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1 Introduction and preliminaries

Fractional differential equations are recognized as adequate mathematical models to study
some materials and processes that have memory and hereditary properties. Much effort
has been devoted to this topic in the last ten years. As a result, this theory has become
an important area of investigation in differential equation theories. For a small sample of
such work, we refer the reader to the monographs [1-4] and the papers [5-18].

Because of the extensive application in mathematics and the applied science, fractional
boundary value problems with parameters have attracted considerable attention and ob-
tained some interesting results; see, for instance, the works of Bai [19], Song and Bai [20],
Jiang [21], Sun et al. [22], Zhai and Xu [23], and Zhang and Liu [24] on the eigenvalue
problems; the works of Jia and Liu [25], Wang and Liu [26], Su et al. [27], and Li et al. [28]
on the problems with disturbance parameters in the boundary conditions; and the work
of Wang and Guo [29] on the eigenvalue problems with a disturbance parameter in the
boundary conditions.

At the same time, we also notice that another type of fractional integral boundary value
problems with u in the boundary conditions has received much attention; see [30-33]
and the references therein. Bashir Ahmad et al. [30] studied the fractional boundary value
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problem given by

Di.x(t) =f(t,x(t)), 0<t<1,1<q<2,
x(0) =0, x(1)=p [ x(s)ds, 0<n<1,

where 1 € and u # n%’ and obtained the existence and uniqueness results of solutions by
using Banach’s fixed point theorem, Krasnoselskii’s fixed point theorem, and the Leray—
Schauder degree theory. Zhang et al. [31] applied fixed point index theory to investigate
the existence of positive solutions for the following boundary value problem:

D x(t) + h(@)f (£, x(£)) =0, O0<t<1,3<a <4,
x(0) = «'(0) =x"(0) = 0,
x(1) = Mfonx(s)ds, 0< "aia <1,0<n<1.

He [32] discussed the existence of positive solutions for the fractional differential equa-

tions

D2x(t) +f(t,%(£) =0, 0<t<l,3<a <4,
x//(o) — XW(O) — 0,
x(0)=x(1) = [y x(s)ds, O<p<2

by the Leray—Schauder nonlinear alternative and a fixed-point theorem in cones. Wang et
al. [33] investigated the existence of positive solutions for the problem given by

D2.x(t) + Af(£,%(£) =0, O<t<lLin<a<n+l,n>2,neN,
#(0) = x(0) = 2(0) = - - = x™(0) = 0,
x(1) :ufolx(s)ds, O<pu<?2

by the Guo—Krasnoselskii fixed point theorem.

We notice that the letter  in [30—33] is essentially treated as a constant rather than a pa-
rameter, especially it is required to guarantee the nonnegativity of corresponding Green’s
function in [31-33]. In fact, when the above p is a parameter, it is inevitable that it has
great influence on the property of Green’s function associated with the boundary value
problem. It is well known that the property of Green’s function is crucial to studying the
property of solutions for boundary value problems. Thus, it is natural to ask what effect
the parameter i has on properties of solutions. This is a very significant topic, but to the
best of author’s knowledge, there are no papers reported on it.

Motivated by the above-mentioned works, in this paper we will study the following frac-
tional integral boundary value problem (BVP) with a parameter w:

D2.x(t) +f(t,%(£) =0, 0<t<]l,

1 (1)
%'(0)=0, x(1) = u [, x(s)ds,

where CD‘(’)Q is the Caputo fractional derivative of order o, 1 < @ < 2; f € C([0,1] x
R,N,), N, =[0,+00) and u > 0.
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Different from the literature [30—33], the purpose of this paper is to divide the range of
the parameter p for the existence of strong positive solutions, strong negative solutions,
negative solutions, and sign-changing solutions for BVP (1). The main tools used in this
paper are the Guo—Krasnoselskii fixed point theorem, the Leray—Schauder nonlinear al-
ternative, and the analytic technique.

The Guo—Krasnoselskii fixed point theorem has been extensively applied to discuss the
existence and multiplicity of positive solutions for boundary value problems, see for in-
stance [26, 32], and [33]. However, to our knowledge, there are no papers to apply this
theorem to study the existence of solutions for problems such as BVP (1) where the sign
of its corresponding Green’s function is changing. So, this fixed point theorem may be the
first time to be applied to discuss the existence of various solutions for such problems.

The paper is organized as follows. In Sect. 2, we establish the integral equation and the
operator equation equivalent to BVP (1). In particular, we present some properties of the
corresponding Green’s function. In Sect. 3, we give the range of the parameter p on the
existence of strong positive solutions, strong negative solutions, negative solutions, and
sign-changing solutions for BVP (1). These results show the impact of the parameter x on
the existence of different types of solutions. Finally, two examples are given to illustrate
our main results.

A function x is called a solution of BVP (1) if x € AC2[0, 1],CDg+x(t) € CI0,1] and satis-
fies BVP (1). Let x be a solution of BVP (1), x is called a strong positive solution (strong
negative solution) if x(¢) > 0(x(¢) < 0) for £ € [0, 1]; x is called a negative solution if x(t) < 0
and x(¢) # 0 for ¢ € [0, 1]; x is called a non-positive solution if x(¢) < 0 for ¢ € [0, 1]; and x
is called a sign-changing solution if there exist ¢1,# € [0, 1] such that x(¢;)x(£;) < 0.

To be clear, we present some basic notations and results from fractional calculus theory.

Definition 1.1 ([1-4]) Let x : (0,+00) — R be a function and « > 0. The Riemann-

Liouville fractional integral of order « of x is defined by

I5 x(2) = ﬁ/o (¢ — )% Lx(s) ds,

provided that the integral exists. The Caputo fractional derivative of order « of x is defined
by

C na _ 1 ! _ n—a-1_(n)
DO*x(t)_—F(n—a)/o (t-s) x"(s) ds,

provided that the right-hand side is pointwise defined on (0, +00), where n = [a¢] +1,n—1 <

a < n,and I'(«) denotes the gamma function. If @ = #, then CDgﬁ,x(t) = x((g).

Lemma 1.2 ([1-4]) Ifx € C"[0,1], then
18D x(t) = x() + co + Crt + Cot® + -+ + Cu1 "7,

where n is the smallest integer greater than or equal to «.
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Lemma 1.3 ([1]) If x € AC"[0,1], then the Caputo fractional derivative CDgﬁx(t) exists
almost everywhere on [0, 1], where

AC"[0,1] = {x e C"10,1]|x" Y is absolutely continuous}
and n is the smallest integer greater than or equal to o.

In the rest of this section, we present some notations on cone theory and some known
results on fixed points theory. For details on cone theory, see [34] and [35].

Let E be a real Banach space and 0 be the zero element of E. Recall that a nonempty
closed convex set P C E is a cone if it satisfies (i) x e P,A > 0= Ax € P; (il x €e P,-x € P =
x = 0. Obviously, if P is a cone in E, then —P = {x € E|-x € P} is a cone of E, also.

Lemma 1.4 ([34, 35] (Guo—Krasnoselskii)) Let P be a cone in a real Banach space E
and $21, §2, be bounded open subsets in E with 0 € 21,21 C 2,. Assume that T : PN
(22,\$21) — P is a completely continuous operator such that

(i) I Tx| < ||x|| for x € PN 3821 and || Tx|| = ||x|| for x € PN 382, or

(i) 1Tx|| = ||| forx € PN 3821, and || Tx|| < ||x|| for x € PN 382;.
Then T has a fixed point in PN (£25\82;).

Lemma 1.5 ([36]) Let E be a Banach space, X be a convex set of E, D be a relatively open
subset of X, and 6 € D. Suppose that T : D — X is a continuous, compact map, then either
(i) T has a fixed point in D, or (ii) there exist u € 9D and ) € (0,1) with u = A Tu.

According to the fixed point index theory, it is easy to see the following result.

Lemma 1.6 Let P be a cone in a real Banach space E and §2 be bounded open subsets in
E with 6 € 2. Assume that T : PN 2 — P is a completely continuous operator such that
| Tx|| < ||lx|| for x € PN 382, then T has a fixed point in PN $2.

2 Green’s function and equivalent equation
In this section, we apply Lemmas 1.2 and 1.3 to obtain the integral equation and the opera-
tor equation equivalent to BVP (1) and present the properties of its corresponding Green’s

function.

Lemma 2.1 For any given i # 1, x,, is a solution of BVP (1) if and only if x,, € C[0,1] isa
solution of the following integral equation:

1
x#(t):/0 G”(t,s)f(s,xu(s)) ds, 2)
where
1
Gult,s) = Golt,s) + 1’_‘M/0 Go(x,8) dr, ®)

1 1-s)*t—(t-5*1, 0<s<t<l,

Go(t,8) = ——
rle) [a-s, 0<t<s<l.
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Proof If x € C[0,1] is a solution of (1), from Lemma 1.2 we get

x(t) = - 8‘+f(t,x(t)) +co + C1t,
x'(t) = —Igflf(t,x(t)) +ci.
By y(¢) we denote f (¢, x(¢)), then y(t) is continuous on [0, 1]. Since fol (1-35)*"2ds is conver-

gent, x'(0) = 0,and x(1) = u fol x(s) ds, we obtain ¢; = 0and ¢o = I§y(1) + fol x(s) ds, which
means that

1 1
x(t):/o Go(t,s)y(s)ds+M/0 x(s) ds. (5)

Moreover,

1 1 1,1
/Oac(s)ds:m/0 /0 Go(t,8)y(s)dt ds.

Substituting the value into (5), we can obtain that the solution x € C[0, 1] satisfies (2).
On the other hand, if x € C[0, 1] is the solution of (2), then

x(t)— m(/ (l_s)a lf(s,x(s) ds—/ (t_s)a 1 (s,x(s)) ds) +M/ x(S)dS,

x'(t) = —m /0 = s)“’zf(s,x(s)) ds

It is easy to see that x' € AC[0, 1] and x € AC?[0, 1]. From Lemma 1.3 we obtain that CDgﬁx
exists almost everywhere on [0, 1]. Note that

u d o d o—
x (t):—E< 1)/ (t-9)*>f(s,x (s))ds) EIWI (:x(0)),

we conclude that

d
%Igrlf (£ x(2))

= -CDg IS (8 x(2)) = ~f (£, %(2)),

DG x(t) = 137x"(t) = ~I; “ 7V

and x is the solution of BVP (1). The proof is complete. O

Remark 2.2 It follows from (3) and (4) that

Gultys) = 1| 2a- )al L1-s)*]—(t-5)*, 0<s<t<l, ©
') %{( 5)* - (1 - 5)], 0<t<s<l

Lemma 2.3 G,(¢,s) is continuous on [0,1] x [0, 1] for every u # 1; and G,,(¢, s) is monotone
decreasing with respect to t for every s € [0, 1] and . # 1. Moreover,
(i) forO<pu<1,

wlo —1) vl 1 . .
S0 r@in Y =CGub = g aE =97 s €l01);
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(ii) forl<p<a,

= wl < B Gl N .
m(l—s) <Gults) < (M—I)F(a+1)(1_s) <0, tsel0,1];
(iii) for = a,
K a-1 —MUS ool '
m(l—s) SGu(t,s)Em(l—s) <0, tsel0,1];

(iv) for u>a, G,(0,0) >0, G,(1,0) <0, and

M(l—a—s) ol M(I—S—%)
TaiDE-p L~ =Gt =+

a-1
m(l—s) , L,s€ [0,1].

Moreover, there exist 01,09 € (0,1) with 01 < 02 and 0 <y < 1 such that G,(t,s) < 0 for
(t,S) € [OlyUZ] X [0¢ 1]1 ﬂnd

. M 2 OSSSUZ,
min |Gﬂ(t,s)| >
01<t<0y I'a+1)(nw-1) |1—s—%|(1—s)°“1, oy <s<1.

7)

Proof For u #1, it is obvious from (6) that
Gu(1,5) < Gu(t,s) < Guls,s), t,se[0,1], (8)

where

wla—1+5s)
1-w)Ir(e+1)
u(% —1+s)

— _ R T 1 eye-l
Gu(s,8) = G,(0,5) = TR 1)(1 ), se]0,1].

Gu(1,s) = 1-5%1 selo,1],

In addition, note that G,.(s,s) = 7 (1 - $)*7! for u = a, then it is easy to verify con-
clusions (i), (i), and (iii). Next, let us prove conclusion (iv).

When u >loz, it is easy to check that G,(0,0) = (1_;L)l)r(a)(1 - %) >0, G,(1,0) =
1%
T 1- E) <0. Let

gu(s) = <1 - % —S>(1 -5)* and g(s)=(1-a-s)(1-5)*", sel0,1].

From (6), G,(¢,s) can be written as follows:

Gty - L TG == 0=s<e<1, o
e I () ﬁgu(s), 0<t<s<l.
Moreover,
L g < a

)gu(s), t,s€[0,1]. (10)

M+ D=1 Gulb9) = Fo T

Page 6 of 20
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Since

g.(s)=(1 —8)* 2y (s— 1+2 > and g'(s)=a(l-s)"%(s—2+a),

it is easy to check that g(s) < 0 and g(s) < g,,(s) for s € [0, 1], and

>0 and monotone decreasing on [0,1 — %],
= fors=1-2%,
"
gu(s)1<0 and monotone decreasing on (14,1~ “T:l],
= —i(‘)‘T*I)"“1 fors=1- % (the minimal value of g,,),
<0 and monotone increasing on [1 — 0‘7’1, 1);
<0 and monotone decreasing on [0,2 — «],
g(s) 1= (@ —=1)*1 fors=2 -« (the minimal value of g),
<0 and monotone increasing on [2 — &, 1).

a-1

Thus, we obtain that [g,(s)],|g(s)| < 1 for s € [0,1] and |g,(s)| < |g(s)| for s € [1 — o 1].
This, together with (10), leads to

G (t,s)| < s L 05551_%’ vt € [0,1] (11)
YS —_ . -~, -\ b 7
13 F(a-’—l)(M_I) |g(s)|, 1_0‘”‘;1<s§1’
and
1Gu(t,s)| < o V(t,s) € [0,1] x [0,1]. (12)

Fe+)(p-1)

Seto; =42 =1-2Lapndog, = 1—“7’1,then 1—% <01 <0y < 1. Foranygiven ¢ € [0, 03],

n-1 u—1
by (9) we have
K _(f_ -1
Gu(t,s) = 1 &) - =9, 0=s<t, .
P | i) t<s<l.

In particular, we claim that G, (o1,s) <0 for s € [0,1]. Indeed, it is evident that

~ w—a M_l 2-«a
Gulo1,0) T T+ )(e-1) (a(u—a> - 1) <0

a-1
w—o oa-1
GL ) == 0;
wonon) F(a+1)(u—1)2(u—1) )

and G, (01,1) = 0. This, together with

SZGM(ol,s)

P) B > 01 se [Oy Gl) U (611 1)’ (14')
S

Page 7 of 20



Wang Boundary Value Problems (2019) 2019:76 Page 8 of 20

yields that G, (01,s) <0 for 0 <s < 1. Moreover, for any 01 <t < 0y, we have
Gu(02,8) < Gu(t,s) < Gulo,8) <0, 0<s<L.

This, together with (10) and (13), yields that, for any o1 < ¢ < 0y,

u

- <G,(ts) <G, (o1,8) <0, 0<s<oy,
Fla+ - e =Gl = Gulony) s<o,

and

_ n
Gt = Fa - %

(s), op<s<I.
In addition, noting (14) and the following inequality

oo
T+ Du-1n%"

uw

©@)> Fa -1

G/L(Glr 01) = gpL(O'Z) = G/L(Gl’ 02);

we obtain that

. ' y
0 |Gu(69)] = min (-Gu(69) = Fmi el o <s<1
and
alrgtigaJG“(t’S” = (71122102 (_G/L(t! S))
> min{ ’GM(GbO) ,|Gulo1,01)], !Gu(Ul,Uz)”
= min{|GM(01,0) , |GM(0'1,0'1)|}
o
T M
where

2-a a-1
T w
7 n—o ulp=1)\n-1
and 0 < y < 1. So, (7) holds. This completes the proof.
Set E = C[0, 1], the Banach space of all continuous functions on [0, 1] with the norm
[l%]l = max{|x(¢)||t € [0,1]}. Let

P={xeCl0,1]x(z) = 0, € [0,1]},

then P and —P are cones in E. In addition, we set

o —1)
o

Py, = {xeP’x(t)z IIXII,te[O,l]}, O<pu<l,

o

Pz,ﬁ{xE—Pl—x(t)Z _Mllxll,tE[O,l]}, l<p<a,
“w

o
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and

K, = {x e Clo, 1|20 = sl or = ¢ = 02}» e,
e

where oy =1 - Z;_}, oy=1- %, and y is given as (15). O
Lemma 2.4 Py, C P, Py, C —P, and K, are all cones in E.

Proof 1Itis clear that Py, C P and P,, C —P are cones in E. Next we prove that K, is a cone
in E. Indeed, it is easy to verify that (i) K, is a nonempty closed convex subset in E; and (ii)
A>0andx € K, = Ax € K,,. So, we only need to show that if x € K, and —x € K, then
x = 0. If otherwise, we have ||x|| > 0. This, together with x € K, and —x € K,, implies that
—x(t) > J—a llll > 0 and —(=x(£)) = x(¢) > My—a |lx|| >0 for o7 < t < 09, this is a contradiction.
So, K, is a cone in E. The proof is complete. d

Define the operator 7, : C[0,1] — C[0,1] by

1
(T,x)(t) = fo G (t,5)f (s, %(s)) ds, x€ C[0,1]. (16)

For any uu # 1, itis clear by Lemma 2.1 that x,, is a solution of BVP (1) < x,, is a fixed point
of T, in E.

Lemma 2.5 The operator T, : E — E is completely continuous.
Proof The proof is similar to that of Lemma 2.2 in [29]. O

Lemma 2.6 (i) T, (E) C Py, for u € (0,1); (ii) T, (E) C Py for u € (1,a); and (iii) T,,(E) C
K, for u € (o, +00).

Proof (i) Given p € (0,1). It is clear from Lemma 2.3(i) that 7, (E) C P. Moreover, for any
x € P, we have

1Tl = s | (1= (5 ds
T A-wr@ Jo ’ '

This, together with Lemma 2.3(i), yields that

_ 1
(T,x)(t) > % fo (1-95)*"f(s,x(s)) ds
EM“T/MC”: te0,1],

which implies that T),(P) C P;,. Consequently, we have T),(E) C Py,.
(ii) Given p € (1, ). Arguing similarly as above (i), we can obtain T}, (E) C Ps,.
(iii) Given u € (@, +00). For any x € E, from (11), we have

() 1
[ Tuxl < (M—l)um </0 S (s,%(s)) ds +/ |lg(s)|f (s, %(s)) ds).
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On the other hand, since

M-s-%1 1
min —— > —,
selop1] [1—a—s| — au

we have |g,(s)| > # lg(s)| for s € [03,1]. This, together with Lemma 2.3(iv), yields that

) 1
(Tt > M‘WG /0 F(s,%(s)) ds + / |24 ()| (5, %(5) ds)

o9 1 1
> (M—l)um <)//0 S(s,%(s)) ds + o /Uz |g(s)|f (s, %(5)) ds>

> Y\ Tuxl, Vo, <t<o,
"
e

This gives that T, (E) C K,,. The proof is complete. O

Throughout this paper, we always use the following denotations:
.Q,:{er|||x||<r}, 89,:{er|||x||:r}, 2,=2,U082,, r>0,
and

. tix . . . tvx
f0 = lim sup max 4 ), fo =liminf min I ),
xl—0 tel01] || lx|—0 tef01] |x

t,x .. . t,x
£ =limsup max oA ), foo = liminf min A ).
lx|>oo t€l01] || lxl—o0 tef0,1]  |x|

3 Existence results of various types of solutions
In this section, we first discuss the property of solutions for BVP (1) and then give the
interval of the parameter 1 on the existence of at least one strong positive solution, strong

negative solution, non-positive solution, negative solution, and sign-changing solution.

Lemma 3.1 Ifx, is a solution of BVP (1) for u # 1, then x,,(t) is decreasing with respect to
tfort e [0,1].

Proof 1t follows from (6) and (16) that

1 1 t
x,(2) = /(; G, (s,s)f(s, Xy (s)) ds — Ta) /0 (t- s)“_lf(s, xu(s)) ds; (17)
moreover,
®,(t) = _(;T_al) /Ot(t —8)*?f(s,%,(5)) ds <0, te[0,1],

which implies that the solution x,,(¢) is decreasing on [0, 1]. This ends the proof. O

According to Lemma 2.6 and Lemma 2.3(iii), we can obtain the following result.
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Lemma 3.2 Ifx, is a solution of BVP (1) for u # 1, then x,, € P, %, € Poy, %, € —P, and
x, € K, forne(0,1), n e (1,a), u=a,and u € (a, +00), respectively.

The following conditions will be used.

(L1) fo=+400,f*=0;

(L2) f0=0,fa = +00;

(H) f(t,0)#£00n[0,1].
It is interesting to point out that (H) is independent of fy = +00. For example, let f(z,x) =
(¢ + 1)/, then fy = liminfl,y o minsefoy 222 = +o0, but £(2,0) = 0. So fy = +00 % (H).
On the other hand, let f(£,x) = £ + x2, then f(¢,0) = £ % 0, but fy = 0. This means that (H) =
fo=+00.

For any given x € C[0, 1], set

1 1
I, =ne (a,+oo)’u/0 (l—s)“f(s,x(s)) ds<oz/0 (l—s)“_lf(s,x(s)) ds

1 1
Iey={p € (a,+oo))u/0 (1 -9 (s,%(s)) ds:(xfo (1 -9 f(s,%(5)) ds 1,

1 1
Iy =1 € (a, +oo)'u/0 (1- s)af(s,x(s)) ds > a/o (1- s)""lf(s,x(s)) ds

then I;, U g, Ulg, = (o, +00).

Theorem 3.3 Suppose that (L1) holds. Then BVP (1) has at least one solution x,, for
any u # 1; in particular, x,, is a strong positive solution, a strong negative solution, a
non-positive solution, a negative solution, and a sign-changing solution for n € (0,1),

nela)Uly,, p=a, k€ Ik, and p € Iy, , respectively.

Proof We prove all the statements in four steps.
(i) Given p € (0,1). According to Lemma 2.6, we only need to find a fixed point of T, in

Py, Since fy = +00, there exists r; > 0 such that

(1-we?Ia+1)

2oty relonlieloll

f(t,x) >

This, together with Lemma 2.3(i) and the definition of P;,,, leads to

012

(Tuwx)(t) > m

1
f (1-s)*tn(s)ds > x|, VxePy, N3,
0
which means that
”Tu.x” > [lx]l, VxEPI,Lﬂa.Q,v

On the other hand, it follows from f* = 0 that there exists /; > 0 such that

ftx)<A-w)(e+1x, x>h,tel0,1]. (18)
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Set Ry > max{ﬁll, 2r1}, then it is easy to see that

a-—1
min x(t) > MRl >h, xe€Pi,N0Sg,.
te[0,1] o

Moreover, it follows from Lemma 2.3(i) and (18) that

1 1 .
(Tu0)() = m/o (1-9)*"f (s,(s)) ds < |lxll, x € P, NIy,
which implies that
1Tl < llxll, x€Py, NOS2g,.

Therefore, it follows from Lemma 1.4 that BVP (1) has at least one solution x,, € Py, with
r1 < |l%. |l < Ry. This, together with the definition of Py, implies that x,, is a strong positive
solution.

(ii) Given p € (1, ). From Lemma 2.6 we only need to find a fixed point of T, in P,,,. By
fo = +00, there exists r, > 0 such that

(n-1)o?ul (a +1)
(a = p)?

ft,x) > |x|, «x€[-r,0],t€][0,1],

which together with Lemma 2.3(ii) and the definition of P, gives
o2u [
—~(T,x)(t) > —f (1—5)*"w(s)| ds > llxll, x € Pay N2,
od—W1Jo
This means that
ITuxll = llxll, % € Py N 3S2y,.

In addition, it follows from f*° = 0 that there exists /; > 0 such that

fltx) < WM, x < —b,te[0,1]. (19)

Set Ry > max{%lz, 2r,}, then it is easy to see that

o— [

—x(t) > Ry>1l,, Vte [0, 1],x € P2/1, n 8.QR2.
W

This together with Lemma 2.3(ii) and (19) leads to
1
(0] <o [ Q=5 x6]ds < ol € Poy 052,
0

which implies that

ITuxll < llxll,  x € Py N OS2R,.

Page 12 of 20
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Therefore, applying Lemma 1.4, we obtain that BVP (1) has at least one solution x,, € Py,
with 7 < ||x, || < R,. This, together with the definition of P, implies that x,, is a strong
negative solution.

(iif) Given p = «. It is obvious in view of Lemma 2.3(iii) that T),(E) C —P. So, we only
need to find a fixed point of T}, in —P. It follows from f*° = 0 that there exists /3 > 0 such
that

ftx) < F@)(@-1x|, x=<-Is. (20)
We assert that there exists Rz > 0 such that
x#AXTx, Vi e(0,1),x € (=P)N0S2g,. (21)

In order to prove, the assertion we consider two cases.

Case 1. The function f is bounded on [0, 1] x (-00,0], that is, there exists M > 0 such
that f(¢,x) < M for t € [0,1] and x € (—00,0]. Take R3 _> Jw, then (21) ho_lds. Suppose,
to the contrary, that there exist ¥ € (—P) N 9§2g, and X € (0, 1) such that X = AT}, X, that is,

1
x(t) = )_L/ G.(t, S)f(s,a_c(s)) ds, te][0,1].
0

This, together with = o, implies that

) AMa ! w1 M
’x(t)|§mfo (].—S) dS<m<R3, te[O,l],

which implies that R3 < Rs, this is a contradiction.
Case 2. f is an unbounded function on [0, 1] x (—00,0]. In this case, we can take R3 > I3
such that

ft,x) <f(¢t,-Rs), te][0,1],x € [-Rs,0]. (22)

Moreover, (21) holds. Suppose, to the contrary, that there exist x € (—P) N 92z, and re
(0,1) such that x = ):T,Jc, Then, by (20) and (22), we have

T 1
ya'c(t)| < (oz—)i%/‘o (1 —s)“_lf(s, —R3)ds <AR3; <R3, tel0,1],

which implies that R3 < Rs, this is a contradiction.
Consequently, applying Lemma 1.5, we obtain that BVP (1) has at least one solution x,, €
(-P)N 51%3, that is, the solution x,,(¢) <0 for ¢ € [0, 1]. So, %, is a non-positive solution.
(iv) Given 1 > a. Similarly, we only need to find a fixed point of T}, in K,. It follows from
fo = oo that there exists r4 > 0 such that

o+ (e - 1)

- 1) |x|, Vte[0,1]and |x| < 74. (23)

ft,x) >
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For x € K,, N 982,,, it follows from (23), (7), and the definition of K|, that

1
/(; (—G,L(t,s))f(s,x(s)) ds
_ Ple+ Dup -1 a /"2
- )/2(01 - 1) o

2 _ oy
o w =1
'}/(Ol - ]-) o1

(T2 ()]

min ’Gu(t,s)| |x(s)| ds

1 telono]

()| ds > LU= D2 =00,
a-1

=lxll, Vo1 =t=<oy
which implies that
I Tuxll = llzll, x€K,Nas2,.

On the other hand, it follows from f*° = 0 that there exists /4 > 0 such that

f(t,x) = Wml, |x| = 141t € [0, 1] (24‘)

In order to show that there exists Ry > r4 > 0 such that, for any x € K, N 982g,,
(T)@®)| < lIxll, Vte[0,1], (25)

there are two cases to be considered.
Case 1. f is bounded on [0, 1] x (—00, +00), that is, there exists M > 0 such that

flt,x) <M, (tx)€[0,1] x (—00,+00).

Take Ry > max{( My

(TR 214}, then for any x € K, N 082, it is easy to see from (12) that

(00 < = My Ri=lal, telo],

P <
-DIM(e+1) —
that is, (25) holds.
Case 2. f(¢,x) is unbounded on [0, 1] x (—00, +00). We can choose Ry > max{ly, 2r,} such
that
ft,x) <f(t,—Ry) or f(t,x) <f(t,Ry), t€[0,1],x € [-Ry, Ry].

This, together with (24), leads to
r Dip -1
f(tyx) = MRZL: te [0, 1]1x € [_R41R4]'
i
Moreover, for any x € K, N 082g,, we have

1
[(T.x)(0)] < (M—l)um/(; f(s,x(s))ds <Ry = ||x[, t€][0,1],

that is, (25) holds.
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Noting that (25) implies that || 7,x| < |lx| for any x € K, N 082g,, it follows from
Lemma 1.4 that BVP (1) has a solution %, with r4 < ||x, || < R4. It is easy to check that

x,(1) < x(0) < —@nx#n <0. (26)

In particular, when u € [ Ly from the definition of Iy, we have

1 fy (L= 5)f (5,2,(5)) ds — [y (1= $)*7Lf (s, x,.(s)) s o
(-l +1) )

’

X (0) =

this together with Lemma 3.1 and (26) leads to x,,(¢) < 0 for ¢ € [0, 1], that is, x, is a strong
negative solution. Similarly, when 4 € I,,, we can obtain that x,,(¢) < 0 and x,,(¢) # 0 for
t € [0,1], that is, x,, is a negative solution; and when u € Ig,,, we can obtain x,,(0) > 0, this

together with (26) means that x,, is a sign-changing solution. The proof is complete. [J

Corollary 3.4 Suppose that (H) holds. If f> = 0, then BVP (1) has at least one non-zero
solution x,, for any | # 1. Furthermore, this solution x, is a strong positive solution, a
strong negative solution, a negative solution, and a sign-changing solution for p € (0,1),

weLa]Ul,,, € Ipy,, and € Iry,, respectively.

Proof According to Lemma 1.5, Lemma 1.6, and the proof of Theorem 3.3, we obtain that
BVP (1) has at least one solution x,, for any u # 1.

Next we show that x,(£) # 0 on [0, 1]. Suppose, to the contrary, that x,,(£) = 0 on [0,1],
then we have

1

% (t) = / G (t5)f(5,0)ds =0, Veelo1],

0
which implies that
1
2,(0) —x, (1) = / (GM(O,s) - Gu(l,s))f(s, 0)ds =0.
0

Since G(0,s) — G(1,s) = ﬁ(l —s)*"1 for s € [0,1], then

1
f (1-5)*"f(s,0)ds =0,
0

this implies that f(¢,0) = 0 on [0, 1], which contradicts condition (H).
Since x,(¢) # 0 on [0, 1], it is obvious that ||x,|| > 0. Moreover, from Lemma 2.6 we have

a-—1
X, > wa-1) )||xM|| 50, tel0,1],ue(0,1),
and
x(®) > x50, te[0,1] 1 € (1),
au
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which mean that x,, is a strong positive solution and a strong negative solution for . € (0,1)
and u € (1, @), respectively. In addition, similar to the proof of Theorem 3.3, we obtain
that x,, is a strong negative solution, a negative solution, and a sign-changing solution for
W€ Iy, 1t € IEy,, and p € IGy,, respectively.

Finally, we shall show that x, is a strong negative solution for u = «. By view of
Lemma 3.1, we only need to show that x,(0) < 0. It is evident from Lemma 3.2 that
x,(0) <0.If x,(0) = 0, that is,

_r o= - -9 G5, ds
B (w=1DI (@ +1) B

’

1
‘/0 G, (0, s)f(s,x# (s)) ds

which implies that f(¢,%,,(t)) = 0 for ¢ € [0, 1]. Moreover,

1
x,(2) = /0 Gt s)f(s,xu(s)) ds=0, Vtel0,1],

this contradicts the fact x,, () # 0 on [0, 1]. Hence, we have x,(0) < 0. The proof is com-
plete. O

Theorem 3.5 Suppose that (L2) holds. Then BVP (1) has the zero solution for every . # 1.
In addition, BVP (1) has at least one non-zero solution x, for any  # 1,o; furthermore,
X, is a strong positive solution, a strong negative solution, a negative solution, and a sign-
changing solution for p € (0,1), u € (L&) UlLy,, i € IEy,, and [ € Iry,,, respectively.

Proof Since f° = 0 implies that f(£,0) = 0 for ¢ € [0,1], then x,,(¢) = 0 is a solution of BVP
(1) for any p # 1. In the sequel, we prove the rest of the statements in three steps.

(i) Given u € (0,1). In this case, we only need to find a non-zero fixed point of T, in Py ,.
It is evident by f© = 0 that there exists r; > 0 such that

fx)<(A-pu)(e+1)x, 0<x=<r,tel0,1].

Then, for x € Py, N 952,,, we can obtain that

1
1Tl < Wl)r(a) fo (1 -5 (s,2(5)) ds < [l

On the other hand, by f, = +00 there exists /; > 0 such that

(1-wa’IMoe+1) w=1. @7)

f(trx) = /,Lz(()l _ 1)2 Xy =

Set R; > max{ﬁll,%l}, then for x € Py, N 982g,, we have

-1
x0= " De S0 viepo)
o

Moreover, it follows from Lemma 2.3(i), the definition of Py, and (27) that

2 1
Tl =~ f (1 - 5)*x(s) ds > [Jx].
- 0
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Therefore, applying Lemma 1.4 we obtain that BVP (1) has a solution x,, with r; < |lx,] <
R;; moreover, x,, is a strong positive solution.

(ii) Given 1 < u < «. In this case, we only need to find a non-zero fixed point of T}, in
P,,. By a similar argument as the above (i), there exist r, > 0 and /; > 0 such that

(w-1I(a+1)

flt,x) < ———— x|, 0>x>-r,te[0,1] and
"
r (- 1) o
flomyz TOEDI DRt - e o
(o0 — )
Moreover,

1
I T, < m/ (1= (s,2(5)) ds < ||, Va€Py, N2,
- 0

and

a-K ! o-1
” Tﬂx|| Z 1"0)[+1—)QL_D/0 (1 —S) f(s,x(s)) dS

=

2 1
"‘f/: /0 (1 -9 |x(s)| ds

o

= ”x”) xGPZp.maQRzr

where R, > max{%, ra}. Therefore, BVP (1) has a solution x,, with r, < |lx,|| < R,, and
%, is a strong negative solution.

(iii) Given p > a. In this case, we only need to find a non-zero fixed point of T}, in K,.
Clearly, there exists r3 > 0 such that

flt,x) < WIM, lx] <rs,tel0,1],

and || Tx|| < ||x|| for x € K,, N 382,,.

In addition, there exists /3 > 0 such that

ol (o + 1) —1)>2
(@ -1)y?

f(trx) = |x|r |x| = lSrt € [Or 1] (28)
Set R3 > max{%lz,Zrz}, then for x € K, N 982g,, we have

|x(t)| = —(2) > %Ra, sl o <t<oy

moreover, it follows from (7) and (28) that, for any 01 <t < 09,

o9 _ 2 o
[(T,.x)(2)] 2/ |G (t,5)|f (s, %(5)) ds = %[ |x(s)| ds = ||x]].

This implies that

[ Tyuxll > llxll,  x€ KNS,
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Applying Lemma 1.5 we obtain that BVP (1) has a non-zero solution x,, with r3 < |lx,| <
Rs. Similar to the proof of Theorem 3.3, we further obtain that x, is a strong negative
solution, a negative solution, and a sign-changing solution for u € I1,,, it € Iy, and u €

IGyx, , respectively. The proof is complete. d

Remark 3.6 In particular, let f(¢,x) = ¢(£)¥(x), where ¥ : (—00, +00) — [0, +00) is con-
tinuous, and ¢ : [0,1] — [0, +00) is continuous and satisfies ¢(f) % 0 for ¢ € [0, 1]. If we
replace (L1), (L2), and (H) by the following conditions:

(L1) Yo = liminfly o 4% = +o0, > =limsup,, ., % =0,

(L) ¥° =limsup,,_, % =0, Yoo = liminfiy o0 % = +00,

H) ¢(0) #0,

respectively, then the conclusions of Theorem 3.3, Corollary 3.4, and Theorem 3.5 still
hold.

4 Examples

In the section, we give two concrete examples to illustrate our results.

Example 4.1 InBVP (1), let o = % and f(¢,x) = th(x) + te™* for t € [0,1] and x € (—00, +00),
where

1, lx| <3,

(1+€3)(Jx|+el*))
(3+€3)(1+el*l) ?

h(x) =
|x| > 3.

Then (H) is satisfied and f* = 0. Therefore, applying Corollary 3.4, we obtain that BVP
(1) has at least one non-zero solution x, for any u # 1. It is evident that |A(x)| < 1 for

x € (—00, +00). Moreover, for i > «, from (12) we have

o

M ' s _4
|xu(t)| = F(%)(M—l)/o (sh(xu(s)) + se )dsf F(%)(Ol— D = N <3, te]lo0,1].

Hence, f(t,x,(t)) = t(1 + e™). By a calculation we have fol s(1=98)(1 +e*)ds = 0.189203
and fol s(1-5)%(1 + e~*) ds = 0.421468. So, the solution of

,u/:s(l _5)1.5(1 + e_s) ds = %/OIS(I —s)O.s(1 N e—s) ds
is u = 3.341395, which implies that

I, = (15,3341395),  Ip,, = (3.341395), Iy, = (3.341395, +00).
Consequently, this solution x,, is a strong positive solution, a strong negative solution,
a negative solution, and a sign-changing solution for p € (0,1), u € (1,3.341395), u =

3.341395, and p € (3.341395, +00), respectively.

Example 4.2 In BVP (1), let f(¢,x) = p(£) ¥ (x), ¥ (x) = |x|? for (t,x) € [0,1] X (00, +00),
where ¢ > 0,q # 1, and ¢ € C[0, 1] with ¢(¢) > 0 and ¢(£) #£ 0 for ¢ € [0, 1].
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(i) If g = 0, then v (x) = 1. In addition, take ¢(£) = (1 — £)?, B > 0. It is clear that (H') and
(L1’) hold. In combination with Remark 3.6 and Corollary 3.4, we obtain that BVP (1) has
at least one non-zero solution x,, for any u # 1. It follows by a straightforward calculation

that
o o o
Iy, = a,a+a+ﬁ , Ipy, = a+a+’3 , Iy, = a+a+ﬁ,+oo .

Thus, the solution x, is a strong positive solution, a strong negative solution, a negative

solution, and a sign-changing solution for u € (0,1), u € (1, + a”‘Tﬁ), w=o+ a”‘Tﬁ, and

(o + ﬁ, +00), respectively.

(i) If 0 < g < 1, then (L1’) holds. In combination with Remark 3.6 and Theorem 3.3, we
obtain that BVP (1) has at least one solution x,, for every u # 1; furthermore, x,, is a strong
positive solution, a strong negative solution, a non-positive solution, a negative solution,
and a sign-changing solution for 1 € (0,1), u € (1) U1y, b = &, it € IEy,, and p € Iy,
respectively.

(iii) If ¢ > 1, then (L2') holds. In combination with Remark 3.6 and Theorem 3.5, we
obtain that BVP (1) has the zero solution for every i # 1. In addition, BVP (1) has at least
one non-zero solution x,, for every u # 1, «; furthermore, x,, is a strong positive solution,
a strong negative solution, a negative solution, and a sign-changing solution for x € (0, 1),
ue(La)Ulp,,, i€ Igy,, and p € Iy, respectively.
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