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1 Introduction
Recently, it has been shown that the following Hammerstein integral equation has impor-
tant applications in the rapidly developing field of machine learning [2]:

T
Nu(s) :=’/0 g(t,s)f(s, u(s)) ds. (1)

In fact, existence of fixed points for (1) has interesting applications in computing sys-
tems. As shown in Fig. 1, g is a continuous impulse response, # is the continuous out-
put, and f is a controller that generates continuous input from the previous feedback.
Convergence of the system is governed by fixed points of the corresponding integral op-
erator. Other applications of the integral equation include models of a chemical reactor
[7], a thermostat [23], and circuit design [3].

Itis known that equation (1) can be seen as an inverse of a differential equation subject to
certain boundary conditions. The Green’s function of the boundary value problem (BVP)
becomes the kernel of the integral operator. The so-called “compression cone” principle
can be used to study existence of fixed points for the integral equation, and therefore the
conclusion of existence of solutions for the BVP. For some recent work in higher-order
BVPs, we refer to [5, 16, 20, 27] and the references therein. First, the definition of order
cone in an abstract Banach space is given below.

Definition 1.1 ([25], p. 276) Let X be a Banach space and K be a subset of X. Then K is
called an order cone ift:
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Figure 1 Iterative machine learning un(t) = [ g(s, Df (s, un_1 (s) ds

(i) K isclosed, nonempty, and K # {0};
(i) a,beR,a,b>0,x,ye K= ax+ by eK;
(iii) x e K and —x € K = x = 0.

As a typical example, the following well-known Guo—Krasnoselskii’s fixed point theo-

rem is a result of cone compression and expansion.

Theorem 1.2 ([10]) Let K C X be a cone of the real Banach space X. Suppose that 2, and
§2, are two bounded open sets in X such that 6 € £, and 2, C §25. Let T : K N (£2,\821) —
K be completely continuous. If either

(@ I Tx| < |||l forx € KN 3£2y and || Tx|| > ||x|| for x € K N 382, or

(b) I Tx|| < ||lx|l for x € KN 982, and || Tx|| > ||x|| for x € K N 3$2;
holds, then T has at least one fixed point in K N (2:\821).

To construct the cone in a space such as C[0, 7], usually a positive Green’s function for
the BVP is required to ensure a positive kernel for the integral operator. Consequently, it
leads to existence of positive solutions for the original BVP [12, 17, 21, 23, 24, 26]. Chang-
ing sign solutions have drawn relatively less attention. In the literature [13, 14, 22], Webb
and Infante proved the existence of changing sign solutions when the Green’s function is

only positive in a subinterval so that the cone can be defined as follows:
Ky i= {u € C[0,T]: min u(t) > 8||u||},
telab)

where § > 0 is obtained from the Green’s function. In [18], Ma used the following cone for

changing sign Green’s functions:
T
Ky = {u € Cl[0, T] :u(t) =0Vt e]o0, T],/ u(t)dt > §|ul| }
0

Generally speaking, comparing to positive Green’s functions, it is more difficult to con-
struct a suitable cone when the kernel of the integral operator is not positive. In this paper,
a bounded linear functional L is used to define a new type of cones in dealing with chang-

ing sign Green’s functions for differential equations:

K:={ueC[0,T]:L(u) > 8|lul}. 2)
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The idea of construction is a generalization of the previous work. For example, Kj; can be
directly obtained by taking L(u) = fOT u(t) dt, while Ky can be written as union of a family

of cones defined as (2)

Kwi= [ Ko,

t€la,b]

where K; = {u € C[0, T] : L. (1) > §||u||} and L, () = u(t).

The new class of cones allows us to deal with differential equations with broader types
of Green’s functions. Roughly speaking, instead of requiring an upper bound and a lower
bound for a given Green’s function, such L introduces a different measurement with partial
order. We only require Green’s functions to be ‘positive’ in the sense of the new measure-
ment.

Applying the generalized cone and fixed point index theory, we obtain new existence
results of (1). The sub-linear and super-linear cases are also discussed along with examples

to illustrate their applications.

2 Main result

Consider the existence of a fixed point for the integral equation

T
Nu(s) := /0 g, 9)f (s, uls)) ds,

where u € C[0, T'] with standard norm ||u|| = maxejo,71{lu(t)|}.

Let IL be a collection of bounded linear functionals L : C[0, T] — R with norm ||L||, =
maxyecion],«)=1}{1Lu]}. We will use the following two sets of assumptions for the kernel g
and the nonlinear function f respectively.

(H1) Assume thatg:[0,T] x [0, T] — R is continuous and satisfies the Lipschitz condi-

tion with respect to s. There exist a non-trivial L € L, positive measurable function
£2 with fOT £2(s) ds < 00, and a constant § > 0 such that, for any given s* € [0, T,
(Fha) maxeero,ri{lg(ts™)l} < 2(5);
(Hip) 682(s*) < k(s*), where k is defined as k(s*) = Lg(t,s™).
(H2) Assume thatf:[0,T] x R — R, is continuous and M = m.
(Hy,) There exists 0 < r < 0o such that info<:<7 {f(£,%)} > ||L||«rM.
(Hyp) There exists 0 < R < 00, R #r, such Eﬁiﬁﬁp o<t<T {f(t,x)} < SRM.

—R<x<R
Denote

K:= {u € Cl[0,T]:L(u) > 5||u||}, K, := {u € Cl0, T) : L(u) = §|\ull, ||| < r}.

It is clear that K, C K € C[0, T]. We will prove that K is a convex cone of C[0, T]. Further-
more, choose Q > max({r, R} to be large enough, define £ : [0, T] x R — R,

ftx) %1 =Q
fE&x)=1ftQ x>Q
f(tr _Q) X < _Q-
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Since f is continuous, f is clearly bounded. Define N = fOT g(t,8)f (s, u(s)) ds. The main re-
sult is given below.

Theorem 2.1 If (H,), (H,) are satisfied, and fOT Lg(t,s)ds > 0, then N has at least one non-
trivial fixed point.

To prove Theorem 2.1, we have the following Lemmas 2.2, 2.3, and 2.4 from the prop-
erties of fixed point index [8]. Let K be a cone in a Banach space X.

Lemma 2.2 [fthere exists e € K\{0} s.t. x # Nx + e for all x € 0Ky and all A > 0, then the
fixed point index i(N,Kg,K) = 0 [13].

Lemma2.3 Let N : K — K be a completely continuous mapping. If Nu # pu for all u € 9K,
and all i > 1, then the fixed point index i(N,K,,K) =1 [6].

Lemma 2.4 Let P be an open set and N : P — S be a compact mapping. If i(N, P, S) #0,
then N has at least one fixed point in P [15].

In addition, the new Lemma 2.5 shows that f’ carries out the same fixed point properties
as those of f.

Lemma 2.5 Iff satisfies the conditions of (Hy), then the corresponding f also satisfies (Hs).
Moreover, for any u € C[0, 1] such that Nw) =u, if ||u]l < Q, it also satisfies N(u) = u.

Proof From (H,), f’ clearly is continuous on [0, T] x R. For (H,,), we have

Jnf (fe)) = inf {f(6.2) = ILlLrM.

Therefore (Ha,) is also satisfied by f . The same argument can be made on (Hyp). O
Lemma 2.6 If (H,) is satisfied, k defined in (H,) is Lipschitz continuous.
Proof For any given s,s* € [0, T,
[k(s) - k(s7)| = |L(g(t,5) - g(t:57))| < LIl ]g(t,5) - g(t:57) | < IL]ucls - 7.
Thus k(s) is also Lipschitz continuous. O

The proof of Theorem 2.1 relies on interchanging two bounded linear operators. We first
give Fubini’s theorem and the Riesz representation theorem for the proof of Lemma 2.9.

Theorem 2.7 (Fubini’s theorem [1]) Let g € §2; X 2, — R be a measurable function such
that

/ |g(a)1,a)2)|dIP’< 00,
.QlX.Qz

where P = P; x P,. Then
(@) For almost all wy € §21, g(w1, w) is an integrable function of w,.
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(b) For almost all w, € §2;, g(w1, ws) is an integrable function of w;.

(c) There exists an integrable function h : 2, — R such that | @ glw1, ) dPPy = h(w)
a.s. (i.e., except for a set of w1 of zero P1-measure for which fﬂz glwy, w) dPy is
undefined or finite).

(d) There exists an integrable function h : §25 — R such that f o glw1, ) dPy = h(w,)
a.s. (i.e., except for a set of w1 of zero Py-measure for which fﬂl glw1,w7) dPy is
undefined or finite).

(e) We have

/[/ g(wl,wz)dpz]d?’l:/ |;/ g(wl;wz)éﬁpl}ﬁz
27 29 29 LJ 821

= / g(wl,wg)dﬂ”.
21x829

Theorem 2.8 (Riesz representation theorem [19]) A functional F defined on Cla, D] is lin-
ear and continuous if and only if there exists a function g € BV (bounded variation func-
tion) such that

b
F(f):/fdg forf € Cla,b].

Lemma 2.9 Assume that (H;) and (H5) are satisfied. Let L, k be defined as in (H,), then

T T T
L(/ g(t,9)f (s, u(s)) ds) = / L(g(t,9))f (s, uls)) ds = / k(s)f (s, us)) ds.
0 0 0
Proof Since L is a continuous linear functional defined on C[0, T, by the Riesz represen-
tation theorem, there exists unique w € BV such that fOT h(t) dw(t) = L(h). We know that
g(t,s) and f (s, u(s)) are absolutely bounded for all s, ¢ € [0, T]. Thus

/ |g(s, t)j?(s, u(s)) | d(s, a)(t)) < 00.
[0,T]x[0,7]

By Fubini’s theorem,

T
L( /0 ! gt 9)f (s, u(s)) ds) = /0 /0 ! gt 9)f (s, u(s)) ds de(?)

T T ~
_ /0 fo g(t,5) do(t)f (s, u(s)) ds
T

= /(; L(g(t, s))f(s, u(s)) ds (*)
T ~
= /(; k(s)f (s, u(s)) ds.
For (x), since for all s* € [0, T], g(-, s*) € C[0, 1], and so fOTg(t,s*) ds2(t) = L(g(¢,s*)). There-
fore
T
e | a0 s} -o

and then (x) follows. O

Page 5 of 12
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Lemma 2.10 If (H,) and (H,) are satisfied, K defined in (H,) is a cone and N(K)CK.

Proof We first show that K is a cone. Let u;,u; € Kand 0 < a,b € R.
L(auy + buy) = aL(u1) + bL(u2) > adllu1 || + bd||uz || = Sllau || + 8||buz|| > Sllaus + bus||.

If u; and —u; € K, then 0 = L(u;) + (—L(1)) > 28 ||u1 ||, which means u; = 0. Clearly, for all
given s* € [0, T,

Lg(t,s") = k(s*) = 882(s*) = § max {g(t,s*)|} =5|gll.

te[0,T]

So K is not empty. Let {u;} — u be an arbitrary convergent sequence in K. Since C[0, T']
is a Banach space, thus u € C[0, T]. Also, because sequences {L(x;)} — Lu and {8 ||u;||} —
8||u]||, we obtain

L(u) - 8]|u|l = lim L(;) — 8]|us]| > lim 0 = 0.
1—> 00 11— 00

This shows that K is a well-defined cone. We next show that N (K) € K.Letu €K, clearly
Nu € C[0,T] and

T
L(Nu) =/0 Lg(t,9)f (s,u(s))ds (By Lemma 2.9)
T
=f0 k(s)f (s, u(s)) ds
T
z / 3R2(s)f (s, uls)) ds
0
T 7 ~
=5 [ ma [[ete.9|} (s u(0) ds = 31,

So N(K) C K. O

For compactness. The idea is similar to [13]. We see N(u) =Poh(u) as a composition
of a compact operator P(u) = fOTg(t,s)u(s) ds and a continuous operator /() :f(s, u(s)). It
can be shown that P(u) is compact using Arzela—Ascoli theorem.

Proof of Theorem 2.1 We will prove it in two steps.

(1) With Lemma 2.2, we will find a subset with index 0.

(2) With Lemma 2.3, we will find a subset with index 1.
Assume that (H}), (H,,) are satisfied. Consider u € 8K, if there exists u = Nu that is already
a fixed point of u = N(u) with ||u| = r. Otherwise, by (Ha,), we have

F(su®)lsetomy = inf_(F(6,0) > IL]LrM.

—r<u<r

So

~ T ~
L(Nu) = L(/ g(t, s)f(s, u(s)) ds)

0
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T

=/(; Lg(t,s)f(s, u(s)) ds
T ~

= /0 k(s)f(s,u(s)) ds

T
> / K(s) 1L |.rM ds
0

= |Lllsr = LI Nluell = L(w).

Let e = g(¢,5*) for some s* € [0, T] such that g(¢,s*) # 0. Clearly e € K and if there exist
u € 0K,, A > 0 such that Nu + he = u, then
L(u) = L(Nu) + AL(e)
= L(Nu) + ALg(t,s¥)
> L(Nwu) + 28]|g]|
> L(Nu),
which is a contradiction. By Lemma 2.2, i(N,K,,K) = 0. Assume that (H,), (Hap) are satis-

fied. Consider u € 9Ky. If there exists u = Nu, then that is already a fixed point of u = N(u)
with |lu|| = R. Otherwise, by (Ha,) we have

Flou@)lseon = sup (F(t,)) < SRM.
<t<
—R<u<R

Therefore,
~ T ~
L(Nu) = / k(s)f(s, u(s)) ds
0
T
< / k(s)6RM ds
0
=R = 5|ull < L(u).
If there exist u € 9Kz, > 1 such that Nu = uu, then L(Nu) = L(uu) > L(u), which is a
contradiction. By Lemma 2.3, i(N, Kz, K) =1.
Since N has no fixed point at K, and 8K, using the properties of fixed point index, if

r>R,

i(N,K\Kg, K) = i(N, K, K) — i(N, Kz, K) = -1,

by Lemma 2.4, N has at least one non-trivial solution in K, \Kg. On the other hand, if R > r,
i(N, Kg\K,,K) = i(N, Kz, K) — i(N, K, K) = 1.
Again by Lemma 2.4, N has at least one non-trivial solution in Kz\K,.

In either case, we obtain at least one non-trivial solution for # = N (). Since u also sat-
isfies ||u|| < max{r,R} < Q, by Lemma 2.5, u is a non-trivial solution for N as well. a
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3 Sub-linear and super-linear case
Assumptions (H,,) and (Hsp) of Theorem 2.1 can be simplified when the nonlinear part
is in sub-linear or super-linear cases [4]. We introduce the following new conditions for
Theorem 3.1.
(Hs3) Assume that f:[0,T] x R — R, is continuous, M = fo K and K, as defined
in (H3).
(H34) 0 <limyy_oinfyepo, ) f (£ %),
(Hsp) 0<f* <8M, where

fe= lim( sup M)

*¥=>00 \ te[0,T] ||

Theorem 3.1 If (H,), (Hs) are satisfied, and fOT Lg(t,s)ds > 0, then the integral equation
N has at least one non-trivial fixed point.

Proof Let (Hs,) be satisfied, we have 0 < limyy_, ¢ inf;e[o,7) f (£, %). Then there exist n1; > 0
and rp > 0 small enough such that

oé?ffzf(t’x) > L)« Mm;.

lx[<ro

Let r = min{m1, ro}, therefore » < m; and r < ry. And we can have

inf f(t,x) > 1nfotx

0<t<
lx|<r x| <ro

> ||L|l«Mm,

= |IL||«Mr,

which satisfy (Hy,).

For the other part, let (H3,) be satisfied, we have 0 < f*° < M. There exists Ry > 0 large

enough such that Sllp()<t<Tf P

[x[=Ro _
Since f (¢, x) is continuous, so f (£, x)|x <z, is bounded. Let supo<¢<7 f (¢, x) < B. Assuming
[x|<Ro

(Hs,) is not true, then for any R > 0,

sup {f(t,x)} > 6RM.
0<t<T
—R<x<R

Choose R > max{R, SM} therefore R > Ry and R > 5= Since

we have

sup f(¢x) = sup f(t,x) > SRM,
0<t<T 0<t<T
Ro=<|x|<R [x[<R
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and so
t,x t,x t,x
fo o SN e
o<t<T || o<t=T  |%l o<t=t R
[x]>Ro Ro<[|x|<R Ro<|x|<R

which is a contradiction. Thus (H3) has to be satisfied. Since (H;), (H>) are satisfied and
fOT Lg(t,s)ds > 0, by Theorem 2.1, N has at least one non-trivial fixed point. O

4 Examples
Consider the periodic boundary value problem [9, 11, 18, 28]:

—u'(8) - p*u(t) = f(t,u(t)) tel0,T),
u(0) = u(T),
' (0) = u/(T).

When p ¢ N is a positive constant, this BVP is equivalent to
T
u(t) = / G(t,s)f(s, u(s)) ds,
0

where a Green’s function is given as

__sin(p(t=s))+sin p(T—(¢=s))

Y 0<s<t<T,
G(t S) — 2p(1—cos pT)
’ sin(p(s—£)+sin p(T~(s-1))
B 2p(1—cos pT) 0<t=<s=<T.

Example 4.1 Let p = %, T =27, we have the following BVP:

—u"(t) - su(t) =f(t,u(t)) te[0,27],
u(0) = u(2m),
u/'(0) = u/(2m),

where f(t,x) = e‘% (1 + sin(#)) and the Green’s function changes sign. If we let Lg(¢,s) =
fozn —g(2,5) dt, clearly Lg(¢,s) = 2.25 for all s € [0,27]. Also max;e[o,071{12(£ 5)|} = “/7§ Se-
lect 2(s) = ? and 8 = 1.5+/3 which satisfy all conditions (H,). The corresponding cone is
defined as

2
Ky =u € C[0,27] :/ —u(t)dt > 1.5v/3ul|}.
0

As for the nonlinear part, f is clearly a continuous positive function. We can calculate that
limyy— o infiefo7) f (£,%) = 3, so (Hs,) is satisfied. Moreover, since M = %,fw =0< M,

(Hsp) is satisfied. Therefore, by Theorem 3.1, there exists a non-trivial solution in Kj.

Figure 2 shows the approximation (with 1000 sample points) of the fixed point which
was directly obtained from the differential equation. By direct computation we have Lu —
8|lu|| = 1.464 > 0, which suggests that it is a fixed point in Kj.
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Figure 2 Solution in Example 4.1

'
)
n

i, T =2, the period boundary value problem has the form

Example 4.2 Let p =
—u'(t) - feult) =f(t,u(t)) te[0,27],
u(0) = u(2m),
u/'(0) = u/(27),

where

2 cos(2t)
tx) = ————"
fib) 2rl

In this case, the Green’s function is negative. Let Lg(¢,s) = —g(m,s), we can show that
Lg(t,s) € [2,2+/2] for all s € [0,27]. We also have max;eo2x]{1g(t s)|} = 24/2. Let §2(s) =
22 and § = */75 All conditions of (H;) are satisfied. Define the corresponding cone

Ky =u e C[0,27] : —u(m) > 2+/2||ul}.

As for the nonlinear part, f is clearly a continuous positive function. We can see f(¢,x) >
%, so (H3,) is satisfied. We also have M = %7t,f°<J = % < 8M, so (Hsyp) is satisfied. By
Theorem 3.1, there exists a non-trivial solution in K5.

Figure 3 shows the approximation (with 1000 sample points) of the fixed point which
was directly obtained from the differential equation. By direct computation we have Lu —
8|lu|| = 1.464 > 0, which suggests that it is a fixed point in Kj.

We point out that results from [6, 13, 14, 18, 22, 23] are not applicable to the Green’s

functions in the above two examples. The cone applied in [9] and [28]
T
K= {u eCl0,T]:u> O,/ u(s)ds > 8||u||}
0

cannot capture the solutions that we found in the above two examples.
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Figure 3 Solution in Example 4.2 0 1 2 3 4 5 6

-50.2653

-50.2654

-50.2655

-50.2656

Remark 4.3 Consider the following example:

sin(t—-s) 0<s<t<2m,
g(t»S): .
sin(s—¢t) 0<t<s<2m.

Since g(¢,0) +g(¢,27) = 0 for all £, our method has failed to apply when the Green’s function

is reflexive.
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