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1 Introduction
There are many papers which have been dedicated to resolving questions of existence,
uniqueness and asymptotic behavior for solutions of semilinear/quasilinear elliptic equa-
tions of the form

Au(x) + plx,u) =0, x€ 2, (1.1)

where £2 is either a bounded or unbounded domain of R” (1 > 2) (see, for instance, [1, 3,
5,16, 20-22, 24, 25, 27-29, 32, 33, 37, 48, 49, 51, 52] and the references therein).

In [32, Theorem 3.2], Kusano and Swanson studied equation (1.1) for £2 = 27 :={x €
R?: |x| > T > 1}. Using the sub-super solution method, they have proved that equation

u(x)
In x|

(1.1) has a positive solution u#(x) such that
in 27 if

is bounded and bounded away from zero

¢>(|x|,u) <@ u) < ¢(|x|,u), for all (x, u) € 27 x (0, 00),

where ¢(t,u) and @(t,u) are nonincreasing functions of u for each fixed ¢ > 0 with
foo td(t,clnt) dt < oo, for some positive constant c.
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Ufuktepe and Zhao [48, Theorem 1.1] considered (1.1) in the case £2 = D is an un-
bounded domain in R? with a compact nonempty boundary 3D consisting of finitely many
Jordan curves, ¢(x, t) is a Borel measurable function in R? x [0, c0) continuous in the sec-

ond variable for each fixed x € R? and satisfying
o, )| <F(x,1), (x,t) € R* x [0,00),

where F(x, t) is a positive, convex and continuously differentiable function in R? x [0, c0)
with F(x,0) = %F(x, 0) =0, and %F(x, In |x| + 1) belonging to the Kato class K3°(D) (see
[48]).

Then by using Brownian path integration and potential theory, they have proved that

for a small A > 0, Eq. (1.1) has a positive solution u € C(D) satisfying u,, = 0 and
u(x) A

111’n|x|—>c>o njx] =

In [37, Theorem 1.1], Méagli and Maatoug improved the result obtained in [48] by intro-
ducing a Kato class K(D) (see Definition 1.1), which properly contains K5°(D), and adopt-
ing weaker hypotheses on ¢.

The class K(D) has been proved to be very useful in the study of various existence and
multiplicity results for large classes of elliptic boundary value problems (see, e.g., [39, 41,

51]).
In [51, Theorem 3.5], Zeddini proved that for £2 = {x € R?: |x| > 1} and for each A > 0,
Eq. (1.1) has a positive solution # € C($2) satisfying U, =0 and limpy_ % = A, pro-

vided that ¢ is continuous and nonincreasing with respect to the second variable with
¢(-,c) € K(£2) for every ¢ > 0. Several estimates of a such solution have been also ob-
tained.

In [26, Theorems 1.1 and 1.2], by combining variational methods with the geo-
metrical feature, Filippucci et al. established existence and non-existence results for
quasilinear elliptic problems with nonlinear boundary conditions and lack of compact-
ness.

In [11, Theorem 1.2], by using sub-supersolution method, Chhetri et al. studied the ex-
istence of positive solutions of —A,u = K (x)% in an exterior domain 2 of R”, # = 0 on
082 limjy—, o0 u(x) = 0, where Aju := div(|VulP~2Vu) is the p-Laplacian with 1 < p < # and
0 < § < 1. The weight function K : £ — (0,00) and the nonlinearity f : [0, 00) — (0, 00)
satisfy the following hypotheses:

» There exists K* > 0 such that 0 < K(x) < % for x € 2, where o > 1 + 8;—:‘1”.

« f is continuous and lim;_, o, Spf,(—f)m =0.

Sharp estimates have also been obtained. The uniqueness has also been proved under an
additional assumption on f.

Recently, Carl et al. [7] considered Eq. (1.1) for 2 = {x € R? : |x| > 1} with p(x,u) =

a(x)(Au — g(u)), where L. > 0, a: £2 — R is measurable with |supp(a)| > 0 satisfying

0<a(x) < ,  with « > 0 for some constant ¢ > 0,

|x|2+a

and the growth for the continuous nonlinearity g : R — R at zero and at infinity is su-
perlinear, which includes even exponential growth. By proving a Hopf-type lemma and
employing the sub-supersolution method in the space D(l)’z(.(?), which is the completion
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of C2°(£2) with respect to the || V.|| o-norm, they have proved the existence of extremal
constant-sign solutions # in D(l)’z(.Q) for Eq. (1.1) subject to the boundary condition # =0
on d52. The obtained solutions are not decaying to zero at infinity, and instead are bounded
away from zero.

In this paper, we will address the question of existence and global behavior of positive

continuous solutions to the following nonlinear singular sublinear problem:

—Au(x) = a(x)u’(x), «x € D (in the distributional sense),
u>0, inD,

ulx) =0, xe€aD,
(%)

: ux,
hm\x\—>oo 1n Ix‘ =Y

(1.2)

where o < 1, D is an unbounded domain in R? with a compact nonempty boundary 9D
consisting of finitely many Jordan curves and the weight function a(x) (which could be sin-
gular) is required to satisfy some adequate conditions related to the Karamata class (see
Definition 1.3). In particular, we improve the sharp estimates obtained in [51]. We empha-
size that the use of Karamata regular variation theory has been suggested by Cirstea and
Rédulescu, [13-17] in the study of various qualitative and asymptotic properties of solu-
tions of nonlinear differential equations. Since then, this setting became a powerful tool
in describing the asymptotic behavior of solutions of large classes of nonlinear equations
(see [3, 8-10, 18, 23, 27-29, 35, 36, 38, 4345, 50, 53]).

Before stating our main result, we need to fix some notation.

Notation
(i) D isan unbounded domain in R? with a compact nonempty boundary 9D
consisting of finitely many Jordan curves. That is, D = U]];l D;j, where (D)) is a
family of bounded domains satisfying:
« Fori#j,D;ND; = .
« Foranyj € {1,...,k}, there exists a continuous function f; : [0,1] — R? with
£i(0) = £i(1) and f;(¢) #f;(s) for any 0 < ¢ < s < 1 such that dD; = {f;(¢), € [0, 1)}.

dp(x)
Sp(x)+1

(if) For x € D, 8p(x) will denote the Euclidean distance from x to 4D, pp(x) =
and Ap(x) = 8p(x)(Sp(x) + 1).

(iii) For x,y € D, Gp(x,y) will be the Green’s function of the Laplace operator
u — —Au in D with zero boundary Dirichlet condition.

(iv) Leta € R2\D and r > 0 such that B(a, ) C R*\D. Then we have for x,y € D,

Gp(x,y) = Gpa (";”‘”) and  8p(x) = 6 (";“).

r

So without loss of generality, we may assume throughout this paper that
B(0,1) c R*\D.

(v) For any two nonnegative functions f and g on a set S,

fx)~gx), x€S§S <= 3Fc>0,VxeS, %f(x)fg(x)fcf(x).
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(vi) Forx € D, let x* = # be the Kelvin inversion from D U {00} onto

D* ={x* € B(0,1) :x € DU {o0}}.
+ From [12], D* is a regular bounded domain containing 0 and

8px(x*)8p+ (y*)

=y >, forx,y € D. (1.3)

Gp(x,y) = Gpx (x*,y*) ~ ln<1 +

«+ From [37, Lemma 2.1 and Proposition 2.3], we have

Sp(x) + 1~ |x|, x €D,
pp(x) ~ 8p (x¥), x €D, (1.4)
Gp(®,y) = In(1+ *B2BY), %,y D.

(vii) w is a sufficiently large positive real number.
(viii) B(D) be the set of Borel measurable functions in D and B*(D) be the set of
nonnegative ones.
(ix) C(D) is the set of all continuous functions in D.
(x) Co(D) :={v e C(D),lim,_,¢cap v(x) = 0 and lim,|_, o v(x) = 0}. Note that Cy(D) is a
Banach space with the uniform norm [|v|| e := sup,p [v(x)].
(xi) We define the potential kernel V on B*(D) by

Vi) = fD G, () .

We recall that for any function f € B*(D) such that f € LL (D) and Vf € LL (D), we have

loc loc
—A(Vf)=f in D (in the distributional sense). (1.5)

From [12, Lemma 2.9] or [42, Theorem 6.6], we know that for any function f € B*(D) such
that V¥ (x,) < oo for some xo € D, we have Vf € LL (D).

loc
The letter C will be a generic positive constant which may vary from line to line.

Definition 1.1 A Borel measurable function g belongs to the class K(D) if g satisfies the

following conditions:

) )
lim sup/ poly GD(x,y)|q()’)} dy=0
=0 xeD J (D PD(X)

and

op(y)

lim sup/
M—+00 xep J (ly|=M)ND Pp(x)

Gp(x,9)|q()| dy = 0.
Remark 1.2 ([37, Proposition 3.6]) Let A, u € R. Then

x— |xPH (5(96))7)\ € K(D) ifandonlyif A<2<pu.

Page 4 of 24
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Definition 1.3 ([30])
(i) A function M defined on (0, 1), for some n > 0, belongs to the Karamata class Ky if

M(t) = cexp(/ ﬁds),

where ¢ > 0 and v € C([0, n])) with v(0) = 0.
(ii) A function M defined on [1, 00) belongs to the Karamata class Ko if

M(t) = cexp(/ ﬁd )

where ¢ >0 and v € C([1, 00)) with lim;_, o, v(£) = 0.

Remark 1.4
(i) The classes Ko and Ky are characterized respectively by

{M [1,00) — (0,00), M € C}([1,00)) and.lim t/\/\fl(i)) o},
and, for some 71 > 0,
M'(t
{/\/l (0,17) — (0,00), M € Cl((() n)) and hm t./\/l((t)) 0}.

(ii) Observe that the map t — M(t) belongs to K if and only if the map ¢ — M(%),
defined on (0, 1], belongs to Xy.

Nontrivial examples of functions belonging to the class ICy (see [4, 40, 46, 47]) include

. ]_[1 1 (Ini(% )%, for any integer m > 1, Injt =Ilnolno---olnt (j times), § € R. Such
functions are frequently used as weight functions (see, for example, [31] and [34]);

« exp((-Ing)¥) with ¢ € (0,1), £ € (0,1).

The class K, contains, for example, functions of the form I—[;Z l(lnj(a)t))gf , where & e R.

Throughout this paper, we assume that the following conditions hold:

(H) a is a positive continuous function in D such that

a(x) ~ (pD(x))_kﬁo(pD(x))le”‘ﬁoo(lxl), for x € D, (1.6)
whereo <land A <2 < .

Here,
o Lo € Ky defined on (0,7) (n > 1) is such that

n
/ s Lo(s) ds < 00.
0
o Loo(t) = [1)L; (Ing(wt)) "k, with pux € R satisfying

either u; >1+o,

or 41 = 1+ o and there exists p > 2 such that

Mo =-++=p1=1and pu,> 1.

Page 5 of 24
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We introduce the function 6 defined on D by

0(x) := (o0 ()™ VT2 (Zo(pp(0))) 7 (Lo (121)) 7 (17)

where Zo is defined on (0, n) by

1, ifa<l,
- TR g, ifa=1,
Zot) = J: St

Eo(t), ifl<A<2,

t Lo(s) iea
Jo =%ds, ifr=2,

and Zoo(t) =1,if u>2and for u =2, Zoo is defined on [1, 0c0) as follows:

() Fur=1l+o,uy=---=ppy=land u,>1,
Loo(®) = (n(wt)) ™ () ™ T (i)™
k=p+1

(i) fl+0<pu <2,
Loo(®) = (In(t)) ™ [ (ne(wt))”
k=2

(iii) If uy =2 and u; =1, for 2 <i < m,

Loo(t) = Iy (00).

(iv) fpur =2, up=---=p1=1land u; <1,
Loo(®) = ((wt)) ™ TT (ne(wt)) ™
k=1+1
V) If(u1=2,pp="---=pp1=1and u;>1)or pu; >2,
Loo(t) :=1.

Using Karamata’s theory and the Schauder fixed point theorem, we prove our main re-
sult.

Theorem 1.5 Leto < 1 and assume that function a satisfies assumption (H). Then problem
(1.2) has at least one positive continuous solution u on D such that

%G(x) < u(x) < co(x), (1.8)

for x € D and where c is a positive constant.

Remark 1.6 Since u ~ 6, it is important to note that in the above cases (i)—(iv),

lim|x|_>oo u(x) =00

Page 6 of 24



Bachar et al. Boundary Value Problems (2019) 2019:65 Page 7 of 24

2 Preliminaries and key tools
2.1 Kato class K(D)

In this subsection, we recall and prove some properties related to the Kato class K(D).

Proposition 2.1 Let g € K(D), xo € D, and let h be a positive superharmonic function in D.
Then we have

(i)

1
li — Gp(&,y)h dy) =0, .
rg(zl:g e /B(xo,r)m p(&2h(»)|q()| y) 0 (2.1)
lim (su L[ Gp(&,9)h(y)| (y)|d>—0 (2.2)
M—+o00 xegh(é) (y1=M)ND s 1 7)== )

(i) The potential Vq is bounded and the function x — pp(x)q(x) is in L(D).
Proof See [37, Proposition 3.4 and Corollary 3.5]. O

Lemma2.2 Let M > 0and o > 0. Then there exists a constant C > 0 such that forallx,y € D
with |x — y| > a, and |y| <M,

In(w|yl)
In(w|x|)

Gp(x,y) < Cé(y).

Proof Let x,y € D with |x —y| > «, and |y| < M. Since |x| > 1, by using (1.4) and the fact
that In(1 + £) < ¢, for £ > 0, we obtain

In(w|y]) Ap(%)Ap(»)
ln(wlxl)GD(x’y) =¢ lx — y|?

C(5D(x) +1)?
x — y|?

(8p(x) + 1) (8p(x) + 1)2:|

= C|:IxI<M+1 o? ’ \x\sz%\}?u (x| — M)? %0)

< Cép(y). O

(50())

Proposition 2.3 Let g € K(D). Then the function

1
B (x) 1= D /D Gp(x,y) In(wlyl)q(y) dy
belongs to Cy(D).

Proof Let £ >0, xo € D and q € K(D). Using Proposition 2.1 with /(x) = In(w|x|), there
exists r > 0 such that

1 &
- G, 9)1 dy< -
P LD /B(xo'rm (& ) In(wlyl)|qk)|dy < 2

and

1

In(w|&]) J(y=annp

sup Gp(&,9) In(wlyl) |q0)| dy < %
&eD
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If xo € D and x € B(xo, 5) N D, then we have
&eD B(xg,r)ND

1
|9 (x) — 0 (x0)| < 2sup @IED / Gp(&,9) In(wlyl)|q()| dy
1

2sup ———— Gpl&, )1 d
?lelgln(wlél)/(yzmm b ) In(wlyl)|q()| dy

!,
Do
.
< -+
2 Do

where Dy = DN B(0, M) N B(xq, 7).
By Lemma 2.2, there exists C > 0 such that for all x € B(xo, 5) N D and y € Dy,

Gp(x,y) - Gp(x0,9)|In(wlyl)|q(y)| dy

1
In(w|x|) In(wlxo|)

Gp(x,y) - Gp(xo0,y)

1
In(w|%ol) In(wlyl) |40)| d,

In(w|x[)

In(w|y |)
In(w|x|

®9)|a0)| < C8()|a0)|.

Moreover, (x,y) GD(x, ¥) is continuous on (B(xo, 5) N D) x Dy. Then by Proposi-

In(wlx]) w\x\
tion 2.1(ii) and Lebesgue’s dominated convergence theorem, we have

lim
x=x0 Jp,

That is, there exists § > 0 with § < § such that if x € B(xo, §) N D then

Jn

Gp(x0,y)| In(wlyl)|q(y)| dy = 0.

Gol,y) — ————
PP n(wlrol)

In(wlx])

Gp(x,y) -

Gp(x0,y) | In(wlyl)|qk)| dy < =

1
In(wlxol)

In(w|])
and

|9 (x) — 9 (x0)| <.
This implies that

lim 9 (x) = ¥ (xo).

X—=>X0

If xo € 3D and x € B(xo, 3) N D, then we have

9 (x)| < Gp(&,9) In(wlyl)|q()| dy

1
i ],
EeD In(w|€1) JpernD

_ Gp(&,y)1 d
ilelg In(w|&1) J(y1=rnp p(57) n(w|y|)|q(y)| ‘

1
+./1;0 In(w]x I)GD(x’y)]“(wlyl)lq(yﬂdy

Now, since limy, i gl‘i ll) Gplx,y) =0, for all y € Dy, we deduce by similar arguments as
above that
lim 9 (x) = 0.

x—>X0
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It remains to prove that lim,—, o ¥ (x) = 0. Indeed, let M > 0 and x € D be such that |x| >
M + 1. Then we have

|9 (x)| < sup Gp(&,9) In(wlyl)|q»)| dy

geD In(wl&]) (ly|=M)ND

1
o [ Gt n(oly)|a0)] dy
In(w|x]) Jiy1<mnp
Since limy_ o }Egzl‘ﬁ; Gp(x,y) = 0 uniformly for |y| < M, then from (2.2), Lemma 2.2,

Proposition 2.1(ii) and Lebesgue’s dominated convergence theorem, we deduce that
lim|x|%oo ﬂ(x) =0.
Hence ¢ € Cy(D). O

2.2 Karamata class
In this section, we collect some properties of the Karamata functions, which will be used

later.

Lemma 2.4 (See [47])
(i) If M1, My € Ky (resp. Koo) and t € R, then

M, MiMy and My + My belong to Ky (resp. Koo).
(ii) Let M € Koy and € > 0. Then

tlir(r)1+ tPM(t)=0 and tlir(r)1+ tE M(t) = oo.
(iii) Let M € Ky and & > 0. Then

lim t*M(t) =0 and tlim t* M(t) = c0.

t—>00

Lemma 2.5 (See [40,47]) Lety e R, M € Ky and L € K. Then
(i) foﬂ sY M(s) ds converges for y > -1, and

t y+1
/SVM(s)ds L TTME
0

-0ty +1

(ii) fO" Y M(s) ds diverges for y < -1, and

fnsVM(s)ds ~ —w.

¢ t—>0* y+1

(iii) floo sY L(s) ds converges for y < -1, and

oo y+1
/ sYL(s)ds ~ ! E(t).
t

t—00 y+1
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(iv) floo s” L(s) ds diverges for y > -1, and

t y+1
/ S Lls)ds ~ L
1

—oo y+1

Lemma 2.6 (See [47)) Let M € Ko. Then lim.—.o: - Ma_-o.

27 ds

In particular t — ft" @ ds € K.

If further [ MT(S) ds converges, then lim,_, g+ % =0.
0 s

In particular, t — Ot @ ds € Ko.

We have the following similar properties related to the class Ko

Lemma 2.7 (See [9]) Let L € K. Then lim;_, o L(?

FEcr

s

In particular, t — 1”1 % ds € K.

If, furthermore, loo @ ds converges, then lim;_, £0__ _,

Jee B as
In particular, t — too @ ds € Keo.

An important step in the proof of Theorem 1.5 uses the following

Proposition 2.8 ([2]) Let 2 be a bounded regular domain in R* containing 0.

Lety,v <2and L3, Ly € K be such that

1 n
/ sV Ls(s)ds <00 and / s'7Ly(s)ds < 0o,  for n > diam(£2).
0 0

Put
b(x) = x| 77 Ly (Ix]) (82 (%)) "La(82(x)), forx € £2\{0}.
Then for x € 2\{0},
V() ~ s (1a1) (52 @) ™" La (52 ),

where for t € (0,n)

~ 1 ify <2,
Ls(t) := oy [t L3(s) 1wy Las) .

In(2) fy =2ds + [/ In(2)=2ds, ify =2,

and
17 l:fvv < 1,
MLl go o ify =1,

Ly(t) = S 4

L(2), ifl<v<2,

fOtL“T(S)ds, ifv=2.

(2.4)

Page 10 of 24
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Proposition 2.9 Let ¢ be a positive continuous function in D such that
o) ~ (pp()) " Mo(op()) ¥l PN (Ixl), forx €D, (2.5)
where o <2 < 8, My € Ky defined on (0,n) (n > 1) is such that
n
f s Mo (s) ds < oo,
0

and Noo(t) = [ 1o, (Ing(wt)) Pk, with By € R satisfying either 1 > 1, or (B1 = 1 and there
exists p > 2 such that o =--- = B,_1 =1 and B, > 1). Then

Vo) ~ (pp)™""* ™ (Mo(po@))) (Nac (1)), forx € D,

where f\;(/() is defined on (0,1) by

1, ifa <1,
~ n Mo(s) ds, ifa=1,
A
Mo(2), ifl<a<?2,
o Hds, ifa=2,
omd/\/ L, if B> 2 and for B =2, No is defined on [1,00) as follows:
1fl31—1,/32— c=Bp1=1and B, > 1,

Nool®) = (n(et)) (Iny(t) ™ T (ng(wt) ™.

k=p+1

(i) f1<p1<2,
Nool#) = (Inwt)* ™ T (In(t))
k=2

(iti) IfB1=2and B;=1,for2<i<m,
./\700(t) = Iy (wt).

(iv) IfB1=2,B2=--=B1=land B <1,

Noo(#) = (ng(e) ™ TT (ne(wt)) ™

k=Il+1
V) If(f1=2,B2=---=Pri=land B;>1) or 1 >2,

Noo() = 1.

Page 11 of 24
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Proof From (2.5), we have
Vi) ~ /D Go(,3) (0p0)) “Mo(po )y * Nao () dy, forx € D.
Using (1.3), (1.4) and the fact that Mo(pp(y)) = Mo(8p=(¥y*)), we obtain
V(x) ~ fD Gp+ (x%,5%) (80 (%)) ™ Mo (8p+ (v*) ) [y PN (Iy1) dy,  forx € D.

By letting & = y*, we obtain
Vo (x) ~ /D G (&) (800 (£)) ™ Mo (8- (€)) 161" N <| a)dg’ forx € D.

From Remark 1.4(ii), the function ¢t — ./\/oo(%) belongs to KCy. Using this fact, and apply-
ing Proposition 2.8 withy =4 -8 <2, v=a <2, L3(t) = J\/oo(%) and Ly = My, we deduce
that

V() ~ (8o (x%)) ™" Mo (8p+ (x*)) s (|2*

), (2.6)

where for r € (0, )

1, ifa<l,
~ frn % ds, ifa=1,
Mo(}”) =

Mo(r), ifl<a<2,

fo M9 gs, ifa =2,
and

o itB>2,
3\r) = 1
In(2) 7 220 gy in(e) X2 o ifpon,

For B = 2, by direct computation, we obtain the following:

(i) Ifpi=1,B=--=B,.1=1land B, > 1,
~ 1-pp m ~Bx
o)) L)
k=p+1

(i) If1<B1 <2,

o= (o) in(5)

(iii) If By =2and B;=1,for2 <i<m,

~ w
Ls(r) ~ Inyyy <7)
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(iv) If p1=2,8=---=p1=1and B; <1,
- 1-gp m —Ik
) )
k=1+1
V) f(B1=2,B=---=p1=1and ;> 1) or B; >2,
Ls(r) =1.

We letjiv/' (t):= L (1) for ¢ € [1,00). The required result follows from (2.6) and the fact
that |x*| = Ill’ forx € D.
The proof is completed. d

Proposition 2.10 Under condition (H), we have
Vp(x) = 6(x), forxeD,

where p(x) := a(x)0° (x), o < 1 and 0 is defined in (1.7).

Proof Let a be a function satisfying condition (H). Using (1.6) and (1.7), we obtain
px) = a(x)6° (%) = (po()) ™ Mo(pp(0)) Il Noo 1x])

where o = A —min(1, 2%)o, 8 = u > 2 and for t € (0, 7)

’1 -0
Lo(2), ifA<1,
Lo@)(f L2 gs)rs, ifa=1,
Mo(t) = ol )(ft1 03 ds) i
(Lo(t)) T, ifl<i<2,

Lo@)(fy 229D ds)%, if 1 =2,

S

and for s > 1, Noo(s) = Loo(s), if u > 2 while for p = 2, N, is defined as follows:

—Ifpr=1+o0,pup=---=ppr=land p,>1,
up P71 m
o' p -1 M
Noo(s) = (ln(ws)) (In,(ws)) T2 1_[ (Ing(ws)) H (Ing(ws)) =7
k=2 k=p+1

- Ifl+o<u <2

"1

Naols) = (In(ws)) 77 < [T (ne(ws)”
k=2

— Ifu;=2and u;=1,forall2 <i<m,

m

Nio(s) = (11 (@5) = [ ] (Ine(ws)) ™.

k=1
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- Ifur=2,up=-+-=p1=land yu; <1,

o—p

-1 m e
Noo(s) = (ln(ws)) (Iny(ws)) ™= l_[ (Ing(ws))” l_[ (1111((%)) )
k=2 k=1+1

- If(u1=2pma=---=pw1=1and u;>1)or ug >2,
Nools) = [ [(in(ews)) ™
k=1

Since A <2, then it follows that « < 2.
By applying Proposition 2.9, we obtain

Vo) = (pp®)"™" > (Mo (pp(®))) (Voo (Ix1))-

Since min(1,2 — v) = min(1, {= U) we deduce for x € D,

ZA

Vo) ~ (op@) ™" (Mo (pn () (N (1)) = 0.
This completes the proof.
3 Proof of Theorem 1.5
In order to prove Theorem 1.5, we need first to establish some preliminary results related

to the following problem (P, ) with y > 0:

—Au(x) = a(x)u’ (x),x € D (in the distributional sense),

p u>0inD,
2 li _ul)
1My 35D ln(wlxl) =Y,
) _
llm‘x‘ﬁoo lnl(le\cx\) =Y.

The next lemma will be used in what follows.

Lemma 3.1 (See [2]) Let §2 be a bounded regular domain in R? with 0 € 2. Let A1, A, € R,

My, My € Ko and set
V(€)= 1€ML (18D) (82(5)) Mo (80(8)), foré e 2.

The following properties are equivalent:

(i)

1)
lim sup/( Q(S)Gg(ﬁ;é)W(S)’dS:O»

@=0,e0 Jimne 82(¢)

where G (¢, &) the Green’s function of the Laplacian in $2.

Page 14 of 24
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(i)
n w 7
/ st ln<—)/\/11(s) ds<oo and / s' 2 Miy(s)ds < 0o
0 s 0

with A1 <2 and Ay < 2.

Proposition 3.2 Assume that hypothesis (H) is fulfilled. Then the function q(y) :=
(In(wl|y]))? La(y) belongs to the class K(D).

Proof Let «a > 0. Since |x* — y*| = I‘z@‘l , |¢| > 1 and |y| > 1, it follows that if y € B(x, «) then

y* € B(x*,a). Therefore by (1.6), (1.3) and (1.4), we have

fB( po) Gp(x,y)(In(wly)))” ™ aly) dy

)ND PD (x)

*\\1-A
<cf OO G ) o) alo ) ()
Bxa)np 0D+ (%*)

(SD*(%_))IJL * =4
<c /B o ey G ) Ma(o )M ()

8 " 1-A
<C sup / B0 D 7 () Mo (50 (€)) 617~ M (&) e,
reD* JB(c,onp* Op+(L)

where M (s) := (In(2))© "D Lo (3) and My(s) := Lo(s).
By hypothesis (H), Remark 1.4(ii) and Lemma 2.4, we have M;, M3 € Ky and condition
(ii) in Lemma 3.1 is satisfied.

Hence

lim sup/ Po(Y) GD(x,y)(ln(a)|y|))G_1a(y) dy=0.
@0 yep JBa)np PD(X)

Next, we claim that

lim sup/( po0) GD(x,y)(ln(wlyl))a_la(y) dy=0.

M—+00 xeD J(|y|>M)ND op(x)

Indeed, by the above argument, for ¢ > 0, there exists « > 0 such that

8 * 1-2
Sup / ﬂGD*(@:S)MZ((SD*(S))E|M_4M1(|§|)dg <e.
ceD* Jpcnpr  6p+(£)

Fix this & and let M > 0. Using (1.3), we obtain

/ P0) e ) (n(wly))° " a) dy
(lyl=M)

Ap Pp(X)

(6p ()

<c f G (5, &) Mo (5 (6)) |1 M, (1% 1) de
(gl=dpnps 8o+ (x*)

(Gp- (&)

=Ce+C / —— G+ (67, &) M (8p+ (8)) |6~ M (1) dE
(lw*-gl=a)n(g|< 4)nDr 0D (x¥)
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<CesC / (8- (8))" Mo (80 (8) IE 1" M, (1€ 1) d
(Ig1<4)nD*

<Cex c/ EPA M (JE1) d
(1= )ND*

L o-1
1
SCe+C/‘Ms"'3(ln<8>> Eoo<—) ds.
0 N N

Now by using hypothesis (H), Lemmas 2.4 and 2.5, we have

L))o

1
Therefore limy 00 fo" $*73(In(2))? ! Loo(2) ds = 0, which gives the required result. [

Proposition 3.3 Let o < 0, and assume that hypothesis (H) is satisfied. Then foreach y > 0,
problem (P,) has at least one positive solution u, € C (D) such that for x € D,

iy (%) = y In(wlx]) + /D Gp(x,y)a(y)us,(y) dy. (3.1)

Proof Let 0 <0and y > 0. By Propositions 3.2 and 2.3, we have

1 y _
h(x) := Gp(x, 1 dy € Cy(D). 3.2
£ o) i= s | Gols ) in(b)” dy e ColD) (32)
Let B:=y + ¥? |||l and consider the convex set A given by
A={V€C(EU{OO}):]/§V§,3}.

Define the operator T on A by

1
In(w|x|)

Tv(x) =y + /DGD(x,y)a(y)(ln(aﬂyl)Uv” () dy.

We aim at proving that T'A is equicontinuous at each point of D.
Indeed, let xg € D. Since o < 0, we have for eachve A and allx € D,

Golo) ~ = Gplao.y)| In(wlyl)40)

| Tv(x) — Tvlao)| < v* fD In(wlxo|)

In(w|x|)

where g(y) = (In(@|y)°~'aly) € K(D).
Now, by following the proof of Proposition 2.3, we have for all ¢ > 0, there exists § >0
such that if x € B(xg,8) N D, then

y"f
D

This implies that for all ¢ > 0, there exists § > 0 such that

1
Gp(x,y) - o Gp(xo,) ln(wlyl)q@) dy<e.

(wlxol)

In(w|x|)

if x € B(xg,8) N D, then |Tv(x) - Tv(x0)| <e, forallve A.
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On the other hand, for all v € A and x € D, we have

| Tv(x) - | <y h(x),

where the function 74 is given by (3.2). Since & € Cy(D), we deduce that

lim Tv(x)= lim Tv(x) =y, uniformly forallve A.
x—>x0€0D |x|—o00

So, the family T A is equicontinuous in C(DU {o0}). In particular, forallv € A, Tv € C(DU
{oo}) and therefore TA C A.

Moreover, since the family {7v(x), v € A} is uniformly bounded in D U {oc}, then it fol-
lows from Arzela—Ascoli theorem (see [19, p. 62] and [6, Theorem 2.3]) that T'(A) is rela-
tively compact in C(D U {o0}).

Next, we prove the continuity of T in A. Let (vi)r C A and v € A be such that ||vx —

V|loo = 0 as k — oo. Then we have

| Tvi(x) - Tv(x)| < m L Gp(x y)a(y)(In(wlyl))”[vi () —v* ()| dr.
Now, since

VE0) - 0)] <2y,
we deduce by (3.2) and the dominated convergence theorem that

VxeD, Tv(x)— Tv(x) ask— oo.
Since T(A) is relatively compact in C(D U {co}), we obtain

I1Tvk — TV||oo — 0 as k — oo.

So, T is a compact mapping of A to itself. Therefore, by the Schauder fixed point theorem,
there exists v, € A such that for each x € D

1
In(w|x|)

v, (x) =y + /DGD(x,y)a(y)(ln(wlyD)“v;', () dy. (3.3)

Since v) < y?, we deduce from (3.3) and (3.2) that

lim v, (x) = lim v, (x)=y. (3.4)

x—0D |x|—

Put u, (x) = In(wl|x|)v,, (x), for x € D. Then u, € C(D) and we have

u,(x)=y ln(a)|x|) + /,; GD(x,y)a(y)u; (y) dy, (3.5)
as well as

y In(wlx]) < u, () < BIn(wlx|). (3.6)

Page 17 of 24
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Now, since the function y a(y)u]‘i(y) € LIIOC(D) and from (3.5) the function x —

fD GD(x,y)a(y)u)‘j (y)dy € L. (D), we deduce by (1.5) that u,, satisfies

loc
—Au, (x) = a(x)u; (x), «x € D (in the distributional sense).
By (3.4), we have

im iy () = li sy (3) =
x—0D In(w|x|)  Ixl>o0 In(w|x|)

This completes the proof. d

The next result based on the complete maximum principle is established in [51,

Lemma 3.1].

Lemma 3.4 Let g € B*(D) and v be a nonnegative superharmonic function on D. Then for
any w € B(D) such that V(g|w|) < 0o and w + V(gw) = v, we have

o<w<w.

Corollary 3.5 Let o < 0, and assume that hypothesis (H) is satisfied. For 0 < y; < y,, we
denote by u,, € C(D) the solution of problem (P,) satisfying (3.1). Then we have

0 <uy,(®) —uy, (x) < (2 —»1) ln(a)|x|), forxeD. (3.7)

Proof Let g be the function defined on D by

ugz (x)—ugl (x)

uyy (X)=tty, (x)’ if 11y, (%) # 14y, (%),

glx) =
0, if u,, (%) = uy, (x).

Since o < 0, then g € B*(D), and we have

Uy, =ty + V(g(thy, — 14y,)) = (2 = y1) In(wlx]). (3.8)
On the other hand, by using (3.1), (3.2) and (3.6), we obtain, for x € D,

V(gltty, — 1y 1)) < (v7 +v5) fD Gp(x,y)a(y)(In(wlyl))” dy < co.

Hence the required result follows from (3.8) and Lemma 2.4 with v(x) = In(w|x|). O

Proposition 3.6 Let o < 0. Under hypothesis (H), problem (1.2) has at least one positive
solution u € C(D) such that for x € D,

u(x):/DGD(x,y)a(y)u”(y)dy. (3.9



Bachar et al. Boundary Value Problems (2019) 2019:65 Page 19 of 24

Proof Let (yx)x be a positive sequence decreasing to zero. Let u; € C(D) be the solution of
problem (P,,) satisfying (3.1). By Corollary 3.5, the sequence (u)x decreases to a function
u, and since o < 0 the sequence (ux — yx In(w|x|))x increases to u. Therefore, by using (3.1),
(3.6) and the fact that o < 0, we obtain for each x € D\{0},

u(x) > u(x) — i In(w|x|) =/DGD(x,y)a(Y)uZ(y) dy

= 47 [ Golwat)nwly))” dy>0,

where B := yx + ¥{ |1l and 4 is given by (3.2).
By the monotone convergence theorem, we obtain

u(i) = ]D Gl 9)al)u () dy.

Since for each x € D, u(x) = infy ux(x) = supy (ux(x) — yi In(w|x|)), u is an upper and lower
semi-continuous function on D and so u € C(D).
Since the function y > a(»)u’(y) is in LIIOC(D) and from (3.9) the function x —

fD Gp(x,y)a(y)u® (y) dy is also in L. (D), we deduce by (1.5) that

loc

—Au(x) = a(x)u’ (x), «x € D\{0} (in the distributional sense).

Finally, using the fact that for allx € D, 0 < u(x) < ui(x) and that u; is a solution of problem
(P,,), we deduce that

u(x)

Iim #(x)=0 and =0.
x—>0D lx|—o0 In(w|x|)

Hence u is a solution of problem (1.2). d

Proofof Theorem 1.5 Assume that function a satisfies hypothesis (H). By Proposition 2.10,
there exists m1 > 1 such that for each D,

() = Vo) < mo (), (3.10)

where 6 is the function defined in (1.7) and p(y) := a(y)0° ().

We split the proof into the following two cases:

Casel:0 <O.

By Proposition 3.6, problem (1.2) has a positive continuous solution « satisfying (3.9).
We claim that u satisfies (1.8).

By (3.10), we have

m’ (Vp)” (x) < 0°(x) < m 7 (Vp)° (x). (3.11)
Let ¢ = m™ 1o . Then by elementary calculus we have
cVp = V(a(ch)(’) + Vf, (3.12)

where f(x) := ca(x)[07 (x) — m? (Vp)° (x)], for x € D.
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Clearly, we have f € B*(D) and by using (3.9) and (3.12), we obtain
cVp—u+ V(a(u” - (ch)”)) = Vf. (3.13)
Let g be the function defined on D by

alx) CELENE) - if u(x) # (cVp) (),

0, if u(x) = (cVp)(x).

glx) =

Then g € B*(D) and since o < 0, we have

a(u" - (ch)“) =g(cVp —u). (3.14)
Therefore the relation (3.13) becomes

(cVp—u)+ V(g(ch - u)) = Vf.
Now since f € B*(D) by using (3.14), (3.9), (3.12) and (3.10), we obtain

V(gleVp —ul) < V(au”) + V(a(cVp)”)
<u+cVp

<u+cmb <00.
Hence by Lemma 3.4, we obtain
u<cVp.
Similarly, we prove that
1
-V <u.
c

Thus, by (3.10), u satisfies (1.7).
Case2:0<o0 < 1.
Let p(x) = ——~—6(x), for x € D. By (3.10), we have

In(w|x[)

1 () < 1
;p X = In(w|x|)

Vp(x) < mp(x). (3.15)

1
Put ¢ = mT-s and consider the closed convex set given by

— 1
A= {veCo(D),—psvscp}.
Cc

Clearly p € A.
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Define the operator S on A by

1
Sv(x) ::m/DGD(x,y)a(y)(ln(wlyD))"V"(y)dy, x€D.

By using (3.15), we obtain for all v € A4,

1
—p <Sv=cp.
C

Since for all v € A, we have
’VU()/)’ <c Hp” Hoo, forally € D,

we deduce as in the proof of Proposition 3.3 that
Sve Cy(D), forallveA.

So, S(A) C A.
Let (vx)x C Co(D) defined by

1
vo=—p and v =8v, forkeN.
c
Since the operator S is nondecreasing and S(A) C A, we deduce that
—P=Vo=VI=Vy = SV = Vie1 = CP.
c

Therefore, by the monotone convergence theorem, the sequence (vi)x converges to a func-
tion v such that for each x € D,

1 o 5
v(x) = m/l;GD(x,y)a(y)(ln(a)|y|)) v (y) dy

and
1
Zp(x) <v(x) < cp(x).

Since v is bounded, we prove by similar arguments as in the proof of Proposition 3.3 that
VAS C()(B)
Put u(x) = In(w|x|)v(x). Then u € C(D) satisfies the equation

u(x) = V(om“)(x), forx € D. (3.16)

Finally, since the function y > a(y)u®(y) is in LIIOC(D) and from (3.16) the function x —
V(au”)(x) is also in LIIOC(D), we deduce by (1.5) that « is a solution of problem (1.2). The

proof of Theorem 1.5 is completed. g
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Example 3.7 Let 0 <1 and a € C(D) be such that

o) (n{ols) (o) o000) (-2 ))

where 8 € R and y > 1. Then, by Theorem 1.5, problem (1.2) has at least one positive
solution u € C(D) satisfying the following estimates:
(i) If B =1, then forx € D,

) = (Ins () ™7 (‘“(;ﬁx)))

(ii) If B <1, then forx € D,

—
=

—
Q

—
<

—

=
—
Q

—

u(x) ~ (1112 (a)|x|))

*(n(55))

(iii) If B > 1, then for x € D,

1)
u(x) ~ (ln ( ) >)
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