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Abstract

This paper deals with the existence of solution for an impulsive Riemann-Liouville
fractional neutral functional stochastic differential equation with infinite delay of
order 1 < B <2 and its Hyers—Ulam stability. We prove the mild solutions for the
equation using basic theorems of fractional differential equation. The existence result
of the equation is obtained by Ménch'’s fixed point theorem. Finally, we prove the
Hyers—Ulam stability of the solution.
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1 Introduction

Fractional differential equation [1], due to its applications in describing memory and
hereditary properties of various materials and processes in natural sciences and engineer-
ing, has been widely investigated. However, because of disturbance, the behaviors of many
real-word systems are not a settled process. Thus, it is crucial to study stochastic differ-
ential functions with impulse [2]. A variety of results on the theory of Caputo fractional
functional stochastic equations and the Hyers—Ulam stability [3—8] of such function have
been obtained. Cui and Yan [9] studied the existence of mild solutions for neutral fractional
stochastic integral differential equations with infinite delay using Sadovekii’s fixed point
theorem. Sakthivel [10] studied the existence of solution to nonlinear fractional stochas-
tic differential equations. Riemann-Liouville fractional derivatives or integrals are strong
tools for resolving some fractional differential problems in the real world. However, only a
few results on such derivatives or integrals have been reported in the literature. It is possi-
ble to attribute physical meaning to the initial conditions expressed in terms of Riemann—
Liouville fractional derivatives or integrals which have been verified by Heymans and Pod-
lubny [11]. Such initial conditions are more appropriate in modeling a real-word system.
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Due to the lack of results on the existence and stability of solutions to Riemann-Liouville
fractional stochastic differential equations in the literature, it is of great significance to per-
form some investigations in this field. Weera Yukunthorn et al. [12] studied the existence
and uniqueness of solutions to the impulsive multiorder Riemann-Liouville fractional dif-
ferential equations:

Dyfx(t) = f(t,x(2)), te],t#tk,
Ax(ti) = pex(tr),  A*x(t) = of&(t),  k=1,2,...,m,
x(0) =0, D*~1x(0) = B,

where BeR 0=fy<tyj < - <l < <by<ty1=T,f:]xR— Risa continuous
function, ¢x, ¢; € C(R,R) for k =1,2,...,m, and kak is the Riemann—Liouville fractional
derivative of order 1 < ay < 2 on intervals J; for k = 0,1,2,...,m. The notation Ax(;) is
defined by

Ax(t) = I x(6) — L " 'x(te),  k=1,2,...,m,

and A*x(#) is defined by

Ax(ty) = I, *x(tf) - I xt), k=12,...,m,
where Itzk_ak is the Riemann-Liouville fractional integral of order 2 — ox > 0 on J. By us-
ing Banach’s fixed point theorem, the authors developed the existence theorem for such
equations.

Motivated by this work, we design the following impulsive Riemann—Liouville fractional
neutral functional stochastic differential equation with infinite delay:

Df. [x() - gt %)) = £ (6,x0) + 0 (6,2) %2, t€[0,T)t 71,
AL x(t) = Lx(@), AL xlt) = x(£r)), (1.1)
17 1%(0) - g(0,%0) =1 € B,,  I0:P[%(0) — g(0,%0)] = ¢, € B,,

where k=1,2,...,m and Dg+ is the Riemann-Liouville fractional derivative of order 1 <
B<2.Wehave 0=ty <t; < - <tp<- <ty <tm=T.Let Tr = (tr,txs1], k=1,2,...,m,
To =[0,t1]. Here, w(t) : t € ] is a standard Wiener process, f : ] x B,,g:J xB,and ¢ : ] X B,
are given functions, where B, is the phase space defined in Sect. 2. The impulsive func-
tions I, Jx : H — H (k = 1,2,...,m) are appropriate functions. The notations Alg: b x(t),
AI&: p x(tx) are defined by

AL x(t) = 1P x () - I x(5),

AR xt) = 1P x(8)) - 1P x(), k=1,2,...,m,

where Ig: A Iéf f is the Riemann-Liouville fractional integral of order 2 — 8, 1 — B, re-
spectively. The histories x; : (— o¢,0] — H defined by x,(s) = x(¢ + s), s < 0, belong to some
abstract phase space B,. By using Monch’s fixed point theorem via the measure of noncom-
pactness as well as the basic theory of Hyers—Ulam stability, we investigate the existence
and stability of the solution to the equation.
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The rest of the paper is organized as follows. In Sect. 2, some basic definitions, notations,
and preliminary facts that are used throughout the paper are presented. In Sect. 3 we prove
the solution of the equation and present the main results for problem (1.1).

2 Preliminaries
In this section, we introduce some notations, definitions, lemmas, and preliminary facts
that will be used to establish our main results.

We consider two separable Hilbert spaces K and H. Thus, L(K, H) is a space of bounded
linear operators from K into H. In this passage, we use the same notation || - || to denote the
norms in K and H and L(K, H), and we use (-, -) to denote the inner product of H and K.
We denote (£2, F, P) to be a complete filtered probability space satisfying that Fy contains
all P-null sets of F. Let W = (W});>0 be a Q-Winner process defined on (£2,F,P) with
the covariance operator Q such that Tr Q < co. We suppose that there exists a complete
orthonormal system {ex}x<1 in K, a bounded sequence of nonnegative real numbers iy
such that Qe = Arex, where k = 1,2,..., and a sequence of independent Brownian motions
{Br}k>1 such that

(@), €)= Y Varlew ) Bilt).
k=1

Let] = [0, T])]O = [01 tl])]/( = (tkﬂtk+l] fork = 1,2,...,}’/’[. Let

PC(J,H) := {x :J] — H,is continuous everywhere except for some #; at which

x(¢7) and x(¢) exist, and x(t;) = #(&), k = 1,2,...,m}.

We introduce the space Cy_g (i, H) := {x: Jy — H : t*Px(t) € C(Jy, H)} with the norm
Il cy sy = SUPey, EIEPllx(®)ll] and PCy g = {x : ] — H : for each t € Jy and £*Px(t) €
C(i,H),k=0,1,2,...,m} with the norm

I%llpc, s = sup |7 ||x@)||:  k=0,1,2,...,m.
tefy

Before introducing the fractional-order functional differential equation with infinite de-
lay, we define the abstract phase space B,. Let v : (00,0] — (0, c0) be a continuous function
that satisfies [ = ff)oo v(t) dt < +o0. The Hilbert space (B,, || - ||5,) induced by v is then given
by

B, := {(p : (—00,0) - H : for any ¢ > 0,¢(f) is a bounded and measurable
0

function on [—¢, 0], and/ v(s) sup (E’go(@)‘z)

—00 $<0<0

Nl

ds < +oo},

endowed with the norm |[|¢||s, := fooo v(s) supsfgfo(E|<p(0)|2)% ds.
Define the following space:

B, := {go (=00, T] = X : r € Ct(Ji, X),k =0,1,2,...,m,and there exist
¢(t;) and ¢(t7) with p(&) = ¢(t;), 90 = € B},

where ¢y is the restriction of ¢ to Ji, Jo = [0, t1], Jk = (b, trs1), kK= 1,2,...,m.
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We use | - ||, to denote a seminorm in the space B, defined by

”§0”B‘/, = ”¢”BV + maX{ ||(/7k||]k(27;3)’k = 01 1) .o '1m}:

where
1
bd=00,  llexllap =sup(Els? oG] [*)2.
s€fi

Now we consider some definitions about fractional differential equations.

Definition 2.1 The Riemann-Liouville fractional derivative of order @ > 0 of a continu-
ous function f; (a,b) — H is defined by

DY f(t) = ﬁ(%)n /at(t—s)”_a_lf(s)ds, n-l<a<nte(a,b),

where 7 = [«] + 1, [¢] denotes the integer part of number «, provided that the right-hand
side is pointwise defined on (a4, b), I is the gamma function.

Definition 2.2 The Riemann-Liouville fractional integral of order « > 0 of a continuous
function f : (@, b) — H is defined by

1

IT.f(2) = m/ (¢ —s)“’lf(s) ds, te(a,b),

provided that the right-hand side is pointwise defined on (a, b).

Lemma 2.1 (see [13]) Let « > 0. Then, for x € C(a,b) N L(a, b), we have

D% I% x(t) = x(2),

— (L) " x(a)

IZDSx(t) = x(t) — Ta—j+1)

(t - ﬂ)aijy
j=1

wheren—-1<o<n.
Lemma 2.2 (see [13]) Ifa > 0and 8 >0, then

I'(B)

o Bl _ _ \Bra-1
I(t-s)" = 71,(/3_”)[)(5 a) ’

o _ B _ F(ﬂ) _ \B-a-1
Dy (t—s)" = —F(ﬂ ) (t—a) .

Before investigating the solutions to Eq. (1.1), we consider a simplified version of (1.1),
given by

Di.x(t)=f(t), tel0,Tt+#t,
ALPx(t) =y AL x(t) =T, (2.1)
Ig(ﬂx(O“’) = X0, Ié:ﬂx(O") = X1,

Page 4 of 18
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where k =1,2,...,m, x0,%1, Y1, Yk € H and Dg+ is the Riemann—-Liouville fractional deriva-
tive of order 1 < 8 < 2.

Theorem 2.1 Let1< f <2andf :] — H be continuous. Then x € PCy_g(J, H) is a solution
of (2.1) if and only if x is a solution of the following fractional integral equation:

‘“ (A1
%ﬁ)fo - 5)P1f(s) ds+x1r(ﬂ) +x0r(ﬂ 5 telonl,

t (B-1 p-2
x(t) = #/S)/O — )P (s) ds + x1 L @ + %o rt(,s 5 (2.2)
— B2 -2
+ Zi 1Yi I*tﬁ 1) ( t - i + Zi:lyi 1"(/3_1): te (tk: tk+1];

wherek=1,2,...,m

Proof For t € (0,¢], by Lemmas 2.1 and 2.2, we obtain

2 2B\ Q) 1+
I Dhx(t) = x(8) = Y M(t 0)#7

par rg-j+1)
) (13:5)(1)x(0+) b, 10+ x(0+) s
—x(t)—Tﬂ)(f—O) W(t—o)
) L x(07) 4 1+1§:’3x(0+) 5o
rp) rg-1
x(t) —x i s
= — X1

re °re-1

Similarly, for the interval ¢ € (¢, tx41], we have

t £-1 p-2
x(t) = %ﬁ)/ (t—s)ﬂ_lf(s)ds+x1 Ii(ﬁ) +x0F(t’3 )

P2 P2
Zy’ r(B- 1)( ) Z”F(ﬂ 1)

Hence, (2.2) is a solution to problem (2.1). a
Next, based on the theorem, we consider the solutions of Eq. (1.1).

Definition 2.3 Suppose that function x : (- o, T] — H. The solution of the fractional
differential equation, given by

x0:¢€Bw te(— O(,O]’
i ot~ )ﬂilf(s’xS)dH 75 Jo € =910 (s,x,) doo(s) + g 2, x,)
B-1
01 +<ﬂ1pﬁ 5 telonl,
B-2
Tﬁ)fo(t $)P=1f (s,x,) ds + g (¢, x‘)+¢2r + o Ft(ﬁ 3
%fo@‘—s)ﬂ 1U(S,xs)dw(s)+zz i) 75 G = )
+ 3 L ﬁ 1) te(totinlk=1,2,...,m,

will be called a fundamental solution of problem (1.1).

Page 5 of 18
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Lemma 2.3 (see [14]) Assume x € B,,. Then, for t € ], x; € B,. Moreover,
1 1
UE[%0)]")? < Ixls, < Ibls, +1 sl[lp](EHs”x(s) 12,
se[0,t

where [ = f_oo( v(t) dt < + X, ¢ = xg.

Next, we consider some definitions and properties of the measure of noncompactness.
The Hausdorff measure of noncompactness 3(-) defined on each bounded subset £2 of

the Banach space B is given by
B(£2) = inf{e > 0; £2 has a finite ¢ net in B}.

Some basic properties of §(-) are given in the following lemma.

Lemma 2.4 (see [15, 16]) If B is a real Banach space and 2, A C B are bounded, then the
following properties are satisfied:
(1) Monotone: if for all bounded subsets §2, A of B, 2 C A implies B(§2) < B(A);
2) Nonsingular: B({x} U §2) = B(82) for every x € H and every nonempty subset 2 C H;
3) Regular: $2 is precompact if and only if B(§2) = 0;
4) B(R2+A)<B(2)+B(A), where 2+ A={x+y,x€ 2,y A};
5) B(£2U A) <max{B(£2), B(A)};
6) B(A$2) <[r|B(£2);
7) If W C C(J; B) is bounded and equicontinuous, then t — B(W(¢)) is continuous on J,

and

~ o~ o~ o~ o~ o~

B(W) < ngg/Xﬁ(W(t)),
t t

ﬁ(/ W (s) ds) < / /S(W(s)) ds, forallte],

0 0
where
t t
/ W(s)ds = {/ u(s)ds: forallu e W/,te]};
0 0
(8) If {u,)5° is a sequence of Bochner integrable functions from ] into B with

e, ()| < m1(2) for almost all t € ] and every n > 1, where m(t) € L(J; R*), then the
Sfunction Y (t) = B({un}32,) belongs to L(J; R*) and satisfies

ﬁ({/otun(s)ds:nz 1}) 52/()‘t1/f(s)ds;

(9) If W is bounded, then for each € > 0, there is a sequence {u,};°; C W such that

BW) <2B({un}i2;) + .

The above lemmas about the Hausdorff measure of noncompactness will be used in

proving our main results.

Page 6 of 18
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Lemma 2.5 (see [17]) Let D be a closed convex subset of the Banach space B and 0 € D.
Assume that F : D — B is a continuous map which satisfies Monch’s condition, that is,
M C D is countable, M < co(0 U F(M)) = M is compact. Then F has a fixed point in D.

Lemma 2.6 (see [18]) If W C C([0, T};LS(V, Y)), w is a standard Winer process, then

B ( /0 Ws) dw(s)) < VT THQB(W(),

where
/t W(s)dw(s) = {/t u(s)dw(s) : forallu e W,t € [0, T] }
0 0

Next, we consider the Hyers—Ulam stability for the equation.
Consider the following inequality:

do(s)

2
= <e. (2.3)

E HDé’+ [y®) - g(t,y0) ] - f(t.ye) — o (£,32)

Definition 2.4 (see [19]) Equation (1.1) is Hyers—Ulam stable if, for any ¢ > 0, there exists
a solution y(¢) which satisfies the above inequality and has the same initial value as x(£),
where x(¢) is a solution to (1.1). Then y(¢) satisfies

E|t2”3 ”y(t) —x(¢) || ’2 <Ks,
in which K is a constant.

3 Main result
In this section, we list the following basic assumptions of this paper and prove our main
results.

3.1 Existence
(H1): The function f :J x B, — H satisfies the following conditions:
(i) f(-,¢) is measurable for all ¢ € B, andf(t,l-) is continuous for a.e. t € /.
(i) There exist a constant «; € (0,«), m; € L1 (J,R*), and a positive integrable
function £2 : R* — R* such that

E|f(t,9)]” < m(®2(16s,),
for all (¢,¢) € ] x B,, where £2 satisfies

limint 2

n—ox n

=0.

1
(iii) There exist a constant «, € (0, @) and a function n € L*2 (J, R*) such that,
for any bounded subset F; C B,,

B F)) =m@] swp B(FO)],

0 e(—ox,0]

for a.e. t € J, where Fy(0) = {v(0) : v € F;} and B is the Hausdorft MNC.
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(H,): The function g:J x B, — H satisfies the following conditions:
(i) g is continuous, there exist a constant H; > 0 and

(E|#g@n)|’) < Hi(1+ Ixl3,).

1
(i) There exist a constant o3 € (0, ) and g* € L% (J,R*) such that, for any
bounded subset F, C B,,

B(g(t, F2)) <g"(t) sup B(F(6)),  G=supg*(t).

9e(-060] te]
(Hs): I,k :H— H, k=1,2,...,m, are continuous functions and they satisfy

|c@)],; < exlixlg, V@], <fillxllz,

PIE) <K sup B(F:)),

B(t°J(Fs)) <My sup  B(Fa(0)),

0e(-x,T]

where ¢, fi, Ki, My > 0. F3,Fy C B,,.
(Hy): The function o (¢, x;) satisfies the following condiltions:
(i) There exist a constant a4 € (0,), my € L (J,R*), and a positive integrable
function ¥ : R* — R* such that

Ello(t9)]* < m@w (g1,
for all (¢, ¢) €] x B, where ¥ satisfies

w
imint 2

n—x n

=0.

(ii) There exists a constant v; > 0 such that E||o (¢, x) — o (£,9)[|1> < viE|lx — y|1°.
1
(iii) There exist a constant a5 € (0, «) and a function 1y € L% (J, R") such that,
for any bounded subset Fs C B,,

BotF) <m()| swp B(F:©))

0e(—x,0]

for a.e. t € J, where F5(0) = {v(0) : v € F5} and B is the Hausdorff MNC.

(HS): ( w2 M
2 2 2
H P+ L ;(fl +c) <1,
27" T* &
M= —— +Gr— > M +K;
AT ESALT TR Z;( i+K)
2T8+3 /THQ)
t———— Ml L <1,
rg+1) L% (J,R")

where T* =max {1, T, T?}, I'* =min {I"(8 + 1), I'(B), ' (B — 1)}.
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Theorem 3.1 Suppose that conditions (H,)—(Hs) are satisfied. Then system (1.1) has at

least one solution on J.

Proof We define the operator I" : B, — B, by

x0:¢€Bw te(_O(:O]
5 Jo €= 9P s, xs)ds + 7135 Jo (E = 9P 1o (5, x5) deo(s)

£-2
+g(fxt)+</72p +</J1ptﬂ 1), te[0,t],

Ix(t) = N 1 " o
T ﬁ) fo (t-s) f(S x)ds + F(;S fO —s)Pto(s,x5) dw(s)
+ ¢’2If3 e Fti, 21 + 3 (@) rt(fs 21) —t)

+g(trxt) + Zi:lli(x(ti ))mr le (tk) tk+1]rk =12,...,m

The operator I" has a fixed point if and only if system (1.1) has a solution. For ¢ € B,,
denote

qg(t) _ ¢(t)) te (_ 0(10]’
o, te].

Then ¢(¢) € B,.

Let x(¢) = y(¢) + ¢A>(t), — <t < T.lItis easy to see that y satisfies yo = 0, ¢ € (— o¢,0] and
NG 1f(s Yo+ B ds + B) + oo + 1 s
+g(t,ye) + 1"(,3 fo )P o (x,x5) dw(s), te[0,t1],

75 Jo € =P (5,95 + by dls + ﬁ o (= 9P (s,%5) deo(s)

y(t) = X e
F)+ YL Jl(y(t )+ () 7 (5 — 1)
p-2
+g(fyz)+§02,— +(,01,fﬁ 5
- B
L) + @) s, e (o tial k=1,2,..m

if and only if x(¢) satisfies x(¢) = ¢(¢), ¢ € (- , 0], and

i Jot - s)‘“f(s, x;)ds + ﬁ S = 9P 10 (s,x,) dools)
+8(tx) + 2 75 F J 01T 21) te[0,n],

x(t) = W fo(t - s)ﬁ 1f(s,xs)als + T fo (t - 5)PLo (s, x5) dew(s)

+</72p +§01pﬂl)+2 1 Jilx( tﬁz)(ﬁ—ti)

+g(t,x,) + 8 Lix(ty ))m, € (L trsr ) k=1,2,...,m.

Define the space (B, | - | 5;) induced by B,

={y:y€ B,y =0},

with the norm

= sup{(E[ [0 ) s € 0,71

Ily(®)
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Let B, = {y € B} : ||lyllg, < r}. Then, for each r, B, is a bounded, close, and convex subset.

For any y € B,, it follows from Lemma 2.3 that

ly: + @ellz, < lly:lls, + llP¢lls,

1
<[ sup (E[s*P||x()| |2)2 +¢lls,
s€[0,]

<lr+ligls, =1

We define the operator N : B) — B, by

- N I A2
5 o (tﬂ—ls)ﬁ (s, s+ ds) ds + g6, 31+ $1) + 01
+ 25 + 1 Jo (E =) Mo (s, 35+ §) dwls), tel0n],
s =9 5 5
Ny(t) =  JoE =87 ;J;s +¢5)ds +g(t,y: + ¢t) g
+§021*5)+§01p/31+2111(y I‘ﬂ—l)
el fo (t—s)"o(s,ys + ¢>s)dw( )

+Z 1]L(Y(t )+¢(t )) F(ﬂ 1 (ﬂ 1~ i)) te (tk7tk+1:|’

inwhichk=1,2,...,m

Step 1: We prove that there exists some r > 0 such that N(B,) C B,.Ifthisis not true, then,
for each positive integer r, there exist y, € B, and t, € (— o, T] such that ||(Ny,)(,) ”12%’ > r2.
On the other hand, it follows from the assumption that

E(|e P INGr@) )
2

- 7EH %ﬂ) /0 (6 -yt (5 )s + ) ds

+7E[| 2P g(t 0)s + 60|

t2—ﬁ+ﬁ—l 2 2 B+p-2
7E| @0y~ 7E
e | T ‘ FEoD
2BB-2 " 2
7E l r _ 4 r _tl
* Z” (i) (ﬁ—l)(ﬁ—l )

k . BB
+7E ;Ii(yr(t?) * ¢(ﬁ))m

) 5 ’
Tt o [ o 00,4 ) ot

From I to I, it follows from (H;)—(Hs) that

2

1_

" (ty — S)ﬂ_lf(sy ()/r)s + é;s) ds

F(ﬂ)

-28 ¥ br
< 2—:@/0 (6 =)’ ds fo & =5V E|f (s, 0n)s + &) | ds

Page 10 of 18
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T4
-t
—Ir2g+1)

L <H(1+ ), + ‘IStHBV)

m(6)22(r'),

<H+H (V/)z,

b
*=Tp) '
( ry lgal?
(F*)2 @25
I < 1 2
4= m”%”
(T*)
< ()2 lerll?,
2 k
I+1g < 26 ;Ii( +(£))
~ 1 k ~ 2
)| gy 06 o0
(T*)Z m
< 7 ;(flz +c)r’
2
I < 1_,(/3) (tr — )10 (s, (9,)s + @) dw
5 tr X
N (I
T4 Tr(Q) /
< mﬂ’lz(t)!ﬂ(}“).

Hence, we have

r< [Ny

Z
< m(lfm(t)ﬂ(r’) + Tr(Qma ()W (r)) + Hy + Hy (/)2
L T*)? (T*) (T*)?
oy lall® + P lrll® + ToE Z(f2

Dividing both sides by ? and taking r — + o from

! Ir+ 2 v
fim ” = tim TEIME _ inineP Co, and lim in
r—o y  r-o r n— o< n n— o< n

yield

H P + it Z(fz

(I'*)* 4

This contradicts (Hs). Thus, for some number r, N(B,) C B,.

Page 11 of 18
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Step 2: N is continuous on B,.
Let {y"}}% C B, with " — y in B, as n — + . Then, by using hypotheses (H), (H>),

and (H3), we have

W) flsyr+d) = flsys+ ) n—ox.

(i) g(ty) +é) > gty + ), n—>oc.

i) L0 () + () - L0(&) + &(5)) | =0
Vil () + (7)) =1i(v(5) + 6(5)) | =0,

13
n—,i=1,2,...,m.
Now, for every t € [0,t1], we have

E(| 7 NG @) || -2 ING@)[7)

H t s) ﬂ 142 ﬂU(S’y? + (ﬁs) —f(s,ys + (i)s)] ds

+3E ||t2_’3 [g (697 + ) — gty + 6] |
2

t
+3E ﬁ / =)o (5,97 + ) — 0 (5,95 + §y) ] dov

T4-28
<3
)

+ 3T2’5E||g(t e+ qbt) —glt,ye + ¢t)||
T2 . Tr(Q)
s /

/(t s)h- 1ds/ (- E|f(s,y) +¢>S) —f(s, ys+¢>s)|| ds

t— 32’3 2vE||ys+¢>s Y — ¢>s” ds

-0 (n—->x).
Moreover, for all ¢ € (¢, tx,1], k= 1,2,...,m, we have

E(| [N G @) | -2 [N @) )
T B-1 B-1
<5 T2(6) /(t s) ds/(t s) E|[f(sys+¢5) f(S,yS+¢s)|| ds
+ 5E”t2_ﬂ [g(t'yz + ¢t) gty + ¢t)] H

k 2

ST (6) +0() - 0(e) + 66— (ﬁ—fl - ti)

i=1

+5E

DL ) +0(i) - 106 + 0 5y

i=1

o5 7426 . Tr(Q) /t(t _ S)z,sfz
0

+5E

VIE”y:l + (Z;s —Ys— (i;s) ”2 ds

-0 (n—>x).
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Thus, we obtain

|Ny" = Ny|

B;’,—>O asn —>,

implying that N is continuous on B,..

Step 3: The map N(B,) is equicontinuous on J.

The functions {Ny : y € B,} are equicontinuous at ¢ = 0. For t1,¢, € Ji, t1 < £y, k =
0,1,2,...,m, and y € B,, we have

E|2P[Ny(t) - Ny(®2) ||” < CRt0)E6 " | Ny(tr) - Ny(w) ||
< CUL)E| " Ny(t) - &5 " Ny(to) |
+ CA0)E| & Ny(ta) - 17 Ny(8s) |
< CHL)E|6 " Ny(tr) - £5 " Ny(ea) |

2

’

+ CUE|Nyw)|*| 677 - 677

where C;(t;) > 0. The right-hand side of the equation is independent of y € B, and tends
to zero as t; — t, since 2P Ny(t) € C(Jix) and ||t5 7 = £7F|| — 0 as f; — t,. Therefore,
[Ny(£1) — Ny(t2) |l g; — 0 as &1 — t». Hence, N(B,) is equicontinuous on /.

Step 4: Monch’s condition holds.

Let N = N7 + Ny + N3 + Ny, where

1 t n
N0 = /0 (6= )P f(s,7 + 6 s,
1 P2

r@ 're-1

L ~ P2 t
Nay(®) = > Ji(y(7) + ¢(f{))m <ﬁ - ti>

i=1

Noy(t) = gt,y: + br) + @3

k N t572
+ ) L((5) + ¢(ﬁ))m’

i=1

Nuy(@) = %ﬁ) /0 (E =90 (5,5, + by) dov.

Assume that W C B, is countable and W C co({0} U N(W)). We show that S(W) =0,
where B is the Hausdorff MNC. Without loss of generality, we may suppose that W =
{y"}o_;. Since N(W) is equicontinuous on Ji, W C co({0} U N(W)) is equicontinuous on
Ji as well.

Using Lemmas 2.4 and 2.6, (H1)(iii), (H2)(ii), (H3), and (H,)(iii), we have

n & 2 ! - n &
B({Ny"®} ) < T,B)/o t-s) 1711(5)[ sup ﬁ({ys(e)}nzl)] ds

—x<6<0
27# N
< " ,
< FE DM g S AUEO))

Page 13 0f 18
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BNy (O} )) < B(e (&7 + 1))
<G sup B({y/O)},.)),

—x<0=<0

B({Nsy")},,.,) F(ﬂ) (iz ) + 0l ))};)

"o ([D’* w0 )
- %(ﬂ([irﬂmn@;)+¢(2;>>}jl)

i=1

Ry +¢<2;>>};)

T* «— N
S0 s O
« a/T Tr(Q) .
plinr o)) < 2 [t s sl e
2771 JTHQ) B
SW” 2|| R §S§)<Oﬁ({ys(9)}n:1).

Thus, we have

BN O},)
= ﬂ({le"(t)}le) + ﬂ({Nzy”(t)}L)

+ ﬁ({N?’yn(t)}:(:l) + ,3({N4y”(t)}::1)
T8

= m”’h”wz(jm) O(E@P<0ﬂ({ys (0)}n )

+G sup B({yr®)} )

—x<0<0

+LZ(M +K) sup IB({y (9)}n l)

i=1 —-x<0<0
2T8+3 JTHQ)
+ W” 2” @UR ) s:lp<oﬁ({ys(9)}n 1)

x M

27F T
<|—=—— +G+—§ M;
—<r(ﬂ+1)””1”L%g,R+> T (M;

i=1
2TH+ J/Tr(Q) oy
+Ki)+T_’_lr)|| mll 1 ):‘3({3’ (t)}nzl)

Dt4, (J,R*)
=MB({y"0)},2,),

where M* is defined in assumption (Hs). Since W and N(W) are equicontinuous on every
Jk it follows from Lemma 2.4 that the inequality implies S(NW) < M*B(W).
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Thus, from Monch’s condition, we have
p(W) < ﬁ(ﬁ{O} UN(W)) = B(NM) < M*B(W).

Since M* < 1, we get (W) = 0. It follows that W is relatively compact. Using Lemma 2.5,
we know that N has a fixed point y in W. The proof is completed. O

3.2 Hyers-Ulam stability
We prove the Ulam stability of the solution using the following hypothesis.
(Hg): The function g(¢,x) satisfies the condition E||g(¢,x) — g(t,7)||> < L||x — y||?, where
Lisaconstant and 0 < (1 - 5L (B + 1) - 51, T - Tr(Q).

Theorem 3.2 Suppose that conditions (H;), (Hs)—(Hs) are satisfied. Then system (1.1) has
at least one solution on J, and this solution is Hyers—Ulam stable.

Proof 1t is easy to see that the solution satisfies condition (H;) when the solution satisfies
condition (Hg). Using Theorem 3.1, we can prove the existence of this solution. Now we
consider the Ulam stability of this solution.

Consider the inequality

dw(s)

EHDg+ [J’(t) —g(t,y:) ] —f(t,y) —o(t,y:)

Suppose that there exists a function fj (¢, ;) such that ||f(¢,x;) — fi(¢,y:)]| < .
Consider the following equation:

D§+[)/(t)—g(t,)’z fl(t yt)"’o(t )’z) dt r te [0’ T]’t#tkr
ALPy) = L&), ALy = k(@) (3.1)
L7190 -g(0,90)] =91 €B,, 13" [9(0) — g(0,50)] = 92 € B,,

in which k = 1,2,..., m. Using the fundamental solution to Eq. (3.1), we get

Yo=¢ €B,, te(-x0]
i Jo (€ =5V (s, 30) s+ g(6,) + 02 o
+¢1% %fot (t-s ﬁ—lo(S,ys)da)( ), telon],
R Jo =P fi(s,95) ds + g(6,y0) + 9255 + F,Z 21)
+ 5 () tﬁ 1(,3 i —t)+ YK Lo ))%
+ g o€ =9 1o (5,30 do(s),  te (totinl k=1,2,...,m

y(t) =

It is obvious that the solution is Ulam stable in the interval (— o, 0]. Now, we consider
the interval ¢ € (0, 1] and suppose € < 1. We have

E[ () - ) ||

2

F(ﬁ)/(t )P (f(s,) = fis, %)) dis

Page 15 0f 18
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+3E[2P| gt ) — g(t,30) || |

m ' Bl _ 2
+3E @) /(;(t s) (a(s,xs) g(s,ys))dw(s)

3T BT?THQ)\ - 54 )
RIS (L W)”ﬂt <6 - y@)| .

Thus,

374
2B+ 1) - 3n T2P1-Tr(Q)

E|P|x0) -y || < a0

_ T4
Here, Ko = g an i@

Secondly, we consider the interval ¢ € (¢, £,]. We have
_ 2
E[27 |lx(e) -y |

< 5T v T* - Tr(Q)
ST+ ( r2g+1)

D) -0 ) 755 (71 )

i=1

el |0 -0

2
+5E

k 2

S () - L((57))) ﬁ

i=1

+5E

The conclusion |y(¢) — x(£)| < Koe for ¢ € (0, #] implies that

[1i(x(7)) = LO(8) | < Rae,
Vi(x(7)) = J(y())] < Roe,

since Iy, Ji are continuous functions.

Therefore,

E[ () - )|

- 5T% V2T2’3'TT(Q)
STpe1) ( r g +1

)izt st -5t0
k

5R3e T > B5RK’e
"2 T (ﬁ _“> W

i=1

Thus,

E[ () - )|

>° 4 - 2 T ’ 27,2
= (L=5LOT2(B + 1) — 50, T%1-Tr(Q) (T +;R1<ﬁ—t1) + R .

Page 16 of 18
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Hence, in the interval ¢ € (1, £;], we have

k 2
5 T
K = T R — —¢ R2K?

YT (U =5LOI2(B + 1) — 51, T2P1- Tr(Q) +l21: 1(,3—1 1) TR

In this way, we can prove for t € (¢;,t;,1],i=1,...,m.
Thus, there exists K = max{Ky, K1, ..., K,,} that satisfies Definition 2.4. a
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