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and lower solutions, we mainly study the second order expansion of solutions to the
following p-Laplacian problems: A u = b(x)f(u),u > 0,x € §2,uly = oo, where §2 is a
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1 Introduction and the main results
In this paper, we mainly consider the second order expansion of solutions near the bound-
ary to the following boundary blow-up problem:

Apu=bx)f(u), u>0,x€ 82,ulse =00, (1.1)

where A,u := div(|Vul[P~2Vu) stands for a p-Laplacian operator with p > 1, the last con-
dition means that u(x) — +00 as d(x) := dist(x,32) — 0, £2 is a bounded domain with
smooth boundary in RN (N > 2), b satisfies

(b1) b e C*(£2) for some « € (0, 1) is positive in £2;
(by) there exist k € A, ¢ € R, and 6 > 0 such that

b(x) = k¥ (d(x))(1 + c(d(x))e + 0((d(x))0) near 952,

where A denotes the set of all positive non-decreasing functions in C1(0, §y) which
satisfy

lim,_, o+ % =0, K(t) = fot k(s) ds;

lime—o % () = Ce € [0,1],
and f satisfies
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(fi) f € C'0,00), f(0) =0, f is increasing on (0, c0);
(f2) there exist o > p— 1 and a function E € C1[Sy, 00) for Sy large enough such that

J;ESS;S =0 +E(s), s Sowith lim E(s) =0,

*E
f(s) = cos® exp(/ ﬂdu), s> 8o,¢ > 0;
S V

0

(f3) there exists n < 0 such that

E'(s)s B
s—lglo E(s) -

n,

with E as in Condition (f3).
A local weak solution to problem (1.1) is meant as a function u € C(£2) N w2

oo (82) with
u(x) — oo as d(x) := dist(x, 92) — 0 and, for every D CC 2, it holds

/|Vu|p_2VuV¢dx:/b(x)g(u)¢dx, Vo € Wol’p(D).
D D

The investigation of problem (1.1) has a long history. Since the pioneering work of
Bieberbach [2], the problem of existence, asymptotic boundary behavior, and uniqueness

of solutions to
Au=bx)f(u), u>0,x€2,ulyo =00, (1.2)

has been extensively studied.
For b(x) = 1, Keller—Osserman [3, 4] first supplied a necessary and sufficient condition

oo dv v
/1 ) < 00, F(v) :/0 f(s)ds, (1.3)

for the existence of solutions of problem (1.2).
Loewner and Nirenberg [5] showed that if f () = u?° with pg = %, N > 2, problem (1.2)

has a unique solution u satisfying

. -2 (NN =2)\ "7
1 d =l —- .
d(;)n»lo M(x)( (x)) < 4
Bandle and Marcus [6] proved that if f satisfies (f) and the condition that
(f]) there exist ¢ >0 and Sy > 1 such that f(&s) < £1*9f(s) for all & € (0,1) and s > Sp/¢,

then, for any solution u of problem (1.1),

u(x)

m —1 asd(x)—0, (1.4)
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where  satisfies

©  dv
=t, Vt>O0. 1.5
v/V/(t) N 2F(v) g (1.5)

Moreover, if f satisfies

(f3) f(s)/sis increasing in (0, 00),
problem (1.2) has a unique solution.

It is very worthwhile to point out that Cirstea and Radulescu [7-9], Cirstea and Du [10]
introduced the Karamata regular variation theory to study the boundary behavior and
uniqueness of solutions for boundary blow-up elliptic problems and obtained a series of
rich and significant data about the boundary behavior of solutions.

Recently, by using the Karamata regular variation theory, Zhang et al. [11], Zhang [12],
Huang et al. [13, 14], Mi and Liu [15] further studied the second order expansion of the
solutions to problem (1.2). They showed that the second term in the boundary asymptotic
expansion of solutions #(x) depends on the weight function b(x).

Now, let us return to problem (1.1).

For b(x) = 1 on £2, Gladiali and Porru [16] studied boundary asymptotic behavior of
solutions for (1.1) under some conditions on f. They showed that if F(¢£)¢}? is increasing
for large ¢, then a solution « to problem (1.1) satisfies

|u(x) - 1//(d(x))| < cd(x)l/f(d(x)) near 052
with

f ” (qF®)) " =t, t>0. (1.6)
)

Furthermore, they showed that if F(£)t™% — 0o as t — 0o, then

lim u(x) - lp(d(x)) —0 asdx)— 0.
d(x)—0

In Mohammed [17], it was shown that problem (1.1) has alocal weak solution if b € C(£2)
is a positive function for which the problem A,v = —b(x) admits a solution in Wol ?(£2). In
particular, b is allowed to vanish on the boundary 952 or b may be unbounded on £2.
Later, Mohammed [18] continued to consider the boundary asymptotic and uniqueness
of solutions for problem (1.1).

For the other works on p-Laplacian problem, see [1, 19-29] and the references therein.

Inspired by the above works, our objective in this paper is to establish the second order
expansion of solutions to problem (1.1) under appropriate conditions on weight function
b(x) and non-linearity f.

To present our main results, we introduce the following subclass for A.

Let 8, ¢ >0, we define

) ) d (K(t)
= _ Bl Z 22 _ .
Ayg = {keAwuh Cr e [0,1],£hr(1)1+( Int) (dt(k(t)) Ck) leeR},

1/d (K(t
Ay = {ke A with C € (0’1]’¢1—i>%1+ E(%(%) —Ck> = Dy GR};
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1/d (K@)
Agg—{kGAWltth— L% e (a(m))—ngeR}

In the sequel, 8 and ¢ are understood in the above range.
In this paper, we need the following assumptions.
(fa) If n =01in (f3), there exists ¢; € R such that

lim (Ins)? E(s) = q1,
§—> 00

where f is the parameter used in the definition of A ;
(o+1-p)c

(fs) n<- ‘”117); in (f3) and limg_, oo 8~ 7 E(s):qzeRifn:—(Gt%p)g,

where g is the parameter used in the definition of A, ;
(fe) Ifn =01in (f3), there exists g3 € R such that

lim (Ins)*E(s) = g3,
§—> 00

where 7 = %, @ =min{6, ¢}, ¢ is the parameter used in the definition of A3 .
The key of our estimates is the solution to the problem

/mLft, t>0. (1.7)
) (gF(v))?

Here g stands for the Holder conjugate of p.

Our main results are summarized as follows.

Theorem 1.1 Suppose that f satisfies (fi)—(f2), b satisfies (b1)—(b2), k € Ay, and one of
the following conditions holds:
(i) f(s) = Cs° (o > p—1) in a neighborhood of infinity;
(ii) f satisfies (f3) with n < 0 and Dy # 0;
(iii) f satisfies (f3) with n = 0, (f3) holds and D3, + (Crq1)* 0.
Then, for the unique solution u of problem (1.1) and all x in a neighborhood of 952,

u(x) = Alqb(K(d(x)))(l + 4, (— ln(d(x)))fﬂ + 0((— ln(d(x)))fﬂ)), (1.8)

where ¢ is uniquely determined by (1.7) and

A - (Ck(o+1 p)+p> -P+1,

o+1
D re ..
A m if (i) or (ii) holds;
2= p(1-Cy) o—p+l
Dy 4151(U+1)(m A1 InAj) ep Jeee
p+(o+1-p)Cy (o +1-p)(p+( 021 —p)Cr) lf(lll) holds,

where & = p~P((p -1 -0)Cy)P.

Theorem 1.2 Let f satisfy (f1)—(f2), b satisfy (b1)—(b), ¢ < a:“p, and o < m
pose k € Ay o with Cy € (0,1), and one of the following conditions holds:
(i) f(s)=Cs%(o >p—1) in a neighborhood of infinity;

(ii) f satisfies (fs) and (fs).

. Sup-



Mi Boundary Value Problems (2019) 2019:66 Page 5 of 27

Then, for the unique solution u of problem (1.1) and all x in a neighborhood of 352,
u(x) = A1¢(I((d(x)))(1 + A3 (d(x))w + 0((d(x))w)), (1.9)

where ¢ is uniquely determined by (1.7), @ = min{6, ¢}, A; is in Theorem 1.1 and

_p(o +1 - p)DyxHeaviside(6 — ¢) — c(p + (o0 + 1 — p)Cx)Heaviside(¢ — 6)
(0 +1-p)(Cilo +1-p)(@ (@ +1)C —p(1 + @ Cy) - p* (1 + w Cy))

As =

Theorem 1.3 Let f satisfy (fi)—(f2), b satisfy (b1)—(b2). Suppose that k € As . and one of
the following conditions holds:
(i) f(s) = Cs° (o > p—1) in a neighborhood of infinity;
(ii) f satisfies (f3) with n <0;
(ili) f satisfies (f3) with n = 0 and (fs) holds.
Then, for the unique solution u of problem (1.1) and all x in a neighborhood of 352,

u(x) = A1¢(K(d®))) (1 + As(d(x))” +o((d(x)7)), (1.10)
where ¢ is uniquely determined by (1.7), A; = (U‘%)ﬁ, and

[%Dg,k Heaviside(0 — ¢) + #1—19 Heaviside(¢ — 0) := A5 if (i) or (ii) holds;

ln L . XK}
As - &5 (G * o) if (iii) holds,

4=

where & = (2(¢ + 1)) ((p — 1)sD3)".

Remark 1.1 For the existence of solutions for problem (1.1), see Mohammed [17]. For the

uniqueness of solutions for problem (1.1), see Mohammed [18].

Remark 1.2 In Theorem 1.1, suppose (i) or (ii) holds. When Cy, € [0, 1], the constant A, is

defined by the same formula:

Dy

Ay= ——M— |
2 p+(o+1-p)Cy

Remark 1.3 When k € Ay p, Ay c,0rAs, the second order expansion of u (see (1.8)—
(1.10)) only involves the distance d(x).

Remark 1.4 Some basic examples of functions for the function E are:
(i) when f(s) = Cs°(Ins)f(o > p— 1,5 > Sy), E(s) = B(Ins)7};
(ii) when f(s) = Cs® exp((Ins)f)(c >p - 1,8 < 1,58 > Sp), E(s) = B(Ins)PL;
(iii) when f(s) = Cs® exp(s?)(oc > p— 1,8 < 0,5 > Sy), E(s) = BsP.

The outline of this paper is as follows. In Sect. 2, we give some preliminary results of
regularly varying functions. In Sect. 3, we give some auxiliary results that will be used in

the next sections. The proofs of Theorems 1.1-1.3 are in the next sections.
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2 Some properties of regularly varying function
The Karamata regular variation theory was first introduced and established by Karamata
in 1930 and is a basic tool in stochastic processes (see [30—32]). In this section, we present
some bases of Karamata regular variation theory.

A positive measurable function f defined on [a, 00), for some a > 0, is called regularly
varying at infinity with index p, written f € RV,,, if for each £ > 0 and some p € R,

tim 769 _ g0, 2.1)

In particular, when p =0, f is called slowly varying at infinity.

Clearly, if f € RV, then L(s) := f(s)/s” is slowly varying at infinity.

We also see that a positive measurable function /4 defined on (0,a) for some a > 0 is
regularly varying at zero with index p (write 1 € RVZ,) if t — h(1/t) belongs to RV_,.

Proposition 2.1 (Uniform convergence theorem) Iff € RV, then (2.1) holds uniformly
for& € ci,co] with0< ¢y < ca.

Proposition 2.2 (Representation theorem) A function L is slowly varying at infinity if and
only if it may be written in the form

L(s) = ¢(s) exp(/s @ dv), s>ay, (2.2)

for some ay > a, where the functions ¢ and y are measurable and for s — o0, y(s) — 0 and
@(s) = co, with ¢y > 0.

We call that

L(s) = co exp(/s ) dv), s>as, (2.3)

v
is normalized slowly varying at infinity and
f&)=s"L(s), s>a, (2.4)

is normalized regularly varying at infinity with index p (and write f € NRV/).

Similarly, g is called normalized regularly varying at zero with index p, written g €
NRVZ,, if t — g(1/t) belongs to NRV_,.

A function f € RV, belongs to NRV,, if and only if

(2.5)

fe C'la;,00) forsomea; >0 and lim 76) =p
s>oo f(s)
Proposition 2.3 If functions L, L, are slowly varying at infinity, then
(i) L” forevery p e R, c1L+caLy (¢1 > 0,c0 = 0withcy +¢3>0), Lo Ly (if L1(t) —> o0
as t — o0) are also slowly varying at infinity.
(i) Forevery p >0 andt— oo,

t’L(t) — oo, tPL(t) — 0.
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(iii) For p € R and t — oo, In(L(¢))/Int — 0 and In(t°L(t))/Int — p.

Proposition 2.4
(i) Ifg1 €eRVZ, ,g € RVZ,, with lim,_,¢+ g>(t) =0, then g1 0 gy € RVZ, ,,.
(ii) Ifg e RVZ,, then g* € RVZ,, for every a € R.

Proposition 2.5 (Asymptotic behavior) If a function L is slowly varying at infinity, then
fora>0andt— oo,

() [IsPL(s)ds = (p + 1)t PL(e) for p > —1;

(i) [ s’L(s)ds = (—p — 1) P L(¢) for p < -1.

3 Auxiliary results
In this section, we collect some useful results.

Lemma 3.1 (Lemma 3.1in [15]) Let k € A. Then
(i) lim,_ o+ I,f— 0,lim; o+ 3% = Cis
(i) lim,_q+ “f =1-Cg

(iii) when k € AL,«;,

k/
i (S50 cy) -

(iv) whenk € Ay,

1 <K(t)k’(t)
Iim — | ——————
t—0t S

eo 0" ck>) S

(v) whenk € Az,

. Ktk (t)
tl_l)r(l)]+ ts < kZ(t) > = —DSk.

Lemma 3.2 Iff satisfies (f1)—(f2), then
(i) f satisfies the generalized Keller—Osserman condition

/ (qF(t)) < +00, F(t) = / f(s)ds;
1 0
(if)

and

(S)fooﬂ 1

1m = ’
§—>00 o-1

(iii) there exists Sy > 0 such that % is increasing in [So, 00), where m € (1,0);



Mi Boundary Value Problems (2019) 2019:66

(iv)
sf(s) )
TR
W)
. s(F(s))*% _o+l-p
lim
§—00 j‘ p Lit p

Proof Byf € NRV, witho > p—1, we see that f(s) = cos"i(s) in [S,, 00), where L is normal-
ized slowly varying at infinity and ¢y > 0. Let 07 € (p—1, o). It follows by Proposition 2.3(ii)
that

lim s” "1 L(s) = 0o.

§—> 00

Then there exists S; > Sy such that
cos"'L(s)>1, Vs>Si, e, f(s) >s1, Vs > §;

and there exists S, > S; such that

o1+1

F(s) > , Vs>,
o1 + 1

So, (i) holds.
(ii) By (f2) and Proposition 2.5(ii), we obtain that

56) | f6)
o) [ = tim T8 i L9 [T 2

=0 lim S“_lz(s)/ v’ (i(v))_l dv
§—> 00 s

o

o-1

It follows by I'Hospital’s rule that

) 0 du
lim —=* /0 Sf f()/ o !

§—>00 O'—-l.

(iii) By the choice of m and (ii), one can see that

lim (f’(s) f(s)) f(v) 27"

§—00 o-1

Then there exists So > 0 such that (fs(—,f))’ =s7"(f'(s) - m@) >0,Vs > Sy, i.e., f(s)/s™ is in-
creasing on [Sp, 00).

Page 8 of 27
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(iv) By (f2) and Proposition 2.5(i), we obtain that

sf(s) . s7tL(s)
m —— = lim =
5—>00 F(S) 500 f() UGL(\)) dv

) Sa+li(s)
=lim ——
s—>00 (G + 1)—151+UL(S)

=0+ 1.

(v) It follows by (iv) that F € NRV,,; with o + 1 > p. By Proposition 2.4(ii), we have
1
F 7 e NRV_s41. Hence, by Proposition 2.4(ii), we obtain
p

S s )
lim ——————— = lim

o fSOO(F(t))_I% e " fsoo v_aTﬂlz(v)dv

_o+l 1A

- lim s 7 T L(s)
§—>00 (UTH _ 1)_1S—”’+1+1i(s)

_o+l-p
PR

Lemma 3.3 Let f satisfy (fi)—(f3), and let (fy) hold, then

(i)
. F(s) 1
lim (Ins)? [ —= — =01,
g ) (sf(s) o+ 1) 7
where
0 ifn<o,
o= q .
T lo+1)(o+1+n) lf?’] =0;
(ii)
1
F(s)) » 1-
lim (lns)’s( S(E) — - gt p) =09,
e SO E@) rde P
where
0 ifn <0,
27 qey
p(n+o+l) lf?’) =0
(iii)

lim (lns)ﬁ( (F()' 7 L p-o- 1) -
1 =03,
= \p(e) [ (F@) P ae PO+

Page 9 of 27
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where

03 =

[0 ifn <0,

q1 ; — 0
GiD(or1rm) ifn=0;

. SA1S)  ope
Slilgo(lns)ﬂ (Azlz—l}is) - A} i 1) = 04,

where

0 ifn <0,
Oy =
@AT" " A, ifn=0.

Proof (i) It follows by (f;) that
sf'(s) = of(s) + E(s)f(s), s € [So,00).

Integrating it from Sy to s and integrating by parts, we obtain that
sf(s) = (o + 1)F(s) + / EWw)f(v)dv +c, s€[Sy, 00),
So
ie.,

F(s) 1 Es) fSSOf(v)E(v)dv c
sf(s) o+l o+l sf)E(s) (o +Dsf(s)

where ¢ is a constant.
Since f € NRV,, with o > p — 1, we obtain by Propositions 2.5 and 2.3(ii) that

JofMEW)dv 1
s—oo  Sf(s)E(s) T o+1+7

and lim sf (s)(Ins)™f = co.
§—> 00

Thus (ii) follows by (3.2).
(ii) By (3.1), it follows that

10 Js, E6)f(s)ds ¢
m:(0+1)+T+%’ te[S(),OO).

Besides, by a simple calculation, it leads to

LEDT) ) o+l [y Ef©ds

o - - , So,00),
()7 PE(?) p PE(t) PE(®) t € [So, 00)
ie,
1 1 t E d
fi((F(t))_”)=—0;1(F(t))‘p_fSO W) (v)dv C e

dt PEO)F pE@)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Page 10 of 27
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Since f € NRV,, with ¢ > p — 1, by Proposition 2.3(ii), we know lim,_, .. —— =0.

1
(F(s))P
Hence, integrating (3.6) from s to co and integrating by parts, we derive that

1 _ ) 0 tE d
s(F(s))‘iz‘”l pf (th +/ Js, EOf () v

5 1
d Ol PE@)
®  cdt
+ - 1 S = SO:
s p(F@)'"'
ie.,
oo iy EW)f(v)dv o eqr
5 N ————dt+
SEE) 7 _o+lop_ . "(F(t))H’% Js p(F(t))“’l’ > S (3.7)
foo _dt - - fOO dr y 8§ =90. R
s 1 p s T
(Fe)P o

By I'Hospital’s rule it follows that

t E d
1 (lns)ﬂE(s)fsosE((‘;i;f”)“ sfs) , .(ns)P

= — lim ®  Fo TSRy

= 02.
P 14 (sins) BE)? [ —dr
)

(iii) By a simple calculation, we have

1-1
lim (ms),s( F@)'F p-o- 1)
T f(s) [Z(F() P dt plo +1)

. FGs) SEG)?  p-o- 1)
= lim (Ins)? [ =2
sggo( ") <Sf(5) fsoo(F(t))_'l’ dt ¥ plo +1)

:hm(lns)ﬂ((F(s)_ 1 )( S(F(s) P +p—a—1)
T 6 o+ LN oF@)y v P

JL‘%@_ 1 )+ 1 ( S(E(s)) 7 +p_0_1)>
po \S@ o+l ot I\ <Xy ra P ‘

Hence, by (i)—(ii), we get

lim (lns)ﬁ( (F(s))' 7 L p-o- 1) -
1 =03.
o £ [XEQ Fde PO+ D)

(iv) When A; = 1, the result is obvious. Now let A; # 1. By (f3), we see that

(A ) o—p+ o—pt Als E( )
o 2 1)

Page 11 of 27
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By Proposition 2.1 and (f3), we know

E E
lim (520 =0 and lim (520 =y
s—>00 U s—o0 E(s)u

uniformly with respect to s € [1,A;] or s € [A;,1].
So,

Axs E
lim ﬂ dv = lim /
1

§—> 00 s v §—> 00

A1 E(su)
u

du=0

and

Ay E A
lim (s14) du = / W du=r«,
s—oo J1 E(s)u 1

where
La’-1) ifn<o,
= yAr=1) ifn (3.9)
lIlAl lf]’] =0.
Since " — 1 = ras r — 0, we obtain
A o-p+ o—p+ Axs E
]3_115) AT = AT 1/ ﬂa’v, as s — 00. (3.10)
A7 f(s) s v
Hence,
A P
lim (lns)ﬁ< ]3_115) — AT p+1)
§—>00 A1 f(S)
Al E
= A7 lim (Ins)’E(s) lim (su1) du = oy. 0
§—00 s—o0 Jq E(S)u

Lemma 3.4 Let f satisfy (fi)—(f3), and let (fs) hold, then
(i)

oy _(F 1
lim s oS ﬂ— =K1,
sf(s) o+1

0 fCL ey <o,
K1 4

92 i o+l-p —0:
T {o+1)(o+1+n) Lf P c+n=0;

(i)

1
o+l- F “r 1-
lim s ;pg( lO) ’17 2 p>=K2,
e [ E@) e de p

s
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where
0 if";#g +1<0,
Ko =
(o+1)g ro+l-p 0N
p(1+§)(6+21+n) if p ST =0;
(iii)
1-1
. oty (F(s)) 7 p-o-1
lims 7 ° - = K3,
s—>00 f(S) '/SOO(F(t))—I—g dt p(U + 1)
where
0 ifCL ey <o,
5= 92(p-5(o+1-p)) ; <f+l;—p
plo+1)(o+1+n)(1+5) if r S =0
(iv)
o+1-
lims 7 pg( "Zﬁls) _ ‘f‘p”) = Ka,
5§—>00 Al f( )
where
. 0 zf“y#g +1<0,
4= —1 cro+1—
LA AL 1) TG4 =0,

Proof (i) By (3.2), we obtain

. oty (F(t) 1
lim s —_— =
§—00 tf(t) o+1
o+1- S o+1—;
s 7 ng(s) ) fgof(V)E(V)dV . s P
=-1l lim — lim .
s g+1  smoo sf(s)E(s) s=>o0 (0 + 1)sf(s)
o+l-p
plo+D) by Proposition 2.3(ii), we know lim,_, s % =0.

Since f € NRV,, and ¢ < orip
Combining with (3.3), it follows that

1)
=K.

o+1- F
lims 7 S LU
§—>00 tf(t) o+1

(ii) It follows by (3.7) that

1
. atlp _( $(F(s))? o+1-
lims 7 ° (Oo( N p
500 dt T p
S Ewyr
foo fSO E(v)f(v)ldv dt foo cdt
o+l-p s 1+ s 1+
im 75 pE@Q? _ p(E@)"' P
S5 =
(F@&)P



Mi Boundary Value Problems (2019) 2019:66

By I'Hospital’s rule, it follows that

¢ EWf(v)d
j;oo '[SO v)f (v th+ o0 cdt

+1 S 1+
. odlyp ' rp p(EE) P
1 7
" [ e
s T
(F@)»
E(V )f (v) dv S£(s) S(Hk S
1 . sE(s ) FG) F(s)
= slirgo o+1-, Lo 4
p L+ 2 es U F@©)? [ —1
(F)P

(iii) By a simple calculation, we get

T a+1—p§< (F(S))l_zl? p_o—_l)
ims » _
T f(s) [ (F(2)? dt plo+1)

e ( F(s) s(E(s)) 7 L p-o-1
sf(s) fsoo(p(t))—% dr plo+1)

(R L (s
500 sf(s) o+1 fsoo(F(t))_ll’dt

p—-o-1(F(s) 1 1 s(F(s)
- p (m_0+1)+6+1(f(()

Hence, by (i)—(ii), we get

§—> 00

() [CE@W) Fde PO+D)
(iv) By (3.10), we see that

lim SMP#5< f(Ass) _Aa+lp>

o A7)

A1 E(su)
E(s)u

o+l-p ;. o+lp
=A; Plims »
§—> 00

Hence, by (3.9), we reach

lim sa+;pg( 'ﬁﬁﬁ) —AT_wl)
e Ay )

o+1-, Al E
A lims” 7 SE(s) lim / 6 .
1

E(s)u

§—> 00 §—>00

Lemma 3.5 Let f satisfy (fi)—(f3), and let (fs) hold, then

()

lim (Ins)*® <& - L> =Y

500 sf(s) o+1

— 1_1 — p—
“ms#;( (F(s)) 7 PO 1>=K3‘
S
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where

0 ifn <0,
V= % )
T (o+1)(o+1+n) lfn =0;

(if)
F 1-
lim (1ns)’< s(E) A ot 4 ) 1
e JO(E@) P dt p
where
0 ifn <0,
V2=
(o+1) . _n.
sorory  U1=0;
(iif)
1-1
. . (F(s) ? p-o-1
lim (Ins) — + =3
s—>00 f(S) fSOO(F(t))_E dt p(a + 1)
where
0 ifn <0,
V3= s )
(o+1)(o+1+n) lfT] =0;
(iv)
A _
lim (lns)’< f(_11S) - A7 ”+l) = yu,
e AT f(s)
where
0 ifn <0,
va= o-p+l .
qsA] InA; ifn=0.
Proof The proof is similar to the proof of Lemma 3.3, we omit it here. d

Lemma 3.6 Iff satisfies (lfl)—(fz) and ¢ is the solution to problem (1.7), then
() ¢'(2) = ~(gF(@(£)))7,$(t) > 0,¢ > 0,¢(0) := limy— 0+ $(2) = 00;
(i) ¢"(6) =p g f(SEDE@@))PP,t>0,1¢" ()¢ (2) = Lf ($(2));
(iii) ¢ € NRVZ_ - and ¢’ e NRVZ_ _os1

1-p
. Int _ (r7+1—p)C .
(iv) when k € A, lim;_, ¢+ TRKD) = S k.
(v) when k € A with Cy € (0 1), lim;_, o+ t(¢(1((t))) = 00 and lim,_, g+ S0 0f _ =0

BK@)
lim;_, o+ t7 $(K(2)) = 00;

1 _ (o+1-p)sD3y
tSIn(p(K(@®) —  pls+1)

furthermore, if w < W’

(vi) when k € Az, limy_, o+
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Proof By the definition of ¢ and a direct calculation, we show that (i)—(ii) hold.
(iii) By (i)—(ii) and Lemma 3.2(iv)—(v), we have that

tep” (t) B 1 f(S)fS ( (V))zlz B o+1
im =——1 T =—
t—0t ¢’(t) p s~ (F(S))liﬁ o+1 -p
and
X0 wwﬁ/“ v p
i =— lim = s
=0t ¢(t) s>00 S s (F(w)? oc+l-p

ie., ¢ € NRVZ_ _r_ and ¢ € NRVZ_ os1 and (iii) follows.
o+l-p P
(iv) By 'Hospital’s rule, (iii), and Lemma 3.1(i), we see that

po e K@) K@)
~0" In(¢(K(2))) =0+ tk(t) K(£)¢'(K(£))
__otl-pe
V4

o+1-,
(v) By Lemma 3.1(i), we see K € NRVZC—I. It follows by Proposition 2.4 that ¢ 7 8 o
K e NRVZ_ 1 andp oK eNRVZ__p» .Since Cy €(0,1) and w < %, the result
(0+1-p)C; o +1-p)Cy
follows by Proposmon 2.3(ii).

(vi) By 'Hospital’s rule and (iii), we obtain

. o KO sK®)
=0 EIn@K@) | 0 57 ke) K¢ (K (D)

(0 +1-p)g K() (0 +1-p)sDsy
1m
p 0t ts41k(t)  p(s+1)

d

Lemma 3.7 Under the hypotheses in Theorem 1.1, let ¢ be the solution to problem (1.7).

Then
(i)
' ¢' (K@K () (0 +1-p)(1-Cy)
_Ing)? =
tkﬁ(h”)<¢%Kum%n+ o+1 ) "
where
) % if (i) or (ii) holds,
| e e i ot
(if)
) A ¢(I<(t))) o—p+1
1 _1 t B <‘f(17 —A P ) = )
AR T ey TN ”
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where
0 if (i) or (ii) holds,
X2 = o—p+1 .
s11A] InA; if (iii) holds;

where &, = p~P((p -1 -0)Cp)P.

Proof (i) By the definition of ¢, Lemma 3.3(iii), and Lemma 3.7(iv), we arrive at

@' (K(1)k' (2) . (c+1-p)(1- Ck))
@ (K (£))k%(¢) o+1
KOKO | )> ( PEE) o+l —p)
2(0) & KOK©D) o+l
@' (K(1)) o+1 —P)
& (KEKE) '~ o+1
K@K (2)
( )

lim (-~ In¢)? (

t—0t

= lim (- In¢)? (
t—0*

+(1- Ck)tlilg)lJr(—lnt)ﬂ(

Lo Cing? —(1—Ck))

o+1 ot

PEGKO)' T owl- p>
F@ED) [y EO)Fdv O +1

—Int B oc+l-p 5 K@)k (¢t)
X(ln¢([{(t))> o+l tlg(l)l‘f(_lnt)( (1) _(1—Ck)>

= (1-Gy) lim (- lnd)(K(t)))ﬁ(

= X1-
(ii) By Lemma 3.3(iv) and Lemma 3.7(iv), we infer that
f(A19(K(2))) 0—p+1)
T o A
A7 f(o(K(2))

SApK®) _Awu) ( ~Int )ﬂ
A (@K () In (K (1))

lim (- 1In¢)? (

t—0t

- lim (In(6 (K (9)))" <

= X2- O

Lemma 3.8 Under the hypotheses in Theorem 1.2, let ¢ be the solution to problem (1.7).

Then
(i)
o PEWK(@) (0+1-p)A-C)\ _o+l-p o ‘
vk (¢>”(K(t))k2(t) T ol ) =Ty Dutleaviside@-g)
(ii)

lim £ (_1—
0t AT f(o(K (1))

1 =

S(A19(K(2))) _A(T—p+1) 0

Proof (i) By the definition of ¢, Lemma 3.4(iii), and Lemma 3.7(v), we arrive at

lim t_w< @' (K(£)K'(t) . (0 +1-p)(1- Ck))
i o"(K(£)k2(D) o+1
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L (KOK®) ¢ (K1) o+l-p
= Jim, ¢ ( K2(2) _(I_Ck))<¢”([((t))l<(t)+ o+1 )

@' (K(2)) o+l-p
o KOK@D &~ o+l )

o+l-p . (K@K
o+l tl—1>I(I)1+t ( k2(t) _(1_Ck))

+(1-Cy) lim 77 (
t—0t

o+1-p) _ 1—}7 _
=(1-Cp) hlg((p(]((t)))( h )w< p(F((i(‘jI((t)))) - + o+1 lp)
” FOEWD)) [y EO) Pdv O+

o+l o+ 1-p — <K(t)k’(t)

< (K@) 7 - 1-0)

_o+l-p
T ooo+1

o+1 o0t

Do Heaviside(0 — ¢).

(ii) By Lemma 3.4(iv) and Lemma 3.7(v), we infer that

lim £%

0! <Aé”f(¢>(1<(t>>)

. (olp) o f(Al¢(I<(t))) o—-p+1 Lo o
_ 1 K(t))) 7 (_7 _A%P ) K@) 7 ¢
i fo(0) “F (SEEOD e (o) )

=0. 0

1

S(A19(K(2))) _Aap+1)

Lemma 3.9 Under the hypotheses in Theorem 1.3. Let ¢ be the solution to problem (1.7).

Then
(i)
M ¢ (K(2))K (¢) Lot 1-p\
—o - \gKOKRQ T o+l )
where
“;ﬁp D3 Heaviside(6 — ¢) if (i) or (ii) holds,
X3 = §2q3p (o+1-p)D3j ;s e
“TeaT T oel Heaviside(6 — ¢), if (iii) holds;
(if)
lim t_w( f(f}lfp(]((t))) _Atlfp+1) = X1
0t NAT (9K ()
where
0 if (i) or (ii) holds,
Xa=
£qsAT 7 InAy  if (iii) holds;

where & = (p(c +1)) " ((0 + 1 — p)sD3)".
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Proof (i) By the definition of ¢, Lemma 3.5(iii), and Lemma 3.7(vi), we arrive at

Jim t"U( KWK o+1 —p)
t—>0+ Q" (K(2))k2(t) o1

> (K(t)k’(t) ~ 1)( ¢'(K(2)) Lot 1 —p)
k2(¢) P"(K(NK() o+1

lim ¢

t—0t

+ lim _w( @' (K(2)) Lot 1—P>
t—0* ¢" (K (t))K(t) o+1

oc+l-p lim K(t)k'(t) 1
T ol o 2@

A0 S p)
GEO) [y EO) Fdv T +]

-7 — 3 k/
x (1n(o (K(@))™ = T tim 7 (f“k';) 0. 1)

lim (In(¢(K(®)))" (f

t—0t

= X3-

(ii) By Lemma 3.5(iv) and Lemma 3.7(vi), we infer that

lim

t—0t

tw( f(Al¢(]<(t))) Aa—p+1)
P R S S |
A f(p(K(2)))

. T f(Ald)(K(t))) _ a—p+l) ¢\~ 7
Jim (k) (57T -7 ) m(o () )

= X4- O

4 Proof of Theorem 1.1
First, we need the following comparison principle for weak solutions to quasilinear equa-
tions (see [33] for a proof).

Lemma 4.1 (Weak comparison principle) Let D C RN be a bounded domain, G: D xR —
R be non-increasing in the second variable and continuous. Let u,w € W' (D) satisfy the
respective inequalities

/|Vu|”‘2Vu-V¢§/G(x,u)¢ and
D D

/ VWP 2Vw - V¢ > / G(x, w)g

D D

for all non-negative ¢ € Wol’p(D). Then the inequality u < w on 0D implies u <w in D.

Next fix & > 0. For any § > 0, we define £25 = {x € £2: 0 < d(x) < §}. Since £2 is C*-smooth,
choose 8; € (0,8) such that d € C*(£2s,) and

|Vd(x)| =1,  Adx)=-(N-1DHE) +0(1), Vxe 2, (4.1)

where, for all x € £2;,, ¥ denotes the unique point of the boundary such that d(x) = |x — |
and H(x) denotes the mean curvature of the boundary at that point.
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Let 0 <ao < 1and
we = A1(K(d®))(1+(As £ ) (-In(d@)) F), xe 2.
By the Lagrange mean value theorem, we obtain that there exist A+ € (0,1) and
@4 (d(x) = A1 (K (d()) (1 + A+ (A3 + 8) (- In(d(x))) ")
such that, for x € £2;,,
Fwe®) =f(Arp(K(d®)))) + ArlAz % )¢ (K (d0)))f (=(d)) (~ In(d(x))) .

Since f € NRV,, by Proposition 2.1 we obtain

m f(A19(K(dX)) lim S (A¢(K(dW))
d0—0 f(PL(dx)  dw-o f(PL(d(x)))

Define r = d(x) and

1) i 1) <1+ PEOKG)  fApEK () )

KON A (p(K(r)
@'(K(r)k'(r) fp-2) @' (K(r)k'(r)
@ (K(r)k*(r) @" (K (r)k*(r)
S (@+(r) ¢(1<(V)V/(A1¢(K(F)))>.
fABEKD)) A pEKr) )

o (o= D+ 1) + ) AdG)

Li(r)=(Ay£e)p- 1)<1 +

+(p-2)-A;

Li(x) = B(Ay L ¢)

1 S(A19(K (1))
—(p=1)=1 =2 _(p— LN (Cnr)fr
p-1)(=Inr)'r?) —(p 1)(CanOE)A‘f"’”f(qb(K(r)))( nr)’r
¢'(K(r)) .
+ m((Azie)(Ad(x)+2ﬁ(—lnr) Y1) 4 Ad(x)(-Inr)P)
o , F@L0)  $KOF UK ()
Al =D 2O F a0 S5 SN AT oK)
@' (K(r)K'(r)
¢ (K(r)k>(r)

+(p—2)(A2+8)2<1+ )(—lnr)ﬁ+o((—lnr)ﬂ).
By Lemmas 3.1, 3.6, and 3.7, combining with the choices of A1, A;, & in Theorem 1.1, we
see the following.

Lemma 4.2 Under the hypotheses in Theorem 1.1,
(i) lim,_oLL(r) = A1, where

o+l

01— (p— D (2D AT AL if (iii) holds;

(o+1)(o+1+n)

. l P-Vep @, if (i) or (ii) holds,

(ii) 1im,—0 Lo (r) = (A2 £ €)(p - 1)(p — 1 - 0) 220,

o+l
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(iii) limg)—oL+(x) = 0;
(V) Timag o1 () + b (r) + I (%)) = +e(p - 1)(p - 1 - ) 2%

o+l

Proof of Theorem 1.1 By (by), (b2), Lemma 4.2, and K € CJ[0, §) with K(0) = 0, we see that
there are 81, 8¢ € (0, min{1,8;/2}) (which corresponds to ¢) sufficiently small such that
(1) 0<K(r) <281¢,7 €(0,28);
(2) k2 (d(x))(1 + (c — aoe)(d(x))’) < bx) < K (d(x))(1 + (¢ + aoe)(d(x))"),x € 25,5
(3) Ii(r) + I (r) + I3, (x) < 0,¥(x,7) € £225,, % (0,282);
(4) Li(r) + L-(r) + _(x) > 0,Y(x,7) € £295,, x (0,252).
Now we define

o€ (0; 615); D; = 92515/90: D; = ‘92515—0’!
dix)=dx) -0,  dax)=d(x)+o0;

iie = A16(K(dy(0)) (1 + (A3 + &) (~In(di (%)) "), xeD;. (4.3)
Then, for x € Dj,

S (#:(x)) =f(A19(K(d1(%)))) + A1(Az + &) (K (d1 (%)) )f' (P (d1 (%)) ) (- In(ds (x)))‘ﬂ,
where 1, € (0,1) and

@, (di (%)) = A1 (K(d1()) (1 + A+ (A2 + €)(~(In(d1 (x)))) 7).

Before we prove the theorem, let us make note of the following. Suppose that z is a C?
function on a domain 2 in RY, and v = ¢(z), where ¢ is uniquely determined by (1.7).
Direct computation shows that

Apv=(p- D] @ ¢ @IVl + ¢’ @[ ¢ (@) Az (4.4)
Then, combining with (4.4), it follows that, for x € D_,

Apitg (%) — kP (dy (%)) (1 + (¢ — aoe) (dy (x))e)f(ﬁs ()
= Ao (K) 79" (KK (r)(=In )P (I () + o (1) + L3, ()

=<0,

where r = d (x), i.e., i, is a supersolution of equation (1.1) in D.
In a similar way, we can show that

u, = A1¢(K(dr@))) (1 + (As - &) (- In(da®))) *), xeDy, (4.5)
is a subsolution of equation (1.1) in D.
Now let u be an arbitrary solution of problem (1.1), and let M > 0 be sufficiently large

such that

ux) <M+ ond(x)=256, and u(x)<ulx)+M ond(x)=28,-o0. (4.6)
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We observe that u.(x) — 00 as di(x) — o, and ulyo = +00 > u.|ye. It follows from
Lemma 4.1 (the weak comparison principle) that

u<M+u, inD; and u, <M+u inD].

Hence, by letting 0 — 0, we have, for x € $255,,

M(-In(d@)’ _

_ . MEIndW)” p_ux) )
A2 Ky = CnE®) <A1¢>(K(d(x))) !

and

o u) M(=In(d(x)))*
(~In(dw)) <m - 1) St K Aw))

Consequently, by Lemma 3.6(vi)

o s u(x) .
Ay—g< d(];)rgomf(— In(d(x))) (m - 1>,

u(x)

. B
Jim sup(~In(d(x))) <A1¢)(K(d(x)))

- 1) <A +e.
Thus letting ¢ — 0, we obtain (1.8). The proof is finished. (]

5 Proof of Theorem 1.2
In this section, we prove Theorem 1.2.
LetO<ap<1and

wi =A19(K(d(x)) (1 + (A3 &) (d)”), x€ 2.

By the Lagrange mean value theorem, we obtain that there exist 1+ € (0,1) and
@, (d(x)) = A1¢(K(d(x))) (1 + A(A5 £ ) (d(x)”)

such that, for x € £2s,,
F(we®) =f(A19(K(d(x)))) + A1(A3 £ &)p (K (d(x)))f (P (d(x)))(d(x)” .

Since f € NRV,, by Proposition 2.1 we obtain

o SAsKEW)) L S (Ag(K(d ()

dwo0 f(@@d@)  dwoo  [(Pe(d@)

Define r = d(x) and

)

h(r):r_w(p—l)(1+ P KOKD)  fAdK) )

¢"(KrDK(r) AV F(p(K (1))

PEENK D), K1)
¢"(K(r)k*(r) @" (K (r))k(r)r

Li(r)=(Az£e)(p- 1)<P— 1+
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, @@ = DPK()
& (K(r)K>(r)r>
L f@L0) KO (Aip(K ()
ApKE) AP (@K ()))
+(p_2)( o¢K() . ¢ KK )
&' (KMk(r)r ¢ (K(r)k>(r)

o PE) P KK () )+O(Sm)>.
@' (K(r)k(r) ¢"(K(r)k>(r)r ’

(K
SAYKD)
A (B (r))

Ioa(x) = Ad(x)( &’”());

Q" (K(r))k2(r
. f/(¢i(r))¢(1<(r))).

] _ 10 —(As £
4(r) = (c F aoe)p l)r( s )Af;*fw(K(r)))

By Lemmas 3.1, 3.6, and 3.8, combining with the choices of A;, A3 in Theorem 1.2, we see
the following.

Lemma 5.1 Under the hypotheses in Theorem 1.2,
(i) lim,_oL(r) = WDzkHeaviside(é’ -<);
(ii) lim, o Le(r) = (A3 L e)(p-1)x;
(iil) limgey—o 3+ (x) = 0;
(iv) lim,_ oI (r) = (c F aoe)(p - I)CH%WHeaviside(g -0);
) limguy—o(1(r) + Lot (r) + I3 (x) + Lis(r)) =
+e(p-1)(x - aOWHeaviside(g -0)),

where

_o+l-p
_p(a+1)

X (Ck(cr +1—p)(w(w +1)Cy —p(1+ka)) —p2(1+ka)).

Proof of Theorem 1.2 Using a proof similar to that for Theorem 1.1, let

ite = A1p(K(d1(x))) (1 + (A3 + &) (d1(%)”), x€D;. (5.1)
Then, by a direct calculation, we have, for x € D_,

Altg(x) — kp(dl (x)) (1 +(c— aos)(ch (x))e)f(itg(x))

= A (KO) 79" (KO ()r™ (L (r) + Doy (1) + I3, () + L, (1)

SO)

where r = d; (%), i.e., i, is a supersolution of equation (1.1) in D
In a similar way, we can show that

u, =A1¢(K(dr(x))) (1 + (A3 - &)(d2(x))”), x €D}, (5.2)

is a subsolution of equation (1.1) in D .
Using a proof similar to that for Theorem 1.1, we can obtain, for x € £2ys,,,

M(d(x))™ —w u(x)
As=e = sy = W) (A1¢>(I((d(x))) - 1)
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and

M(d(x)™™

o u(x)

A19(K(d(x)))

Consequently, by Lemma 3.6,

o . u(x) .
As—¢ < d(l;golnf(d(x)) (m - 1>’

. o u(x)
lim sup(d(x ————— 1| <As+e.
Lim,up(46) (A@(K(d(x)» ) =
Thus letting ¢ — 0, we obtain (1.9). The proof is finished. O

6 Proof of Theorem 1.3
In this section, we prove Theorem 1.3.
Let 0 <ag <1 and

wi =A1p(K(dx)) (1 + (A L&) (d®)”), x€ 2.
By the Lagrange mean value theorem, we obtain that there exist A € (0,1) and
@, (d(x) = A1¢(K(d(x))) (1 + A (As £ &) (d(x)7)
such that, for x € 2,
F(we®) =f(A19(K(d(x)))) + A1(As £ &)@ (K (d(x)))f (P (d(x)))(d(x)” .
Since f € NRV,,, by Proposition 2.1 we obtain

i JA1eEKEW)) | (A1 K(Ed®))

dw—0 f(DL(d(x))  dx—0 f(Di(d(x))

Define r = d(x) and

)

Il(f)=r‘w(p—1)<1+ KK _ fApK() )

¢"(Kr)DK(r) — AV F(p(K(r)))

PEENK ), K1)
¢"(K(r)k*(r) @ (K(r))k(r)r

Li(r)=(Asxe)(p- 1)<p— 1+
. o (@ - 1)p(K(r))
" (K(r))k2(r)r?
. J(@4(r)  p(K(r)f'(Ar19(K(r)
ApKE) AP (@K )))
. (p_2)< @ p(K(r)) . @' (K(r)k'(r)
@' (K(r)k(r)r — ¢"(K(r)k2(r)
dK(r) @' (K(r)K'(r) ) > >
+0(s”) |;

T KK § KPR
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) YK |, R PED) .
tute) = 809 G 7 ¢ e v s 8’¢N(1<(r))k2<r)>’

) (LD o @00
) = (e aoslp = br <A’f'1f(¢(1<(r)))r w0 )

By Lemmas 3.1, 3.6, and 3.9, combining with the choices of A;, A4, & in Theorem 1.3, we
see the following.

Lemma 6.1 Under the hypotheses in Theorem 1.3,
(i) lim,_oLL(r) = Ay, where

N P-Do+1p) y,y, Heaviside(d — ¢) := if (i) or (ii) holds,
2= In By s
O - q362p(p - 1)((a+1)(¢17+1+r]) + (a+1)(7;+11—p)) if (iit) holds;

(i) lim,o Lo+ (r) = —(As & S)W;
(ili) limg)—o54(x) = 0;
(iv) lim, oLyt (r) = p(f;ll)

(V) limgy—o(1(r) + Lot (r) + I3 (x) + i (7)) = *e

(¢ F ape)Heaviside(c — 0);
pp-1)

o+l

(0 +1—p + agHeaviside(c — 0)).
Proof of Theorem 1.3 Using a proof similar to that for Theorem 1.1, let

ite = A1p(K(d1(x))) (1 + (As + ) (d1(%))”), x€D;. (6.1)
Then, by a direct calculation, we have for x € D,

At (%) = K (1 (2)) (1 + (¢ — a0e) (ds (%)) )f (e (%)

= A7 ¢ (K() [P (KM (r)r™ (L1 (r) + Lo (7) + I, (%) + 1, (7))

=<0,

where r = d; (%), i.e., U, is a supersolution of equation (1.1) in D;.
In a similar way, we can show that

u, =A1¢(K(dr(x)) (1 + (As - &)(d2(x))”), x €D, (6.2)

is a subsolution of equation (1.1) in D} .
Using a proof similar to that for Theorem 1.1, we can obtain, for x € §2ys,,,

M(d(x))™® —w u(x)
W (@) (A@(K(d(x))) - 1)
and
Y u(x) M(dx)™
(d(x)) <A—1¢(K(d(x))) } 1) SAr e K@)

Consequently, by Lemma 3.6 and 0 < @ < 1,

o . u(x) .
e < lim inf(d(v) (m B 1>’
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. - u(x)
lim sup(d —— 1) <As+e.
A, sup(@) (A@(K(d(x))) ) -
Thus letting ¢ — 0, we obtain (1.9). The proof is finished. O
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