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AV U+ (A + VU +kv =i+ Buv?,  in R,
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u,v e H (R,
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1 Introduction
The aim of this paper is to consider the existence of ground state solutions to the following

fractional Schrodinger system with linear and nonlinear couplings:

(=AYu+ g+ VE)u + kv =pu® + urv?, inR3,
(=AYv+ (g + V(&) + ku = uov® + Buv,  in R, (1.1)
u,v € H(R®),

where (—A)® denotes the fractional Laplacian of order s € (%, 1), A1, A2, 41, Mo are positive
constants, k, B are linear and nonlinear coupling constants respectively. The potential

function V(x) will always be assumed to satisfy

(V) sup Vi(x) = | |lim Vix)=A>0, inf V(x) > 0.
x| — +00

3
x€R3 x€eR
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If V(x) =0, then (1.1) becomes

(=AY u+ A u+kv=pu®+ Buv?, inR3,
(=Av + Agv + ku = uov® + Bu?v, inR3, (1.2)
u,v e H(R3).

It is well known, but not completely trivial, that (—A)* reduces to the standard Laplacian
—A ass — 1.Inthelocal case, that is, when s = 1, the system (1.2) reduces to the following
system:

—Au+ A u+kv=puu®+ fuv?, inR3,
—AV+ Ay + ku = oV + Buv,  in RS, (1.3)
u,ve HY(R?).

System (1.3) appears in several physical situations such as in nonlinear optics, in double
Bose—Einstein condensates and in plasma physics, and it has been extensively studied by
many authors in the past ten years; see, for example, [1-3] and the references therein.

In the nonlocal case, that is, when s € (0, 1), there are very few results for the fractional
Laplacian systems. If 8 = 0, i.e., only linear coupling terms exist, in [4], Dengfeng Lv and
Shuangjie Peng studied the problem

(~AYu+u=f(u)+kv, inRN, 14)

(=APv+v=gWv)+ku, inRN. ‘
They obtained the existence of positive vector solutions and vector ground state solutions
via variational methods. They also proved the asymptotic behavior of these solutions as

the coupling parameter k tends to zero. If k = 0, i.e., only nonlinear coupling terms exist,
in [5], Q. Guo and X. He studied the problem

(=AYu+u=(u|? +blufp |vPV)u, inRYN,
(=AYv+®v = (V|2 + bvP ulP-Y)v, inRN, (1.5)

u,v e HS(RN),

where @ > 0, b > 0 are constants and p satisfies 2 < 2p + 2 < 2. They obtained the existence
of a least energy solution via Nehari manifold method. They also proved that if b is large
enough, system (1.5) has a positive least energy solution with both nontrivial components.
When k #0and B #0, i.e., linear coupling terms and nonlinear coupling terms both exist,
to the best of our knowledge, there has been almost no research on this problem. For
the other work on the fractional Laplacian system, we refer the reader to [6-23] and the
references therein. We would also like to mention [24—36] and the references therein for
the information of fractional ordinary differential equations.

A solution (i, v) € H¥(R®) x H*(R®) to (1.1) is called a nontrivial solution if (i, v) # (0, 0).
A solution (u,v) with # > 0 and v > 0 is called a positive solution. A solution (i, v) is called
a ground state solution if (¢, v) # (0,0) and its energy is minimal among the energy of all
nontrivial solutions to (1.1).
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Our main theorems of this work read as follows.

Theorem 1.1 Suppose that A, o, 1, 142 >0, B € R, k € (—/A1A2,0) U (0,/A1A2). Then
problem (1.2) possesses a ground state solution (u,v). Moreover, u >0, v > 0 as k €
(=/A122,0); 4>0,v<00ru<0,v>0ask e (0,/A1A3).

Theorem 1.2 Suppose that ry,do, i1, 4y > 0, B € (= /IU1ft2,+00), k € (=a/A113,0) U
(0, VA112) and that (V) holds. Then problem (1.1) possesses a ground state solution (u,v).
Moreover,u>0,v>0ask € (—/A1A2,0); u>0,v<00ru<0,v>0aske (0,/A1A).

The remainder of this paper is organized as follows. In Sect. 2, some notations and pre-
liminaries are presented. The proofs of Theorem 1.1 and Theorem 1.2 are given in Sects. 3

and 4 respectively.

2 Preliminary
In this section, we outline the variational framework for the problem (1.1) and give some
preliminary lemmas which will be used later.

Throughout this paper, C, C; will denote various positive constants; the strong conver-
gence is denoted by —, and the weak convergence is denoted as —; 2} = ﬂ is the frac-
tional Sobolev critical exponent; 0,(1) denotes 0,(1) — 0 as n — 00; For any p > 0 and
Z€R? B,(z):={x € R¥:|x—z| < p}; For 1 <p < +00, and f € LP(R®), let f* = max{f, 0},
/™ = min{f,0}, and |f|;»zs) denotes the usual L? norm of f. Let L?(R®) x L(R®) be the
Cartesian product of two L?(R®) spaces, and for (f,g) € LP(R®) x LP(R3), |(f,@)|1rx1r =
I(f, g)|U’R3 xLP(R3) (|f|LpR3 +|g|Lp(R3)) .

For any s € (0, 1) the fractional Sobolev space H*(R?) is defined by

H(R) = {ueLz(R3) 'T(x) |Z+(2{)|6L2(R3XR3)}.
x=y

Let us consider a Hilbert space endowed with the scalar product given by

e [ [ [ COHNAI0)

The corresponding norm is therefore

1
_ |u(x) - u(y)® 2
llotl| s = (/ |u| dx+/1;3 /Ra P dxdy) .

It is well known that the fractional Laplacian (-A)® of a function u : R® — R is defined
by

(-AYulx) = FHE*(Fu)(x), V&R,

where F is the Fourier transform, i.e.,

Fu() = / exp(=2mi& - x)u(x) dx,
R3

(27)?
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i is the imaginary unit. If & is smooth enough, it can be computed by the following singular
integral:

(=AY ux) = csP.V./ ulx) ~ uly) dy, xeR

23 |x _y|3+23

where ¢ is normalization constant and P.V. stands for the principal value. Now one can get
an alternative definition of the fractional Sobolev space H*(R?) via the Fourier transform

as follows:
H*(R%) = {u e L*(R%) :/ |E|% 21| dE < oo},
RS

endowed with the norm

= ([ (e reryarae)

where it = F(u) denotes the Fourier transform of u. It is easy to see that || - || s is equivalent
to | - [ls.
The homogeneous Sobolev space D*?(R?) is defined by

D'(R) = {ue L™ (R%): &[0 e L*(R°)},

which is the completion of C5°(R?) under the norm

lluall psz = (/R3|(—A)S’2u|2dx)2 = (/R |e|23|a|2ds)2.

Now we introduce the following lemmata.

Lemma 2.1 (see [13]) For any s € (0,1), H*(R®) is continuously embedded into L7 (R?) for
p € [2,2}] and compactly embedded into I (R®) forpell, 2%).

loc

Lemma 2.2 (see [14]) For any s € (0,1), D*2(R®) is continuously embedded into L* (R®)

and we define

—A)Y2u|? dx
S, = inf M
ueD2(RN(0)  ( [pa u)¥%

Lemma 2.3 (see [15]) If {u,} is bounded in H*(R®) with s € (0,1) and

lim sup/ |2 dx =0,
Br()

n—>ooy€R3
where r > 0, then we have u, — 0 in L"(R®) for v € (2,27).

Remark 1 Similarly, in the case that the sequence {|u,|> } is vanishing, we can prove that
u, — 01in L"(R®) for v € (2,2}].
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Lemma 2.4 (see [37]; Ekeland variational principle) Let X be a Banach space and let G €
C2(X, R) be such that, for everyve V:={ve X:G(v) =1}, G(v) #0. Let F € C*(X,R) be
bounded from below on V,ve V and ¢,5 > 0. If

Fv) < ir‘}fF+ g,
then there exists u € V such that
. . , , 8¢
F(u) <infF + 2¢, min| F'(u) - 1G (w)|| < —, luw—v| < 26.
1% L€R é

3 Proof of Theorem 1.1

In this section, we shall study system (1.2). Suppose that Aj, Ay, 1,42 >0, B €R, k €
(=/A122,0) U (0,4/A1A2). Let H := H5(R®) x H*(R®). We define an inner product on H
as follows:

(1, v1), (2, v2)) :/ (=AY uy (= A)uy + dyuy (%) (x) dx
R3
+/ (=AY v (=AY vy + hovy (%) V(%) dx
R3

+ k/R3 ur(x)v1(x) dx + k ./1?3 Uy (x)vo(x) dx,

for (uy,v1), (u2,v2) € H. ||(u, V)| = (, v), (1, v))% is the corresponding norm if |k| < v/A1A,.
This is equivalent to the standard product norm on the product space H*(R?) x H*(R3).
For (u,v) € H, the energy functional associated with (1.2) is

1 s 1 s
1,) = 7 3|(—A)7u|2 + had (%) dax + 5/3|(—A)fv|2+A2V2(x)azx
R R

+k/R3 u(x)v(x) dx — %/41 /R3 u*(x) dx — i,@ /1;3 vi(x) dx

- 1/3 w () (x) dx
2 R3

1

2 1 4 1 4 1 2 2
2||(M,V)H —Em/l;su (x)dx—z,m/Rsv (x)dx—gﬂ/Rsu (x)v°(x) dx.

Then, under our assumptions, I is well defined on H and I € C}(H,R).
Let us define the Nehari manifold

N:={(u,v) e H\ {(0,0)} : F(u,v) = (I'(,v), (u,v)) = 0}.
Now we state some properties of N.

Lemma 3.1 Ifthe assumptions of Theorem 1.1 hold, then the following statements hold.
(1) N#0;
(2) N is a C! manifold;
(3) there exists a positive constant py > 0 such that ||(u,v)|| > po for all (u,v) € N;
(4) the critical points of I|y are the critical points of I in H;

Page 5of 16
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(5) if {(un,vn)} € H is a PS. sequence for I |y, then {(u,, vy)} is a PS. sequence for I;
(6) if B € (—/H1jrz, +00) then, for any (u,v) € H \ {(0,0)}, there exists a unique t,, >0
such that (t,,u,t,,v) € N.
Proof (1) The proof of (1) is simple, so we omit the details here.

(2) Since F(u, v) isa C! functional, in order to prove that N is a C! manifold, it is sufficient
to prove that F'(u,v) # 0 for all (4,v) € N. For (u,v) e N

<F’(u,v),(u,v)):2/ |(—A)%u|2+klu2dx+2/ |(—A)%v|2+k2v2dx+4k/ uvdx
R3 R3 R3

—4,u1/ u4dx—4ugf vidx -8 | uvdx
R3 R3 R3

= —2” (u, V)H2 <0.
(3) Notice that if (#,v) € N, then
”(u,v)”2 =M1/ u4dx+M2/ vidx-28 | u*Vdx.
R3 RB R3
Therefore, using the fact that (4, v) € N, we obtain
1 s 2 5 1 s 2 2
I(u,v) = - ’(—A)2u| +Aut(x)dx + = |(—A)2v| + AoV (x) dx
2 R3 2 R3

+ k‘/R3 u(x)v(x) dx — %m /1?3 ut(x)dx — im /1;3 vi(x) dx

- %/3/123 u? (x)v*(x) dx
= %H (u, V)Hz - %Hl /RS u*(x) dx — im /R3 vi(x) dx — %ﬂ -, w? (x)v? (x) dx

1 1 1
= M@= 2w = e’

On the other hand, from (,v) € N and the Sobolev embedded theorem we get

o [ utwdse s [ Awdre2s [ wereds = Clwn) e
R3 R3 R3

4
)

<Cl|[(w,v)

and hence

|@w)|* < Clan]”,

which implies that the conclusion (3) holds.
(4) Assume that (i, v) € N is a critical point of I|y, then there exists y € R such that

I'(u,v) = yF'(u,v).
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Multiplying the above equality by (u, v), we have
(I'w,v), (w,v)) = y(F'(u,v), (,)).

Now F(u,v) = (I'(u,v), (u, v)) = 0and (F'(u, v), (i, v)) = =2 (&, v)||® < =20 for any (i, v) € N
imply that y = 0, which means I'(u,v) = 0.

(5) Let {(uy,v,)} C H be a Palais—Smale sequence of I|y, that is, {I(u,,v,)} is bounded
and I'|y (¢, v,) — 0. In the following, we claim that I'(u,,v,) — 0.

The proof of (3) shows {(u,,v,)} is bounded in H. Hence after passing to a subsequence
if necessary, we may assume that (u,,v,) — (4,v) in H. Since {(4,,v,)} C H be a Palais—
Smale sequence of I|y, then there exists a sequence {y,} € R such that

I|;\/(un: Vn) = I,(Lt,,,, Vn) - VnF/(un; Vn)~
Multiplying the above equality by (u,, v,), we have

On(l) = (1/(14711 Vn): (Lt,,, Vn)) - yn(F/(um Vn)) (unr Vn)) = _Vn(F/(un: Vn)7 (unr Vn))'

It follows from (F' (i, v,.), (4, V1)) < —2p¢ that y,, — 0 as 1 — +00. Notice the fact that
{(241,v,,)} is bounded in N implies F'(u,,v,) is bounded. Hence

I'(ty, V) = YuF (1, vy) + 0(1) = 0(1), asn— oo.

(6) For fixed (u,v) € H \ {(0,0)} and ¢ > 0, we consider the map % : t — I(tu, tv) defined
by

2

2
He): = t—/ (o) sul® + M@ da+ &
2 R3

5 ./133 |(—A)%v|2 + AV (%) dx

+ kt2/ u(x)v(x) dx — t4/ %u‘*(x) + %v‘*(x) + %ﬁuz(x)vz(x) dx
R3 R3

= %L‘Z H(u, V) ||2 -t /R3 %u‘*(x) + %V‘L(x) + %,Buz(x)vz(x) dx.

Using the condition 8 € (—,/i1 2, +00), one can easily get 4(£) — —oco0 as t — +00. Now
we claim that /(¢) > 0 for ¢ > 0 small enough. Indeed, by the Sobolev embedding theorem,
we have

4

’

WO = 2 )] - )

which implies that /() > 0 if ¢ > 0 is small enough. Hence there exists £,, > 0 such that
h(t) has a positive maximum and #'(¢,,) = 0. Notice that F(tu,tv) = th'(t), so we have
F(t,vu, tyyv) = 0. Moreover, if F(t,,u,t,,v) = 0, then we get

2 || =2, ( / pa (%) + vt (x) + 213 () (x) dx).
R3

2 I . . .
= ( T (X)WEISZ’('Q)”Q R ® —-)2, which is the unique critical point of /(t) cor-

responding to its maximum, that is, I(¢,,,u, t,,v) = maxo I (tu, tv). O

Hence, ¢,,,
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Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1 We divide the proof into three steps.

Step 1. Existence. We set ¢ = inf(,, ,jen I(1, v). Then, by the proof of Lemma 3.1, we infer
that ¢ > ipg > 0. In view of Lemma 2.4, we can find a sequence {(u,,v,)} € N such that
{(un,vi)} is a (P.S.), sequence for I|y. And consequently {(u,,v,)} is a (P.S.), sequence for
I by (5) of Lemma 3.1. Moreover, {(u,,,)} is a bounded sequence in H.

Suppose

liminf sup / u2(y)dy=0 and liminfsup / Vi(y)dy =0,
By (x) By (x)

n—+00 XGRS n—+00 x€R3
then, by Lemma 2.3, we get
(4, v) = (0,0) in L4(R3) X L4(R3).

Hence, we have

||(u,,,v,q)||2 = m/ ui(x)dx+ ,uz/ vi(x)dx+ 2/3/ ufl(x)vi(x)dxe 0,
R3 R3 R3

contrary to ||(u,,v,)|l > po. Thus, without loss of generality, there is a constant a > 0 such
that

liminf sup / u2(y)dy = a.
Bi(x)

n—+00
xeR3

Consequently, going to a subsequence if necessary, we can find a sequence {x,,} C R® that
satisfies

[ o=
Bl(xn)

Since

. (3.1)

N

1 1
I(un( + xn)’ Vn(' +xn)) = E ”un( +xn)r Vn(' +xn) ”2 = E H (Lt,,, Vn)”2 — G

we see that {(u,(- + x,),v,(- + x,,))} is bounded. Hence, up to a subsequence, there exists
(#,v) € H such that (u,(- + x,), v,(- + x,)) = (4, v) in H, (u,,(- + x,,), Vo (- + x,,)) = (4,v) in
LZ

loc

(R3) x L (R3), ty(- + %4) = u, V(- + x,) — v for a.e. x € R®. We pass to the limit in

(3.1) and we get

/ W) dy= 2, (3.2)
B1(0) 2

which implies u# # 0. We use the invariance of N and I by translation to conclude that
{(@n(- + %), V(- + %,,))} € N and ”1/(”[;’1( + %), V(- + x0)) |l = ”1/(”}’11 V) ||, which shows that
{(un(- + %), vy (- + %))} is also a (P.S.), sequence of I. Consequently

I'(u,v) =0, F(u,v) =0. (3.3)
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It follows from u # 0 that (&, v) € N. Thus, by the weakly lower semi-continuity of || - || we
obtain
¢ <) = ) * < X timinf] (- + %), vl + 20) |
— t 4 ’ — 4 T 00 n n/»vn n

= iminf 1 (4, (- + %), V(- + %)) = ¢, (3.4)

n—00

which implies that I(z,v) = c.
Step 2. If k € (—/X1)2,0), then 2> 0, v> 0.
It is not difficult to see that

/ u(x)v(x)dx < f ’u(x)| |v(x)| dx,
R3 R3

(3.5)
kng u(x)v(x) dx > kng{u(x)||v(x)| dx.

Thus, combining (3.5) and F(u, v) = 0 shows

[ (1, 1v1) |
=/ (Jux)| = |u(y)])? dxdy+/ (v(x)| = [v(y)])? dxdy
R3 JR3 R3 JR3

|x_y|3+25 |x_y|3+25

+ / (%) + AP (x) + 2k|u(x)| |v(x)| dx
R3

- f () —u))? dy + / @ -v)” i
R3 JR3 R3JR3

|x_y|3+23 |x_y|3+23

+/ Mu2(x) + o2 (x) + 2ku(x)v(x) dx
R3

=[] = /R RACL e /R @)+ 28 /R V@) da (3.6)
Consider

o(t) = I(tlul, tlv])

_tz 2 t* 4 4 2 2
—§||(|u|,|v|)|| _Z<M1/R3u (x)dx+u2/1;3v (x)dx+2,B/R3u (x)v (x)dx).

Let t* = H(||‘ZLU;‘||)H € (0,1]. It is easy to check that ¢(¢) is strictly increasing in (0,¢*) and is
strictly decreasing in (£, +00), which shows that () has a unique critical point ¢* > 0. So
(t*|ul,t*|v]) € N. Then it follows from ¢ < I(t*|u|,t*|v|) = #n(w, WDII? < 2w v)II*> =c

that

” (|”|’ |V|) || = ” (,v)

o (lulvl) €N, I((lul ) = c.

Therefore, we may assume without loss of generality that # > 0, v > 0. By Lemma 3.1, we

know that (u,v) is a critical point of I and hence is a ground state solution.

Page 9 of 16
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Through a similar argument in [17], one can show that |u|;~ < +00, |u|x < +00. By
using the strong maximum principle to each single equation in (1.2), we obtain

u>0 and v>0. (3.7)

Hence, Step 2 is proved.
Step 3. If k € (0, /A1)3), thenu>0,v<0oru<0,v>0.
It is not difficult to see that

k/ u(x)v(x) dx > —k/ !u(x)Hv(x)’dx. (3.8)
R3 R3
Thus, combining (3.8) and F(u, v) = 0 shows

[ (1, =1v1)[*
_ / () = lIP | f @I+ oI,
R3 ®3 Jr3

|x_y|3+25 |x_y|3+25

/ Xt (x) + Apv? x)—2k|u(x)Hv(x)‘dx

d dy + d d
-/R3 /R3 |.7C y|3+23 /1;3 /1;3 |x y|3+2s Y

+/ A (%) + A2 (%) + 2ku(x)v(x) dx
R3
_ 2 _ 4 4 2 2
= ||(u,v)|| =l /Rsu (x)dx+uz‘/R3v (x)dx +2p /Rsu (x)v*°(x) dx. (3.9)
Consider
v (s) =I(s|ul,—s|v|)

_52 2 st 4 4 20.3.2
= §||(|u|,—|v|)| —Z(Ml /Rsu (x)dx+,u2/RBv (x)dx + 28 Rau (x)v (x)dx).

Let s* = w € (0,1]. It is easy to check that v (s) is strictly increasing in (0,s*)
and is strictly decreasing in (s*, +00), which shows that v (s) has a unique critical point
s*> 0. So (s*|u|,—s*|v]) € N. Then it follows from ¢ < I(s*|ul|,—s*|v|) = % I (leel, =vDI? <

311, V)| = c that

[ (et =) = f e

(Il =) €N, I((lul=Iv])) =

Therefore, we may assume without loss of generality that # > 0, v < 0. By Lemma 3.1, we
know that (u,v) is a critical point of I and hence is a ground state solution. Similar to the
proof of (3.7), we can prove that u > 0, v< 0.

The proof of Theorem 1.1 is completed. g

4 Proof of Theorem 1.2

Now we turn to the system (1.1). Let Ay, A, pu1, 2 > 0, B € (—/1lt2,+00), k €
(=v/A123,0) U (0,4/A117) and (V) holds. We only consider the case that V(x) # A, oth-
erwise Theorem 1.2 comes down to Theorem 1.1.
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We shall search solutions to the system (1.1) as critical points for the functional

Iy(u,v) = %/RJ(—A)%P + (1 + V()P @) dx

2 JEmE 1 (a+ VA d
2 R3
1 4
+k/R3 u(x)v(x) dx — M /Rsu (x) dx

- iﬂz ./1{3 vix) dx - %ﬁ/Ra u? (x)v2 (x) dx,

which is well defined on the Hilbert space H*(R®) x H*(R®), equipped with the inner prod-
uct as follows:

(w1, 1), (2, v2)) , = / (=A)Puy (=) uy + (A1 + V(%)) ur (¥)2 (%) dx
R3

+ | (=2)Pv (=), + (Ag + V(x))vl(x)vz(x) dx
R3

+k/ uq (x)v1(x) dx+k/ Uy (x)vo(x) dx,
R3 RS

for (u1,v1), (4o, v2) € HS(R®) x HS(R®). || (e, v) v = (1, V), (1, v))é is the corresponding norm
if |k| < »/A1k, this is equivalent to the standard product norm on the product space
H5(R®) x H*(R?).

The limit system of (1.1) is

(=AYu+ g+ Au+kv=puu®+ Bu?,  in R,
(=AYv+ (Ag + A)v + ku = oV + Buv, inR3, (4.1)
u,ve H (R?).

The energy functional of the limit system (4.1) is given by
1 s 2 2 1 5 12 2
Ia(u,v) = = |(—A)2u| + (A1 + ADu(x)dx + = |(—A)2v| + (Ao + A)v7(x) dx
2 R3 2 R3
1 4 1 4
+k | ux)vx)de——p, | u"(X)dx— -y | vi(x)dx
R3 4 R3 4' R3
1
- -8 / u? (x)v*(x) dx.
2 R3
Let
Ny :={u e H(R®) x H*(R*) \ {(0,0)} : Fy(u,v) = (I}, (u, v), (u, v)) = 0},

cy = inf Iy(u,v),
(u,v)eNy

and define ¢, to be the constant which corresponds to the ¢ in Sect. 2 when Aq, A, is
replaced by A + A, A, + A. The Nehari manifold Ny shares the characteristic with N that
has been defined in Sect. 3. In order to prove Theorem 1.2, we need the following lemma.
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Lemma 4.1 Ifthe condition V holds, then cy < cy.
Proof Since B € (/111 42, +00), we have

cy = inf sup Iv(n(t)), (4.2)

nel’ e0,1]

where I' := {n € C([0,1], H*(R®) x H*(R®) : n(0) = (0,0),Iy(n(1)) < 0)}. Let (i1,7) be the

ground state solution to (4.1) which was given in Theorem 1.1. In view of
Vix) <A, Vix) # A, u#0, v#0,

there is a positive constant ¢, > 0 such that

rrtl;a})xlv(tﬁ, tV) = Iy (it £, V) < 4Lt £, V) < rrtlf})xIA(tit, tV) =cy. (4.3)
Hence

cy <cy.
The proof of Lemma 4.1 is complete. O

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2 Our arguments are similar to the ones developed in Theorem 1.4 of
[1] but we give the details for the reader’s convenience.

The definition of ¢y shows that ¢y > 0. In view of Lemma 2.4, we can find a se-
quence {(#,,v,)} € Ny such that {(u,,v,)} is a (P.S.)., sequence for Iy |y, . And conse-
quently {(#,,v,)} is a (P.S.),, sequence for I by (5) of Lemma 3.1. Moreover, {(u,,v,)} is
a bounded sequence in H*(R?) x H*(R®). Thus, up to a subsequence, there exists (#,v) €
H*(R®) x H*(R®) such that (u,,v,) — (&, v) in H*(R®) x H*(R®). In the following, we claim
that (&, v) #(0,0).

Indeed, if (&, v) = (0,0), then u,, — 0, v, — 0 in H*(R®). From limy_, ;» V(%) = A we see
that, for any ¢ > 0, there exists R large enough, such that

f |V(x)—A|ufl(x)dx< i.
B(0) 2
Since V(x) € L*™ and (u,, v,) — (0,0) we obtain
) &
|V(x) - A|un(x) dx < —,
Br(0) 2
for large n, so that

./123|V(x) - Alu(x)dx = 0,(1), n— +oo. (4.4)
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With the same computation we see that Vo € H*(R?)

fkg |V(x) = A|vi(¥)dx = 04(1), n— +o0, (4.5)
/R V@ - Alun@e@ dx = 0,(1), 11— +00, (4.6)
/133 |V(x) = Alva(®¥)e®) dx = 0,(1), 1n— +oo. 4.7)
Consequently,
L4 Vi) = Iy (s, Vi) + 04(1) = v + 0,(1), (4.8)
Ly (U Vi) = Iy (s, Vi) + 0,4(1) = 0,(1). (4.9)
Assume

liminf sup / u2(y)dy=0 and liminfsup / Vi(y)dy =0,
By (x) By (x)

H—+00 H—>+00
xeR3 x€R3

then, by Lemma 2.3, we get
(¢4, V) = (0,0) in L4(R3) X L4(R3).
Hence, we have

||(un,vn)||f,:u1/ ui(x)dx+u2/ Vf,(x)dx+2,3/ ui(x)vi(x)dxa 0,
R3 R3 R3

which is contrary to the fact that || (,,v,)||?, > C > 0. Thus, without loss of generality, there
is a constant such that ay > 0

liminf sup / uZ(y)dy = ay.
By (%)

—
n—+00 xeR3

Consequently, going if necessary to a subsequence, we can find a sequence {x,} C R® that
satisfies

/ w2 dy > L. (4.10)
By () 2
Since V(x) < A, we deduce from (4.4) and (4.5) that

[ (- + %), v+ 20)) [,

< / |(—A)S/2u,,|2 + (A1 + A)uﬁ(x) dx
R3
+ |(—A)S/2V,,|2 + (Ao + A)Vfl(x) dx + Zk/ U, (x)v,(x) dx
R3 R3

= / [(=A) 2w, [* + (o + V(x)) i (x) dx
R3
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+ / |(—A)5/21/,q|2 + (kz + V(x))vfl(x) dx + Zk/ U, (%), (x) dx + o(1)
R3 R3

=48y (uy, v,) + 0,(1) = 4cy +0,(1), asn— oo,

so that {(u,(- + x,),v,(- + x,))} is bounded. Thus, up to a subsequence, there exists
(s, i) € HS(R®) x H*(R®) such that (i1, (- + %), Va(- + %)) — (u, vs) in H(R?) x H*(R?),
(U + ),V + 22)) = (v.) in L2, (R%) x L

a.e. x € R®. We pass to the limit in (4.10) and we get

loc(R3)7 un(' +xn) — Uy, Vn(' +xn) — v, for

f 2y dy > =Y, (4.11)
B1(0) 2

which implies u,, # 0. From (4.8) and (4.9), we derive that { (24, (- + %), Vs (- +%,))} isa (P.S.),,
sequence for I,. We also know that I’ (4, v,) = 0. Therefore

1 s 1 s
In(ty,v,) = —/ [(=A) 3| + (g + A)u(x) dc + —/ [(=A)3v,|* + (g + A2 (x) dix
4 R3 4 R3
1
+ —k/ Uy (%) v, (x) dx.
2 R3
Let (i1, vyy) = (U (- + x,), v (- + x,)). Now (24, ;) — (1, v,.) implies that
’ A)iu | (A + A (x) dx + | )2v ’ (Ao + A2 (x) dx

+ 2k / U (x) Vi (x) dx
R3

n— 00

+ Zk/ UV, dx
R3

= liminf/ {(—A)%un|2 + (A1 + A)ufl dx + / |(—A)%V,,{2 + (Ao + A)vfl dx
n—>o0  Jp3 R3

<tliminf | |(~A)3a)* + (1 +A)Lin2dx+/ [(=2)30, ] + (ha + A2 dx
R3 R3

+2k | wu,v,dx
R3

~ timinf] us,,v,)],
so that
cp = IA (I/l*, V*) =< lllnll'lf1 || (un; Vn)“%/ = limianV(un’V”) -
n—oo 4 e

this contradicts Lemma 4.1. Hence u # 0 or v #0.
Then we can prove Theorem 1.2 similarly by using the same method as has been used
in Theorem 1.1. 0
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