s imbedding theorem and estimates (2.11), (2.16), the term on the
right-hand side of (2.17) can be estimated as follows:

∣∣(〈A(t), ∂tA(t)
〉
, h(t)

)∣∣ ≤∥∥A(t)
∥∥

L∞(0,l)

∥∥h(t)
∥∥∥∥∂tA(t)

∥∥
≤1

2
∥∥∂tA(t)

∥∥2 +
1
2
∥∥A(t)

∥∥2
L∞(0,l)

∥∥h(t)
∥∥2

≤1
2
∥∥∂tA(t)

∥∥2 +
l
2
∥∥∂xA(t)

∥∥2∥∥h(t)
∥∥2

≤1
2
∥∥∂tA(t)

∥∥2 + lD3(t)
∥∥∂xA(t)

∥∥2, ∀t ∈ [0, T].

Thus, according to (2.17),

∥∥∂tA(t)
∥∥2 +

d
dt

[∥∥∂xA(t)
∥∥2 – μ

∥∥A(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx

]

≤ 2lD3(t)
∥∥∂xA(t)

∥∥2, ∀t ∈ [0, T].

It is easy to obtain the estimate

∫ t

0

∥∥∂sA(s)
∥∥2 ds,

∥∥∂xA(t)
∥∥2 ≤ D(T), ∀t ∈ [0, T], (2.18)

where

D(T) := 2lD3(T)D2(t) + αD1(T) + ‖∂xA0‖2 – α‖A0‖2 + k
∫ l

0

∣∣A0(x)
∣∣4 dx.

Remark 2.1 If λ1(γ m – 1
2λ2

1
) – 3m

2 = r0 > 0, the following uniform estimate holds true:

∥∥A(t)
∥∥2 +

∥∥Ph(t)
∥∥2 ≤ [‖A0‖2 + ‖Ph0‖2]e–γ1t +

α2l
2kγ1

, (2.19)

where γ1 := 2λ1 min {1, r0}.

Proof We deduce from (2.6) the inequality

1
2

d
dt

∥∥Ph(t)
∥∥2

= –m
∫ l

0

∣∣h(x, t)
∣∣4 dx + m

∥∥h(t)
∥∥2 – γ m

∥∥∂xh(t)
∥∥2

–
∫ l

0

(∣∣A(x, t)
∣∣∂xh(x, t)

)
P2h(x, t) dx

≤ –m
∫ l

0

∣∣h(x, t)
∣∣4 dx + m

∥∥h(t)
∥∥2 – γ m

∥∥∂xh(t)
∥∥2 +

1
8m

∫ l

0

∣∣A(x, t)
∣∣4 dx

+
mλ4

1
2

∫ l

0

∣∣P2h(x, t)
∣∣4 dx +

1
2λ2

1

∫ l

0

∣∣∂xh(x, t)
∣∣2 dx

≤ –
m
2

∫ l

0

∣∣h(x, t)
∣∣4 dx + m

∥∥h(t)
∥∥2 –

(
γ m –

1
2λ2

1

)∥∥∂xh(t)
∥∥2
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+
1

8m

∫ l

0

∣∣A(x, t)
∣∣4 dx

≤ m
∥∥h(t)

∥∥2 –
(

γ m –
1

2λ2
1

)∥∥∂xh(t)
∥∥2 +

1
8m

∫ l

0

∣∣A(x, t)
∣∣4 dx.

From (2.5), we know that

1
2

d
dt

∥∥A(t)
∥∥2 +

∥∥∂xA(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx

≤ 1
2m

∫ l

0

∣∣A(x, t)
∣∣4 dx +

m
2

∥∥h(t)
∥∥2 +

k
2

∫ l

0

∣∣A(x, t)
∣∣4 dx +

α2l
2k

.

Adding the above two inequalities, we derive

1
2

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) +

∥∥∂xA(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx

≤ 3m
2

∥∥h(t)
∥∥2 –

(
γ m –

1
2λ2

1

)∥∥∂xh(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx +

α2l
2k

,

that is,

1
2

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) +

(
γ m –

1
2λ2

1

)∥∥∂xh(t)
∥∥2

–
3m
2

∥∥h(t)
∥∥2 +

∥∥∂xA(t)
∥∥2 ≤ α2l

2k
.

Hence

1
2

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) + r0

∥∥h(t)
∥∥2 +

∥∥∂xA(t)
∥∥2 ≤ α2l

2k
.

Taking γ1 = 2λ1 min {1, r0}, we have

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) + γ1

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) ≤ α2l

2k
.

We get (2.19) by integrating the last inequality. �

3 Exponential decay of solution
In this section, we are going to prove the exponential decay of solution.

Proof of Theorem 1.1. Multiplying in L2(0, l) (2.1) by A, (2.2) by h, and adding the obtained
relations, we get

1
2

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) +

∥∥∂xA(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx – α

∥∥A(t)
∥∥2

+
(

γ m –
1

2λ2
1

)∥∥∂xh(t)
∥∥2 –

3m
2

∥∥h(t)
∥∥2 –

5
8m

∫ l

0

∣∣A(x, t)
∣∣4 dx ≤ 0, (3.1)
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that is,

1
2

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) + d0

∥∥A(t)
∥∥2 +

k
2

∫ l

0

∣∣A(x, t)
∣∣4 dx + r0λ1

∥∥Ph(t)
∥∥2 ≤ 0,

which implies

1
2

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) + γ0

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) +

k
2

∫ l

0

∣∣A(x, t)
∣∣4 dx ≤ 0, (3.2)

where d0 := λ1 – α, r0 := λ1(γ m – 1
2λ2

1
) – 3m

2 , and γ0 = min {d0, r0λ1}. Hence, we have

∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2 ≤ (‖Ph0‖2 + ‖A0‖2)e–2γ0t . (3.3)

We conclude from (3.1) that

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) + 2d0λ

–1
1

∥∥∂xA(t)
∥∥2 + 2r0λ

–1
1

∥∥∂xh(t)
∥∥2

+ k
∫ l

0

∣∣A(x, t)
∣∣4 dx ≤ 0. (3.4)

Integrating this inequality over the interval (0, t) and employing estimate (3.3), we obtain

d0

λ1

∫ t

0

∥∥∂xA(τ )
∥∥2 dτ +

r0

λ1

∫ t

0

∥∥∂xh(τ )
∥∥2 dτ ≤ 1

2
(‖Ph0‖2 + ‖A0‖2), ∀t > 0. (3.5)

We can know that if A0, h0 ∈ H1
0 (0, l) then problem (1.1)–(1.4) has a unique weak solution

such that

A, h ∈ C
(
0, T ; H1

0 (0, l)
) ∩ L2(0, T ; H2(0, l)

)
, ∀T > 0.

Taking the inner product of (2.2) with –∂2
x h, we have

d
dt

∥∥h(t)
∥∥2 + 2

1
λ1

(λ1γ m – m)
∥∥∂2

x h(t)
∥∥2 ≤ 1

2m

∫ l

0

∣∣A(x, t)
∣∣2 dx. (3.6)

Besides, we know

d
dt

(∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) + 2d0

∥∥A(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx + 2r0

∥∥h(t)
∥∥2 ≤ 0.

Let us multiply (3.6) by a positive parameter ε1 and add it with the above inequality

d
dt

(
ε1

∥∥h(t)
∥∥2 +

∥∥Ph(t)
∥∥2 +

∥∥A(t)
∥∥2) +

2(λ1γ m – m)ε1

λ1

∥∥∂2
x h(t)

∥∥2

+
(

2d0 –
ε1

2m

)∥∥A(t)
∥∥2 + 2r0

∥∥h(t)
∥∥2 + k

∫ l

0

∣∣A(x, t)
∣∣4 dx ≤ 0.
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Choosing ε1 = 2md0, we obtain the inequality

d
dt

E1(t) + δ1E1(t) +
2(λ1γ m – m)ε1

λ1

∥∥∂2
x h(t)

∥∥2 + k
∫ l

0

∣∣A(x, t)
∣∣4 dx

≤ 0, ∀t ≥ 0, (3.7)

where

E1(t) := ε1
∥∥h(t)

∥∥2 +
∥∥Ph(t)

∥∥2 +
∥∥A(t)

∥∥2,

and δ1 := min {d0,λ1r0, r0
ε1

}. Then we obtain

E1(t) ≤ E1(0)e–δ1t , ∀t ≥ 0. (3.8)

Taking the inner product in L2(0, l) of (2.1) with ∂tA, we get

∥∥∂tA(t)
∥∥2 +

d
dt

(
–

α

2
∥∥A(t)

∥∥2 +
1
2
∥∥∂xA(t)

∥∥2 +
k
4

∫ l

0

∣∣A(x, t)
∣∣4 dx

)

≤ ∥∥∂tA(t)
∥∥2 +

1
4

∫ l

0

∣∣A(x, t)
∣∣2∣∣h(x, t)

∣∣2 dx.

According to [6],

d
dt

(
–

α

2
∥∥A(t)

∥∥2 +
1
2
∥∥∂xA(t)

∥∥2 +
k
4

∫ l

0

∣∣A(x, t)
∣∣4 dx

)

≤ ε2

∫ l

0

∣∣A(x, t)
∣∣4 dx + ε3

∥∥∂xA(t)
∥∥2 +

1
256ε2

2ε3

∥∥h(t)
∥∥6.

Multiplying (3.4) by 1
2 and adding with the inequality, we obtain

d
dt

E2(t) +
d0

λ1

∥∥∂xA(t)
∥∥2 +

(
r0

λ1
– ε3

)∥∥∂xh(t)
∥∥2 +

(
k
2

– ε2

)∫ l

0

∣∣A(x, t)
∣∣4 dx

≤ 1
256ε2

2ε3

∥∥h(t)
∥∥6,

where

E2(t) :=
(1 – α)

2
∥∥A(t)

∥∥2 +
1
2
∥∥Ph(t)

∥∥2 +
1
2
∥∥∂xA(t)

∥∥2 +
k
4

∫ l

0

∣∣A(x, t)
∣∣4 dx.

We choose in the last inequality ε2 = k
4 , ε3 = r0

2λ1
and obtain the equality

d
dt

E2(t) + δ2E2(t) ≤ A0
∥∥A(t)

∥∥2 + A1
∥∥h(t)

∥∥6, ∀t ≥ 0,

where

δ2 := min

{
2d0

λ1
, 1, 2r0λ1

}
, A0 =

δ2|1 – α|
2

, A1 =
1

256ε2
2ε3

.
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Using estimate (3.8), we have

d
dt

E2(t) + δ2E2(t) ≤ A2e–δ1t , (3.9)

where A2 = A1E3
1(0) + A0E1(0). Integrating (3.9) and by Gronwall’s inequality, we get

E2(t) ≤ A2

δ1
e–δ2t . (3.10)

Combining with (3.3), we have

∥∥∂xA(t)
∥∥2 ≤ 2A2

δ1
e–δ2t + R0e–2γ0t . (3.11)

Multiplying (2.2) by ∂th, we obtain

∥∥P∂th(t)
∥∥2 +

d
dt

(
–

m
2

∥∥h(t)
∥∥2 +

γ m
2

∥∥∂xh(t)
∥∥2

)

≤ –
m
4

d
dt

∫ l

0

∣∣h(x.t)
∣∣4 dx

+
1
4

∫ l

0

[
P
(∣∣A(x, t)

∣∣∂xh(x, t)
)]2 dx +

∥∥P∂th(t)
∥∥2. (3.12)

Adding m
2 (3.6) to (3.12), we get

d
dt

(
γ m

2
∥∥∂xh(t)

∥∥2 +
m
4

∫ l

0

∣∣h(x.t)
∣∣4 dx

)
+ 2(λ1γ m – m)

∥∥∂xh(t)
∥∥2

≤ 1
2m

∫ l

0

∣∣A(x, t)
∣∣2 dx +

l
4λ1

∥∥∂xA(t)
∥∥2∥∥∂xh(t)

∥∥2,

thus

d
dt

(
γ m

2
∥∥∂xh(t)

∥∥2 +
m
4

∫ l

0

∣∣h(x.t)
∣∣4 dx

)
+

[
2(λ1γ m – m) –

l
4λ1

]∥∥∂xh(t)
∥∥2

≤ 1
2m

∫ l

0

∣∣A(x, t)
∣∣2 dx.

Note that

∫ l

0

∣∣h(x.t)
∣∣4 dx ≤ ∥∥h(t)

∥∥2
∞

∥∥h(t)
∥∥2 ≤ l

∥∥∂xh(t)
∥∥2∥∥h(t)

∥∥2 ≤ c
∥∥∂xh(t)

∥∥2.

Hence, we know that

d
dt

(
γ m

2
∥∥∂xh(t)

∥∥2 +
m
4

∫ l

0

∣∣h(x.t)
∣∣4 dx

)

+ c
(

γ m
2

∥∥∂xh(t)
∥∥2 +

m
4

∫ l

0

∣∣h(x.t)
∣∣4 dx

)
≤ E2(0)

2m
e–δ1t . (3.13)
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Finally, we integrate (3.13) and get

γ m
2

∥∥∂xh(t)
∥∥2 +

m
4

∫ l

0

∣∣h(x.t)
∣∣4 dx ≤ c1e–ct , (3.14)

where c1 = – E2(0)
2mδ1

e–δ1t + m
2 ‖∂xh0‖2 + m

4
∫ l

0 |h0|4 dx – E2(0)
2mδ1

. The theorem is true. �

4 Continuous dependence results
Assume that [Ã, h̃] is the weak solution of the problem

∂tÃ – αÃ – ∂2
x Ã + k̃|Ã|2Ã = Ãh̃, x ∈ (0, l), t > 0, (4.1)

∂t h̃ + |Ã|∂xh̃ = m∂2
x μ̃, x ∈ (0, l), t > 0, (4.2)

Ã(x, 0) = A0(x), h̃(x, 0) = h0(x), x ∈ (0, l), (4.3)

Ã(0, t) = Ã(l, t) = �0, ∂xh̃(0, t) = ∂3
x h̃(0, t) = ∂xh̃(l, t) = ∂3

x h̃(l, t) = 0, t > 0, (4.4)

where μ̃ = f ′(h̃) – γ ∂2
x h̃, f ′(h̃) = h̃3 – h̃.

Theorem 4.1 Assume that [A, h] is a solution of problem (1.1)–(1.4) and [Ã, h̃] is a solution
of problem (4.1)–(4.4). Let [a, H] = [A – Ã, h – h̃], we have

∥∥PH(t)
∥∥2 +

∥∥a(t)
∥∥2 ≤ q0e–

∫ t
0 R1(s) ds

∫ t

0

∥∥∂xA(s)
∥∥4 ds,

where q0 = 2k
4
3

1 C4
0

(k2b0)
1
3

+ C4
0

4m3λ4
1γ 2 ,

R1(t) = 2C(γ , m) + 2C1(γ , m) + 4l
∥∥h(t)

∥∥2 + 2α +
l

λ2
1m

∥∥∂2
x h̃(t)

∥∥2 + l
∥∥∂2

x Ã(t)
∥∥2.

Proof Note that [a, H] = [A – Ã, h – h̃] is a solution of the following problem:

∂ta – αa – ∂2
x a + k|A|2A – k̃|Ã|2Ã = Ah – Ãh̃, x ∈ (0, l), t > 0, (4.5)

P2∂tH – mH – γ m∂2
x H

= –m
(
h3 – h̃3) + P2(|Ã|∂xh̃

)
– P2(|A|∂xh

)
, x ∈ (0, l), t > 0, (4.6)

a(x, 0) = �0, H(x, 0) = 0, x ∈ (0, l),

a(0, t) = a(l, t) = �0, ∂xH(0, t) = ∂xH(0, t), x ∈ (0, l), t > 0.

By

Ah – Ãh̃ = Ah – Ãh + Ãh – Ãh̃ = ah + ÃH

and

P2(|Ã|∂xh̃
)

– P2(|A|∂xh
)

= P2(|Ã|∂xh̃ – |A|∂xh
)
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= P2(|Ã|∂xh̃ – |A|∂xh̃ + |A|∂xh̃ – |A|∂xh
)

= P2(–|A|∂xH – ∂xh̃
(|A| – |Ã|)),

we see that [a, H] satisfies the following system:

∂ta – αa – ∂2
x a + k2

(|A|2A – |Ã|2Ã
)

= k1|A|2A + ah + ÃH , (4.7)

P2∂tH – mH – γ m∂2
x H

= –m
(
h3 – h̃3) – P2(|A|∂xH + ∂xh̃

(|A| – |Ã|)), (4.8)

where k2 = k̃, k1 = k̃ – k.
On the other hand, we know that

(∣∣A(t)
∣∣2A(t) –

∣∣Ã(t)
∣∣2Ã(t), A(t) – Ã(t)

) ≥ b0

∫ l

0

∣∣a(x, t)
∣∣4 dx. (4.9)

Multiplying (4.7) by a and using inequality (4.9), we obtain

1
2

d
dt

∥∥a(t)
∥∥2 – α

∥∥a(t)
∥∥2 +

∥∥∂xa(t)
∥∥2 + k2b0

∫ l

0

∣∣a(x, t)
∣∣4 dx

≤ k1

∫ l

0

∣∣A(x, t)
∣∣2〈A(x, t), a(x, t)

〉
dx +

∫ l

0

∣∣a(x, t)
∣∣2h(x, t) dx

+
∫ l

0

〈
Ã(x, t), a(x, t)

〉
H(x, t) dx. (4.10)

We are going to estimate the first integral on the right-hand side of (4.10) by the Nirenberg
inequality as follows:

∣∣∣∣
∫ l

0

∣∣a(x, t)
∣∣2h(x, t) dx

∣∣∣∣ ≤ ∥∥a(t)
∥∥2

∞

∫ l

0

∣∣h(x, t)
∣∣dx

≤ √
l
∥∥a(t)

∥∥2
∞

∥∥h(t)
∥∥

≤ 2
√

l
∥∥a(t)

∥∥∥∥∂xa(t)
∥∥∥∥h(t)

∥∥
≤ 1

2
∥∥∂xa(t)

∥∥2 + 2l
∥∥a(t)

∥∥2∥∥h(t)
∥∥2. (4.11)

We can infer from the Nirenberg inequality and the Friedrichs inequality that the following
estimate of the second term on the right-hand side of (4.10) is true:

∣∣∣∣
∫ l

0

〈
Ã(x, t), a(x, t)

〉
H(x, t) dx

∣∣∣∣
≤

∫ l

0

∣∣Ã(x, t)
∣∣∣∣a(x, t)

∣∣∣∣H(x, t)
∣∣dx

≤ ∥∥Ã(t)
∥∥∞

∥∥a(t)
∥∥∥∥H(t)

∥∥
≤ 1

2
∥∥Ã(t)

∥∥2
∞

∥∥a(t)
∥∥2 +

1
2
∥∥H(t)

∥∥2

≤ l
2
∥∥∂xÃ(t)

∥∥2∥∥a(t)
∥∥2 + ε2

∥∥∂xH(t)
∥∥2 + C1(ε2)

∥∥PH(t)
∥∥2. (4.12)
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Employing Young’s inequality and Sobolev’s inequality, we have

∣∣∣∣k1

∫ l

0

∣∣A(x, t)
∣∣2〈A(x, t), a(x, t)

〉
dx

∣∣∣∣
≤ k1

∫ l

0

∣∣A(x, t)
∣∣3∣∣a(x, t)

∣∣dx

≤ k
4
3

1

(k2b0) 1
3

∫ l

0

∣∣A(x, t)
∣∣4 + k2b0

∫ l

0

∣∣a(x, t)
∣∣4 dx

≤ k
4
3

1 C4
0

(k2b0) 1
3

∥∥∂xA(t)
∥∥4 dx + k2b0

∫ l

0

∣∣a(x, t)
∣∣4 dx.

Then employing the last inequality and (4.11), (4.12), we deduce the following inequality
from (4.10):

1
2

d
dt

∥∥a(t)
∥∥2 +

∥∥∂xa(t)
∥∥2 + k2b0

∫ l

0

∣∣a(x, t)
∣∣4 dx

≤ α
∥∥a(t)

∥∥2 +
k

4
3

1 C4
0

(k2b0) 1
3

∥∥∂xA(t)
∥∥4 + 2l

∥∥h(t)
∥∥2∥∥a(t)

∥∥2 +
l
2
∥∥∂xÃ(t)

∥∥2∥∥a(t)
∥∥2

+ ε
∥∥∂xH(t)

∥∥2 + C(ε)
∥∥PH(t)

∥∥2. (4.13)

Multiplying (4.8) in L2(0, l) by H , we get

1
2

d
dt

∥∥PH(t)
∥∥2 – m

∥∥H(t)
∥∥2 + γ m

∥∥∂xH(t)
∥∥2

= –m
(
h3 – h̃3, H

)
+

(|A|∂xH + ∂xh̃
(|A| – |Ã|), –P2H

)
(4.14)

and

(|A|∂xh + ∂xh̃
(|A| – |Ã|), –P2H

)

= –
∫ l

0
|A|∂xHP2H dx –

∫ l

0
∂xh̃

(|A| – |Ã|)P2H dx

≤ 1
8m3λ4

1γ
2

∫ l

0

∣∣A(x, t)
∣∣4 dx + mλ4

1

∫ l

0

∣∣P2H(t)
∣∣4 dx +

γ m
2

∫ l

0

∣∣∂xH(t)
∣∣2 dx

+
l

2λ2
1m

∥∥∂2
x h̃(t)

∥∥2∥∥a(t)
∥∥2 +

λ2
1m
2

∫ l

0

∣∣P2H(x, t)
∣∣2 dx

≤ m
∫ l

0

∣∣H(x, t)
∣∣4 dx +

l
2λ2

1m
∥∥∂2

x h̃(t)
∥∥2∥∥a(t)

∥∥2 +
m
2

∫ l

0

∣∣H(x, t)
∣∣2 dx

+
γ m

2

∫ l

0

∣∣∂xH(x, t)
∣∣2 dx +

1
8m3λ4

1γ
2

∫ l

0

∣∣A(x, t)
∣∣4 dx

≤ m
∫ l

0

∣∣H(x, t)
∣∣4 dx +

l
2λ2

1m
∥∥∂2

x h̃(t)
∥∥2∥∥a(t)

∥∥2 +
5γ m

8
∥∥∂xH(t)

∥∥2

+ C1(γ , m)
∥∥PH(t)

∥∥2 +
1

8m3λ4
1γ

2

∫ l

0

∣∣A(x, t)
∣∣4 dx.
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Employing Sobolev’s imbedding theorem and the Nirenberg inequality, we get

(
h3 – h̃3, H

)
=

∫ l

0
H2(h2 + hh̃ + h̃2)dx ≥

∫ l

0
H4 dx, (4.15)

|m|∥∥H(t)
∥∥2 ≤ γ m

4
∥∥∂xH(t)

∥∥2 + C1(m,γ )
∥∥PH(t)

∥∥2. (4.16)

Using (4.15), (4.16), we have

1
2

d
dt

∥∥PH(t)
∥∥2 +

γ m
8

∥∥∂xH(t)
∥∥2

≤ C1(γ , m)
∥∥PH(t)

∥∥2

+
l

2λ2
1m

∥∥∂2
x h̃(t)

∥∥2∥∥a(t)
∥∥2 +

1
8m3λ4

1γ
2

∫ l

0

∣∣A(x, t)
∣∣4 dx. (4.17)

Taking ε = γ m
8 in (4.13) and adding it to (4.17), we get

d
dt

(∥∥PH(t)
∥∥2 +

∥∥a(t)
∥∥2)

≤
(

2k
4
3

1 C4
0

(k2b0) 1
3

+
C4

0
4m3λ4

1γ
2

)∥∥∂xA(t)
∥∥4 + R1(t)

(∥∥PH(t)
∥∥2 +

∥∥a(t)
∥∥2), (4.18)

where

R1(t) = 2C(γ , m) + 2C1(γ , m) + 4l
∥∥h(t)

∥∥2 + 2α +
l

λ2
1m

∥∥∂2
x h̃(t)

∥∥2 + l
∥∥∂2

x Ã(t)
∥∥2.

From (4.18) we derive the estimate

∥∥PH(t)
∥∥2 +

∥∥a(t)
∥∥2 ≤ q0e–

∫ t
0 R1(s) ds

∫ t

0

∥∥∂xA(s)
∥∥4 ds,

where q0 = 2k
4
3

1 C4
0

(k2b0)
1
3

+ C4
0

4m3λ4
1γ 2 . The proof is complete. �
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7. Çelebi, O.A., Gür, Ş., Kalantarov, V.K.: Structural stability and decay estimate for marine riser equations. Math. Comput.

Model. 54, 3182–3188 (2011)
8. Liu, A., Liu, C.: Cauchy problem for a sixth order Cahn–Hilliard type equation with inertial term. Evol. Equ. Control

Theory 4, 315–324 (2015)
9. Liu, C., Wang, J.: Some properties of solutions for a sixth order Cahn–Hilliard type equation with inertial term. Appl.

Anal. 97, 2332–2348 (2018)
10. Kalantarov, V.K.: Global solution of coupled Kuramoto–Sivashinsky and Ginzburg–Landau equations. In:

Rozhkovskaya, T. (ed.) Nonlinear Problems in Mathematical Physics and Related Topics, II. Int. Math. Ser. (N.Y.),
pp. 213–227. Kluwer/Plenum, New York (2002)


	A further study on the coupled Allen-Cahn/Cahn-Hilliard equations
	Abstract
	MSC
	Keywords

	Introduction
	A priori estimates
	Exponential decay of solution
	Continuous dependence results
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


