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1 Introduction
In this paper we are concerned with the nonlinear Schrédinger—Poisson system:

—Au+Vx)u+ Kx)opx)u =f(x,u), xeR3 w1
—A¢p =K@x)u?, xeR3, .
where V,K : R3> — R and f : R? x R — R satisfy the following basic assumptions:
(VO) V,K € C(R3,(0,00)), V(x), and K(x) are 1-periodic in x1, x5, and x3;
(FO) f(x,¢t)is 1-periodic in %1, x7, and x3;
(F1) f € C(R3 x R,R), f(x, ) = o(|¢]) uniformly in x as ¢ — 0, and there exist constants
Co >0 and p € (2,6) such that

[f,t)| <Co(1+1el77"), V(x0) eR® xR,

Schrodinger—Poisson system (also called Schrodinger—Maxwell system) appears in the
quantum mechanics model or Hartree—Fock model, which is related to the study of the
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interaction of a charged non-relativistic quantum mechanical particle with the electro-
magnetic field. System (1.1) can be described by coupling a nonlinear Schrodinger and a
Poisson equation, from physical point of view, the unknown terms u and ¢ are the fields
associated to the particle and the electric potential, respectively, the functions V and K
are, respectively, an external potential and nonnegative density charge, the nonlinear term
f simulates the interaction effect between particles or external nonlinear perturbations,
and the coupled term ¢(x)u concerns the interaction with the field. For more details on
the physical aspects, we refer the readers to [5-8, 20, 23].

Note that when ¢ = 0, (1.1) reduces to the well-known Schrodinger equation, which
has been the object of various investigations; see, for example, [26, 33—-35, 39, 40] and the
references therein.

Under assumption (VO0), the set
E= {u e H'(R?) :/ (IVul* + V(x)u®) dx < +oo}
R3

is a Hilbert space equipped with the norm

1/2
lull = ( A (1val+ Vi) dx) .

It is well known that the Poisson equation is solved by using the Lax—Milgram theorem.
Indeed, as we shall see in Sect. 2, for every u € E, unique ¢, € D*(R3) is obtained, such
that —A¢ = K(x)u? and so (1.1) can be reduced to a single equation with a nonlocal term

—Au+ V(x)u + K(x)p, (x)u = f(x, u). (1.2)

Moreover, (1.2) is variational and its solutions are the critical points of the functional @

defined on E by
@D (u) = %/Rg(wuﬁ + V(x)uz) dx + i/ﬂ{s K(x)¢y, (x)u? dx — /]RS F(x,u)dx, (1.3)

where F(x,t) = fotf(x, s)ds. Define
Ni={u€E:(®'(u),u)=0,u+0}, (1.4)
which is the Nehari manifold of @. Let * denote the action of Z* on H!(R?) given by
(k*u)(x) =u(x— k), keZ
We note that if 1 is a solution of (1.1), then so are k * i for all k € Z2. Set
O(u) := {k * uo, k € 73},

which is called the orbit of uy with respect to the action of Z. Two solutions u#; and
are said to be geometrically distinct if O(u;) and O(u,) are disjoint.
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In recent years, there have been rich results for Schrédinger—Poisson systems like (1.1)
on the existence of nontrivial solutions, positive solutions, ground states, semi-classical
states, and multiple solutions; we refer to [1-3, 6, 9, 14-17, 25, 29] for the case f(x, u) ~
|u|72u with g € (4,6); [4, 28, 31, 36, 41] for the case f(x, u) ~ |u|72u with q € (3,4]; [13] for
the convolution nonlinearity;[18, 38] for the critical growth nonlinearity. [19] deals with
the multiplicity of solutions for the fractional Schrodinger—Poisson systems. In this paper,
we focus on the existence of ground state solutions and infinitely many geometrically dis-
tinct solutions for (1.1) in a periodic setting. Let us recall some previous results that led
us to the present research.

When the potential and nonlinearity are periodic, that is (V0) and (F0) are satisfied, Zhao
and Zhao [41] proved that (1.1) with K(x) = 1 has a ground solution and infinitely many
geometrically distinct solutions by using the Nehari manifold approach, where f and df/du
are continuous and satisfy suitable conditions. Based on the generalized Nehari manifold
approach developed by Szulkin and Weth [32], Sun and Ma [31] obtained similar results
as those in [41], where f satisfies (F0), (F1) and the following assumptions:

(SC) limy— oo % = +00 uniformly in x € R%;

(MT) f(x,t)/|t]? is increasing in £ on R \ {0} for every x € R3,

Later, Chen and Tang relaxed (SC) and (MT) to the following weaker conditions:
(F2) limj— oo % = 0o uniformly in x € R3;
(F3') there exists 6 € (0, 1) such that

11— 22|
(tr)?

|:f(x,t) _f(x, tt)

- @ >0, VxeR3¢>0,7+#0,
T T

i| sign(1 —¢) + 0V (x)
and established the existence of ground state solutions for (1.1) by means of the non-
Nehari manifold method developed by Tang [33-35].

To the best of our knowledge, except for [31, 41], there seems to be no result about the
existence of infinitely many geometrically distinct solutions for (1.1). Motivated by the
work of [9, 10, 31, 33], in the present paper, we shall establish the existence of ground
state solutions and infinitely many geometrically distinct solutions for (1.1) under weaker
assumptions than previous works.

Before presenting our theorems, in addition to (VO0), (F0), (F1), and (F2), we introduce
the following assumptions:

(F3) W is nondecreasing in ¢ on both (=00, 0) and (0, 00) for every x € R3;

(F4) there exists a constant 6 € [0, 1) such that

flx, )t —4F(x, ) + OV ()2 > 0, V(x,t) e R® x R;
(F5) f(x,—t) = =f(x,t), V(x,£) e R x R,

Theorem 1.1 Assume that V, K, and f satisfy (VO), (FO), and (F1)—(F3). Then Problem
(1.1) has a solution uy € E such that @ (ug) = infar @ > 0.

Theorem 1.2 Assume that V, K, and f satisfy (VO), (F0), and (F1)—(F5). Then Problem
(1.1) admits infinitely many pairs of geometrically distinct solutions.

Remark 1.3 Note that the assumptions of Theorems 1.1 and 1.2 are weaker than those of
[10, 31, 41]. A simple example of a function satisfying our assumptions but not conditions
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in [31, 41] is f(x, ) = b(x)u® — |u|>?u + |u|u for all (x,u) € R® x R, where b(x) is 1-periodic
in x1, %3, and x3 and infgs b > 0. In this sense, our results improve and complement those
of [10, 31, 41].

To prove Theorem 1.1, following the idea of [10], we apply the non-Nehari manifold
method. Unlike the Nehari manifold approach, the key point of this method lies in finding
a minimizing Cerami sequence for @ outside ' by using a diagonal method. However, the
fact that (F3) is weaker than (F3’) used in [10] would require our extra efforts. To prove
Theorem 1.2, inspired by [31, 32], we use deformation type arguments and Lusternik—
Schnirelman theory. However, since ¢ % is not increasing, the generalized Nehari ap-
proach developed by [32] does not work. To circumvent this obstacle, we borrow the idea
of [11, 12] in which Kirchhoft-type problems and Klein—-Gordon—Maxwell systems were
considered respectively. However, the competing effect of the nonlocal term [ ¢, 1? dx
and the nonlinear term ng F(u) dx in the expression of @ makes our problem more com-
plicated.

The paper is organized as follows. In Sect. 2, we introduce some notation and prelimi-
naries. We complete the proofs of Theorems 1.1 and 1.2 in Sects. 3 and 4, respectively.

Throughout this paper, we denote the norm of L*(R?) by [y = (fgs lul dx)'* for s > 2,
B,(x) = {y e R®: |y — x| < r}, and positive constants possibly different in different places by

C,Cy....

2 Notation and preliminaries
Hereafter, H'(R3) is the usual Sobolev space with the standard scalar product and norm

(21, v) 1 =f (VuVv + uv)dx, ||u||]2_11 =/ (|Vu|2 + uz) dx,
R3 R3
and
D" (R?) = {u e L°(R*): Vu e L*(R%)}

equipped with the norm defined by

2 2
lulyz = / Vul d.
R3

It is easy to show that (1.1) can be reduced to a single equation with a nonlocal term.
Namely, for any Ku? € L, (R?) such that

20802
//dedy@o,
r3Jrs  |x -yl

the distributional solution

du(x) = IM dy = 1 x Ku? (2.1)
R3S ¥ -l |x]

of the Poisson equation

-Ap =K(x)u?, xeR®
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belongs to D2(R3) and is the unique weak solution in D“?(R3) (see, e.g., [29] for more
details), and

/ Vo, Vvdx = / K(x)u?vdx, VveH! (RB), (2.2)
/ / K(J’ (%) 12 () dxdy:/ K (%), () dx. (2.3)
r3JR3 |x -yl R3

Moreover, ¢,(x) > 0 when u # 0, because K does (see (V0)). By using Hardy-Littlewood-
Sobolev inequality (see [21] or [22, p. 98]), we have the following inequality:

GO 82
fR 3 /R 3 ”pf V;T <5 \/—||M||6/5||V||6/5, uve L5 (R3). (2.4)

Formally, the solutions of (1.1) are then the critical points of the reduced functional (1.3).
Indeed, (VO0), (F0), and (2.4) imply that @ is a well-defined functional of class C! and that

(®'(w),v)= /

R3

(Vqu + V(x)uv) dx + / [K(x)q&u(x)u —flx, u)]vdx. (2.5)
R3

Hence if u € E is a critical point of @, then the pair (, ¢,,), with ¢, as in (2.1), is a solution
of (1.1).

Lemma 2.1 Under assumptions (V0), (F1), and (F2),

o (1-£2)? ,
D (u) > D(tu) + (&' (1), u) + 2 Vull?, YueE,t>0. (2.6)
Proof Foranyx € R3, £ >0, t #0, (F2) yields
4
1 4t ©f(x,7) + F(x,tt) — Fx,T) + @(1 - t2)27:2
_ fx,t)  flxst) (1-5175 4 -
_/t |: 5 e + Vi(x) G ]s tods > 0. (2.7)
Note that
D (u) = %||u||2 + %/]I@ K(x)¢,, (x)u? dx—fR3 F(x,u)dx (2.8)
and
(CD’(u),u): ||u||2+/ K (%), (x)us? dx—/ (e, u)udx. (2.9)
R3 R3

Thus, by (2.7), (2.8), and (2.9), one has

2

_ 4
2t llul® + 1 4t fRSK(x)¢,,(x)u2dx+/RS[F(x,tu)—F(x,u)] dx

1—t4 ( —t2)2
(e,

@ (u) — D (tu)

2
Vel
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+ ‘/]1;3[1 ;t4f(x,u)u+F(x,tu) —F(x,u) + @(1 —t2)2u2:| &

> 1- t4(¢’(u),u> + (-2

- 4

[Vull3, ¢>0.
This shows that (2.6) holds. g
Corollary 2.2 Under assumptions (V0), (F1), and (F2), foru e N,

@ (u) = ntl>aox D (tu). (2.10)

Unlike the super-cubic case, to show A # @ in our situation, we have to overcome the
competing effect of the nonlocal term. Inspired by Chen and Tang [10], we define a set A
as follows:

A= {ueE:/ [V(x)u2+K(x)<,z§,,u2 —f(x,u)u]dx<0}.
R3

Lemma 2.3 Under assumptions (VO) and (F1)-(F3), A # @ and N C A. Then, for any
u € A, there exists unique t(u) > 0 such that t(u)u e N.

Proof First, we show that A # . From (2.4) and Sobolev imbedding theorem, there exists
Cy > 0 such that [53 ¢,u® dx < Cyllu||* for all u € E. For any fixed u € E with u # 0, set
u(x) = u(tx) for ¢t > 0. By (VO0), one has

f [V(x)(tut)2 + K(x)gzb(mt)(tut)2 —flx, tut)tut] dx
R3

tlx, tu)t
=¢! / V(e x)utde+ ¢! / K(t'%)yu® dx - f(xigu)u dx
R3 R3 R3 t

tx, tu)t
< Voot )2 + CrKoo ™ lue]* — f W dx, (2.11)
RS

where Vi, = sup, g3 V(x) and Ky = sup,.gs K(x). Note that, for u(x) # 0, F(t"\x, tu)/
|tu|® — +00 as t — +0o uniformly in x € R3 by (F3), and (2.7) with ¢ = 0 yields

1 14
Z—}f(x,r)r—l—"(x,r)+%t220, VxeR3 1 eR, (2.12)
then we have
t L, tu)t:
[ tu)tu +00, ast— +oo uniformly in x € R3. (2.13)

|tul?

Thus, it follows from (V0), (2.11), and (2.13) that
/ [V(ac)(tut)2 + K(x)¢(tut)(tut)2 —f(x, tut)tut] dx — —00, ast— +00.
R3

Thus, taking v = Tuy for T large, we have v € A. Hence, A # ¢J. From (2.5), it is easy to see
that V' C A.
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Next, we prove the last part of the lemma. Let u € A be fixed and define a function
g(t) := (@'(tu), tu) on [0, 00). By (F2), one has

S o)t > flx, )ttt - V) (£ - 1)(tr)*, VeeR%t> 1Lt eR, (2.14)
which yields
/R3 [V(x)(t‘f)2 + K(x) s (£7)* = f(, tf)tr] dx
<t AS[V(x)TZ + K@) v° - f(x, 7)7]dx, Ve>1,7€R (2.15)
From (2.5) and (2.15) it follows that
g(t) < lul® +¢* /R i [Vx)u? + K(x)puu® — f(x, u)u] dx
- fR i Vx)uldx, Vt>1. (2.16)
Using (F0), (2.5), and (2.16), it is easy to verify that g(0) = 0, g(¢) > 0 for ¢ > 0 small and
g(t) <0 for ¢ large due to u € A. Therefore, there exists ¢y = £(#) > 0 so that g(f,) = 0 and

t(u)u € N'. We claim that () is unique for any u € A. In fact, for any given u € A, let
t1,t; > 0 such that g(¢1) = g(£;) = 0. Jointly with (2.6), we have

4 4 ( 2 2)2

t7 — L. ty — L.
®(tu) > P(tu) + 14t%2(¢’(t1u), tiu) + %IIVL!H%
(tz _ t2)2
= O(tu) + %nwn% (2.17)
1
and
t4 _ If4 (t2 _ t2)2
D (tu) > P(tiu) + 24t4 Lo/ (tyu), tou) + 22— || V3
2 2
(tz _ t2)2
= ®(fiu) + :Tlnwng, (2.18)
2
(2.17) and (2.18) imply ¢; = t,. Hence, t(u) > 0 is unique for any u € A. O

Lemma 2.4 Under assumptions (VO) and (F1)—(F3), then

inf @(u):=c= inf max ®(tu)>0.
ueN ueAu#0 t>0

Proof Both Corollary 2.2 and Lemma 2.3 imply that ¢ = infye 4,40 max;>o @ (tu). Using
Lemma 2.1, it is easy to see that ¢ > 0. O

Lemma 2.5 Under assumptions (VO) and (F1)—(F3), there exist a constant c, € (0,c] and
a sequence {u,} C E satisfying

D (u,) — Ca |®" ()| (1 + Nlsull) — O. (2.19)
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Proof By (F1) and (1.3), we know that there exist §o > 0 and po > 0 such that
@ (u) > po, llull = do. (2.20)
In view of Lemmas 2.3 and 2.4, we may choose vx € A" C A such that
1 1
c——<Pw)<c+-, keN. (2.21)
k k
Using Lemma 2.1 and (2.20), it is easy to check that @ (tv¢) > po for small £ > 0 and @ (¢vy) <
0 for large ¢ > 0 due to v, € A. Since @(0) = 0, then the mountain pass lemma implies that
there exists a sequence {uy ,}neny C E satisfying

D (tx ) = Crs |®" (i) || (1 + lltgull) > 0, k€N, (2.22)

where ¢ € [po, sup;.q @ (tvi)]. By virtue of Corollary 2.2, one has @ (vi) = sup,.o @ (£vk).
Hence, by (2.21) and (2.22), one has

1
@ (up ) = cx € [po,c + %), |® ()| (1 + lltacull) = 0, keN. (2.23)

Now, we can choose a sequence {n;} C N such that

1 1
®(Mk,n/<) € |:;0(),C + /_(>1 || ¢/(uk,nk)|| (1 + ”Mk,nk ”) < %7 keN. (224')

Let ux = g, k € N. Then, going if necessary to a subsequence, we have

D (uy) — ¢ € [porcl, | ()| (1 + lluull) — O. O

Lemma 2.6 Under assumptions (VO) and (F1)-(F3), any sequence {u,} C E satisfying
(2.19) is bounded in E.

Proof By (2.6) with ¢ = 0, one has
1, 1
¢+ 0(1) = D(un) - Z_L((p (), tn) = ZIIVunH; (2.25)

By (V0), it is easy to see that there exists Vj > 0 such that V(x) > V, for all x € R3. Since
(@' (tn), un) = 0(1), it follows from (VO0), (F1), and the Sobolev embedding inequality that

Voll 3 = 1P+ [ Ko
R
= / fu,)u, dx + o(1)
R3
1
< SVolal3 + Callul§ + ol1)

Vollunlls + C2S73 V|l + 0(1), (2.26)

N = N

=

which together with (2.25) implies that {u,} is bounded in E. O
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3 Ground state solutions
In this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1 Lemma 2.5 implies the existence of a sequence {u,} C E satisfying
(2.19), then

D (u,) — ¢y >0, (@' (), un) — 0. (3.1)

By Lemma 2.6, {u,} is bounded in E. If

8 :=limsup sup/ lu,|? dx = 0,
Bi1(y)

n—>00 ycR3

then by Lion’s concentration compactness principle [24] or [37, Lemma 1.21], u, — 0
in L*(R3) for 2 < s < 6. Moreover, there exists C3 > 0 such that ||u,|l, < Cs. By (F0), for
& = ¢,/2C3, there exists C; > 0 such that

3 ., . 3¢y
dx < ESCS + Cg nll>ngo ”Mn”z = T (32)

ot~ F G 1)

lim sup /
n—oo JR3

By (V0), (2.3), and (2.4), we have

lim sup f K(x)py, (x)uidx = lim sup / / Mufl(x)uft(y) dxdy
R3 R3 JR3

n—00 n— 00 |x —y|
2 Mz(x)uz()/)
<K. limsup/ / B dxedy
n—oo JR3JR3 X -
< CiKZ limsup [lu, |15 = 0, (3.3)

n—00

where, and in the sequel, C; = 8¢/2/3.3/7. From (1.3), (2.5), (3.1), (3.2), and (3.3), one has

C0 = D) = (' (), 1) + o(1)
2

_i ./1;3 K (%), () u, dx + /R3|:%f(x, )i, — F(x, un):| dx + o(1)

3¢y

< R +o(1).

This contradiction shows § > 0.
Going if necessary to a subsequence, we may assume the existence of k,, € Z> such that

)
/ |2 dx > —. (3.4)
Ba(kn) 2

Let v, (x) = u,(x + k,). Then

8
/ [V, dx > =. (3.5)
B5(0) 2

Page9of 16



Chen and Zhang Boundary Value Problems (2019) 2019:64 Page 10 of 16

Since V(x), K(x), and f(x, &) are periodic on x, we have
D (v,) = ¢ € (0,c], [®' )| 1+ llval) — 0. (3.6)

Passing to a subsequence, we have v, =~ vin E, v, — v in LfOC(IR?’), 2 <s<6,and v,(x) —
V(x) a.e. on R3. Thus, (3.5) implies that v # 0. For every ¢ € C3°(R?), we have

(@'(), ) = lim (¢'(v,), ¢) = 0

Hence @’(v) = 0. This shows that ¥ € N is a nontrivial solution of Problem (1.1) and
@ (V) > c. It follows from (F2), (3.6), and Fatou’s lemma that

1
c>c,= lim |:¢(Vn) - Z(qj/(Vn), Vn):|
im 11 1 V() ,
=1 —IVv,lI? —F(%, V)V — E(%, V) + ——v
ninolo{zln V||2+/Rs|:4f(x1’)1/ (o, V) + ) ]dx}
> Lliminf | Vv, |2 + limint / [lf(x, v~ Fv) 4 V& Vz] dx
4 n—oo n—co Jp3| 4
1, 1
I+ [R [ 67— Fla7 )] dx

& (V) - i(q)/(f/), V)= ®(v).

v

This shows that @ (V) < ¢, and so @ (V) = c = infar @ > 0. O

4 Infinitely many geometrically distinct solutions
To prove Theorem 1.2, we need some notations. For dy > d; > —co and ¢ € R, we put

oL = {ueE: @) <dy}, P = {ucE:@@W)>di},  OF =g NOY;
K:= {ueE\{O}:QY(u):O}, K= {uelC:@(u):c}.
In view of Theorem 1.1, under (V0), (F0), and (F1)—(F3), (1.1) has a nontrivial solution
u € HY(RY) satisfying @ (i) = co := infic @ > 0. Therefore, K D K, # ¥. Following the strat-
egy of [32], we choose a subset F of K such that F = —F and each orbit O(w) C K has a

unique representative in F. It suffices to show that the set F is infinite. So from now on

we assume by contradiction that
F is a finite set. (4.1)
Lemma 4.1 « :=inf{||lu—v| :u,ve K, ,u#v}>0.

Proof Choose {u,},{v,} C K such that ||u, — v,|| — «. Then there exist w!,w? € F and
ku, 1, € 73 such that u, = w!(- — k,) and v, = w?(- — [,). Put m,, = k, — [,,. There are two
possible cases.

Case (1). {|m,|} is bounded. Passing to a subsequence, m1,, = m € Z3, one has

/<+o(1)=||u,,—v,,||=le(-—k,,) w2(- —l)||—Hw —w? m)||>0
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Case (2). {|m,|} is unbounded. Passing to a subsequence, |m1,| — oo, one has

Kk +0(1) = [ty —vall = [W'( = k) =w?(- = 1)

w2 )| = (et [ ) 4 o)
Both Cases (1) and (2) show that « > 0. O

Lemma 4.2 (Discreteness of (PS)-sequences) Let ¢ > co. If {ul},{u?} C & are two
(PS)-sequences for @, then either ||u} — u2|| — 0 as n — oo or liminf,_, |lul — u2|| >
min{x, ~/2¢o} > 0.

Proof First, we prove the boundedness of Palais—Smale sequences for @. Let {u,} be such
that

@ (u,) = c>0, @' (u,) — 0. (4.2)

Then it follows from (F4) and (4.2) that, for large n € N,

\

1
c+1+ ”un” - (p(un) - Z(q)/(un):un)

I
il
=
=

”2 + / I:if(x! Up)tty — F(x, u”):| dx
R3

[\
5
s

which implies that {u,} is bounded in E. Thus, {ul},{#2} C ®¢ are two bounded (PS)-
sequences for @. Next, we fix p as in (F1), and we distinguish two cases.

Case (1). ||lul -u? |, — 0.In this case, we can prove that lim,,_, o ||z}, — u2|| = 0inasimilar
fashion as [32, Lemma 2.14].

Case (2). ||lu} — u2]l, -+ 0. Then again by [37, Lemma 1.21], there exist &9 > 0 and k,, € Z?
such that, after passing to a subsequence,

f |@_@Fm=ma/ = 2P dx > 0.
3
By, yx(kn) kez> JB,, /5

Using that @ is equivariant with respect to translations of the form u +— u(- — k) with
k € Z?, we may assume that {k,} is bounded in Z3. We may pass to a subsequence such
that

ul — ul, u’— u?, ut £ u?, q)/(ul) = (D/(uz) =0.
We first consider the case where u! #0 and u? #0, so that u!,u* € K. By Lemma 4.1, one

has liminf, o ||} — #2|| > |lu* — u?|| > «. It remains to consider the case where either

u®> =0 or u' = 0. In this case, it is easy to see that liminf,_ « ||z} — 22| > ||lu! — u?| >

\/EC(). O

Since @ is even, it is known (see, e.g., [30, Lemma I1.3.9]) that @ admits an odd pseudo-
gradient vector field, i.e., there exists an odd Lipschitz continuous map W : E\ (L U{0}) —
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E such that

W@l < 212" ()],

4.3
(@' (), W(w) = |9 ()] )

Now we consider the Cauchy problem:

d = —
@=—Won. (4.4)

n(0, u) = u.

The basic existence-uniqueness theorem for ordinary differential equations implies that,
for each u € E, (4.4) has a unique solution 7(t, u) defined for ¢ in a maximal interval
(T~ (u), T*(u)), and n(¢, u) is odd with respect to u € E.

Lemma 4.3 Let u € E \ (JC U {0}). If infic(o,7+(u)) P (n(t, u)) > —o00, then lim,_, 1+, n(Z, u)
exists and is a critical point of ®.

Proof From (4.3) and (4.4), we have
d
E@(n(t, u)) = —(Q)’(n(t, u)), W(n(t, u))>
<—|®' (ntw)|* <0, Vte[o,T*w). (4.5)

This shows that ®(n(t,u)) is strictly decreasing on ¢ € [0,7%(u)), and so 7 :=
limy_, 7+(,) @ (1(t, u)) exists.
Case (1). T*(u) < +00. For 0 < t; < t, < T*(u), from (4.3) and (4.4), we have

(e, )~ n(er, )] < / W (e, w) | de

t

<2 [ Jlo/ (o). W (n(e,))) e

t

1/2
<2/t -t| [ (& (ntu), W(n ”))>dt}

3]

Since T*(u) < +00, this implies that lim,_, 7+(,) n(¢, &) exists and then it must be a critical
point of @ (otherwise the trajectory ¢ — n(¢, u) could be continued beyond T*(u)).
Case (2). T*(u) = +00. To prove that lim,_, 7+, 11(¢, u) exists, it suffices to show that

for every ¢ > 0, there exists £, > 0 such that H n(te, u) — n(t, u) H <g, Vi>t,. (4.6)

We suppose by contradiction that (4.6) is false. Then there exist 0 < &g < % min{k, v2¢o}
and a sequence {t,} C [0, +00) such that

0<ti<ty<---<t,— +00 and Hn(t,,,,l,u) - n(tn, u) || =gy, VmeN. (4.7)
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Choose the smallest . € (¢, £,:1) and s, € [t,, £}] such that

[n(ti) = n(twu)]| =3 and |2 (s )] = min, [ (nte,w)]. (438)

Then it follows from (4.3), (4.4), and (4.8) that

3 = In(6,0) = ntt, )]

< [ 1wt | e

i
<2 [ "] (otew)
tn

2 oo ,
= 1o GGk w)l / | (n(e,w) | dt
2 o
= oGkl ft (@' (n(t,w), W (n(t, u)))de
2

_ B 1
" g 1© )= @ 0l )]

Since @ (n(ty,u)) — @ (n(tl,u)) — 0 as n — oo, the above implies that @’(n(s}, u)) —
0 as n — oo. Similarly we find the largest t2 € (¢,,t,,1) and s> € [t2,£,,1] such that
[n(tner, ) — 02 )|l = 2 and @'(n(s,u)) — 0 as n — oo. Let u}, := n(sh,u) and u? :=
n(sy,u). Then {u}} and {u;} are two Palais—Smale sequences of @ such that 2 < |lu, —
u?|| < 2&0 < min{k, ~/2¢p}. This, however, contradicts Lemma 4.2, hence (4.6) is true. So

lim,_, 7+, n(¢, ) exists, and it must be a critical point of @. O
In the following, for a subset A C E and § > 0, we put Us(A) := {v € E : dist(v, A) < }.

Lemma 4.4 Let ¢ > ¢y. Then, for every § > 0, there exists € = £(8) > 0 such that
(@) &ENK =K,
(b) limy_, 7+ @ (n(t, u)) < c— ¢ for u € @\ Us ().

Proof In view of (4.1) and the Z3-translation invariance for @, @ (K) := {®(w) : w € K} is
a finite set. Therefore, there exists & > 0 such that (a) is satisfied for ¢ € (0, €).

Without loss of generality, we may assume Us(K.) C ®*! and 8 < min{k, v/2¢o).
Next we find ¢ € (0,8) such that (b) holds. Let u € @ \ Us(K,). Since @ (n(t,u)) is
strictly decreasing on ¢ € [0, T (u)), if @ (n(to, u)) < ¢ — & for some t, € [0, T*(u)), then
limy_, 7+, @ (1(¢, u)) < ¢ — €. Thus, we only consider the case where @ (5(t, u)) > ¢ — £ for all
t € [0, T*(u)). In this case, it follows from Lemma 4.3 that lim,_, 7+, n(t, &) exists and is a
critical point of @. Set

a:=inf{| @' W) : we Us(K) \ Usn (K} (4.9)

We claim that & > 0. Indeed, suppose by contradiction that there exists a sequence {u} C
Us(KC,) \ Usyp(IC,) such that q§/(u}1q) — 0. Passing to a subsequence, using the finiteness

Page 13 0of 16
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condition (4.1) and the Z3-invariance of @, we may assume {1} C Us(wo) \ Us/2(wo) for
some wy € K,. Let u? = wy. Then

3
3 < lim sup||ui - ufl || < § <minf{x, ﬁco},
n—0o0
which contradicts Lemma 4.2. Hence « > 0.
Let 8 := sup{||®'(W)|| : w € Us(K.) \ Us2(K.)} and O < g < %. By Lemma 4.3 and (a), the
only way (b) can fail is that n(¢,u) > w € K, as t — T (u) for some u € @**\U;(K,). In
this case we let

t = sup{t € [0, T*(u)) :n(tu) ¢ Ug(ﬁ/)} and

(4.10)
W)}

te{te[0, T () :n(tu) el

3
2

Then from (4.3), (4.4), and (4.10), we have

S ty t
2 < It -n] < [[wOne)|de<2 [ oem)| de <266 -0)
t 5]
and
ty 9 ) (128
@ (n(t2, ) — @ (n(t1,u)) < —/ @' (n(t,w) | dt < —a?(t - 11) < TR
t

Hence limy, , 7+,) @ ((te, u)) <c+¢ - % < ¢, contrary to our assumption. O

Proof of Theorem 1.2 For j € N, we consider the family X; of all closed and symmetric
subsets A C E \ {0} (i.e, A = —A = A) with y(4) > j, where y denotes the usual Kras-
noselskii genus (see, e.g., [27, 30]). Moreover, we consider the nondecreasing sequence of
Lusternik—Schnirelman values for @ defined by ¢ := {c € R: y(®°) > k} for k € N. We
claim:

K #9 and cp<cra, kel (4.11)
To prove this, let k € N and ¢ = ¢¢. In view of Lemma 4.1, y(IC,) =0 if L. =@ or y(IC.) =1
if K. # ¥ By the continuity property of the genus, there exists § > 0 such that y (Us(K,)) =
y(K.). Choose ¢ = £(8) > 0 such that the properties of Lemma 4.4 hold. Then, for every
ue @\ Us(K,), t, € [0, T*(u)), where ¢, := inf{t € [0, T*(«)) : D (n(t, u)) < c— ¢&}. Since
n(¢, u) is odd with respect to u and @ is even, it implies that ¢, = £_,,. Define a map

h: @\ Us(KC,) —> @78, h(u) = n(t,, u).
Then % is odd and continuous. Hence y (@4 \ Us(KC,)) < y(@°*) < k — 1 and therefore

y (@) <y (ToKD) +k—1= () + k1.

The definition of ¢ = ¢, and of ¢,; implies that y(K,) > 1 if ¢xy1 > ¢k and y(IC.) > 1 if
Cks1 = k. Since Y (F) = y(K;) <1, (4.11) follows.
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It follows now from (4.11) that there is an infinite sequence {u} of pairs of geometrically
distinct critical points of @ with @ (u) = ¢, contrary to (4.1). The proof is finished. [
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