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1 Introduction
Fractional calculus is a branch of mathematics which investigates the properties of inte-
grals and derivatives of non-integer order. These integrals and derivatives of non-integer
order are called fractional integrals and derivatives. The potential of fractional calculus
has drawn the attention of applied scientists, engineers, and other researchers. Also the-
oretical scientists or researchers are interested in the field of fractional derivatives and
fractional integration. Chronologically, in [2] we can find different approaches of frac-
tional calculus proposed by Liouville, Euler, Fourier, Riemann, Abel, etc. We can find some
relevant work on fractional calculus in a series of papers [3—28].

In the area of fractional calculus, several researchers have studied hybrid fractional dif-
ferential equations, see [1, 29-32] and the references therein. Recently in [33], the authors
developed an existence result for a boundary value problem of hybrid fractional differen-

tial equations of the form

O i w(t o), telo,1],ae(1,2],

(g o =0, [XGa le =0

where 6 € C(J x R,R\ {0}), ¥, € C(J x R,R).
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In [34], Sitho derived an existence result for an initial value problem of hybrid fractional

sequential integro-differential equations of the form

o) _ym_Bif
D[P EL LT OO e, (o), I u(e), £ < [0,T], "

u(0) =0, D*u(0) =0,

where D%, D” denote the Riemann—-Liouville fractional derivatives of order o, w respec-
tivelyand 0 < o, 0 < 1.
In this article, we study the existence result for the boundary value problem of hybrid

fractional sequential integro-differential equations involving Caputo derivatives given by

cpw _ym_Bir
D PO TEI ) g, (o), 1 utt), e D= [0,1), o

u(0) =0, D®u(0) =0, u(l)=6u(n), 0<d8<1,0<n<l1,

where ¢D“ is the Caputo fractional derivative of order o, °D® is the Caputo fractional
derivative of order w, 0 <a <1, 1 < w < 2, I” denotes the Riemann—Liouville fractional
integral of order y > 0, I’ denotes the Riemann-Liouville fractional sequential integrals
of order B;>0,g € C(J x R,R\ {0}), # € C(J x R%,R) and f; € C(J x R, R) with £;(0,0) = 0,
i=12,...,m.

In comparison to problem (1), our considered BVP (2) is more general than the problem
studied in [34], as we consider a problem with three point boundary conditions, while
the authors in [34] investigated an initial value problem. Moreover, in our problem the
fractional orders of derivatives are 0 < ¢ < 1 and 1 < w < 2, whereas in problem (1) the
fractional orders are 0 < o, w < 1.

We obtain an existence result for the boundary value problem (2) in Sect. 3 by using

generalized Krasnoselskii’s fixed point theorem provided by Dhage in [1].

2 Preliminaries
This section provides some important definitions of fractional calculus [2, 35, 36] and
results of fixed point theory [1, 20, 21], which is base for the forthcoming sections.

Definition 1 The Caputo fractional derivative of positive real order @ > 0 of a function

u(t) is given by

1 t (n)
D u(t) = W) e wso,
IF'n-w) Jy (t-s)enl

provided that the integral on the right-hand side exists.

Definition 2 The Riemann-Liouville fractional derivative of positive real order w > 0 of

a function u(z) is given by

1 ar [t u(s)
D°u(t) = ——— ———ds, 0,
(e F(n—w)dt"/o (-t @07

provided that the integral on the right-hand side exists.
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Definition 3 The Riemann-Liouville fractional integral of positive real order > 0 of a

function u(¢) is given by

IPu(t) = % /(;t(t—s)“’_lu(s) ds, >0,

provided that the integral on the right-hand side exists.

Remark 1 For Definitions 1-3, n = [@] + 1, [@] is the greatest integer less than w and I is
the gamma function defined by I' (w) = fooo e ds.

Property 1 ([36]) Let B, > 0 and u(¢) be a function, then the semi-group property for

the Riemann-Liouville fractional integrals of orders 8 and w respectively is given by
PPlIu(®)] = IP*u(e).
Next we present two important results as lemmas which we need later.

Lemma 1 ([37]) Foru € C(0, T)NL(0, T), the solution of the Caputo fractional differential

equation
‘D°u(t)=g(t), n-l<w<mn,

is given by

n-1

u(t) =1°g(t) + Y _kit',

i=0

or
u(t) =1°g(t) + ko + kit + - - - + ky_1t,
where n = [w] + 1, [w] is the greatest integer less than w.

Let E = C(J, R) be the Banach space of continuous real-valued functions defined on J =
[0,1]. We define a norm ||-|| and a multiplication in E by ||u|| = sup,; |u(£)| and (uv)(¢) =
u(t)v(t), vt € J. Then clearly E is a Banach algebra with above defined supremum norm

and multiplication in it.

Lemma 2 ([1]) Let S be a nonempty, convex, closed, and bounded set such that S C E, and
let A: E — E and B: S — E be two operators which satisfy the following:

(c1) A is contraction,

(co) B is compact, and

(c3) u=Au+BvVveS = ucs.

Then there exists a solution of the operator equation u = Au + Bu.
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3 Solution existence of hybrid fractional sequential integro-differential
equations

In this section, we consider the hybrid fractional sequential integro-differential equation

boundary value problem (2). First we derive its solution and then discuss the existence of

solution using the above stated definitions and results of the preliminary section.

Lemma 3 Suppose that 0<a <1,1<w <2,y >0, and functions g, h, f;, i = 1,2,...,m,
satisfy BVP (2). Then the unique solution of BVP (2) is given by

t (t _S)w—l s (S _ M)a—l
u(t) = | Wg(s’ ”(5))/0 Wh(ﬂ» u(u), 1" u(w)) d ds

+ Y IPf(tu(t)

i=1

t La-s)e! S (s — )@
* sn—1 |:f0 () g(s, u(s))fo Wh(l/«: M(M),IVM(M)) duds

+ Y 1Pf(1,u(1))

i=1

8(/0 I'(w) g(s’u(s)) o I'() h(M,M(M),] M(M))duds

+ Y 1efi, u(n)))], (3)

i=1

where
1Pefi (8, u(t)) = Ot %ﬂ(&““)) ds,
and
T (n - s)firet

Iﬁi+wﬁ(7], M(T])) = A mf; (S, M(S)) dS.

Proof Assigning the Riemann-Liouville fractional integral operator of order « to hybrid

fractional sequential integro-differential equations (2) and using Lemma 1, we have

Drult) - 3 IPfilt, u(e))
g(t,u(t))

= I°h(6,u(0), I u(t)) + ko. (4)

In view of the initial conditions #(0) = 0, D“u(0) = 0 of problem (2) with f;(0,0) = 0, we
have ky = 0, and then equation (4) takes the form

t(r_ a1 m
‘D°u(t) = g(t, u(t)) /(; %h(s, u(s),]”u(s)) ds + Z[’Siﬁ (t, u(t)). (5)
i=1

Page 4 of 12
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Now assigning the Riemann-Liouville fractional integral operator of order w to equation
(5) and using Lemma 1 with semi-group Property 1, we have

t(t_ )w—l S( _ )a—l
u(t) = fo Fﬁw) g(s,uls)) /O %h(u,u(u),ﬂu(u))dﬂds

+ Zlﬁ"“"ﬁ (t, u(t)) + ki + kot. (6)

i=1

The initial condition #(0) = 0 of problem (2) gives k; = 0, for which equation (6) becomes

t (t— )w—l S( _ )a—l
u(t)=/0 F(Sa)) g(s, u(s)) \ %h(u,u(u),ﬂu(u))duds

+ Y IPEOf(u(t) + kot 7)

i=1

and then the boundary condition u(1) = u(n) of problem (2) gives

_ 1 T1-s)~! S (s—p)e !
k2 - 8;7 -1 [A F(w) g(S, M(S)) o Ta)h(u! M(/’L)rlyu(//'«)) dﬂ dS

+ > 1L (1,u(1))

i=1

s [Tz -t ,
8(/0 ) g(s, u(s)) v R(pe, u(), 17 u()) du ds

)|

i=1

for which equation (7) takes the form

t(t_ )w—l s( _ )a—l
M(t):/o ﬁg(s,u(s»/o %h(u,u(u),lyu(u))duds

+ Y IPOf (8 u(t)

i=1

1 _ o-1 S (g — )@t
t |:/0 (1-9) g(s,u(s))/o %h(u,u(u),ﬂu(ﬂ))dﬂds

Ton-1 () )

+ Y IFf(1,u(1))

i=1

8(/0 I'(w) g(s u(s)) . T T@ B u(), I w(w)) du ds

+ Zlﬁ”‘”ﬁ(n,u(n))ﬂ.

i=1

Hence we obtain the unique solution of BVP (2). Thus the proof is completed. d
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For developing the existence result, we consider some assumptions which are the fol-
lowing.
(A1) The functions f; € C(J x R,R), g € C(J x R,R \ {0}), and % € C(J x R?,R) are
continuous, and there exist positive functions A;(¢), @ (¢), and ¥ (¢£) with bounds ||A;]|,
@], and ||y || respectively such that

Ifi (&, u(t)) - filt, v(E)| < 1ilE) |u(e) = (D),
lg (£ u(2)) — g(t, v(£)| < O)|u(t) — v(2)

and  |K(t, u(t), i) — h(t, v(t), V()| < ¥ @) (Jult) - v(E)| + |a() - 9(2)|)

’

fort e Jand u,v e R.
(A2) Ifilt,u)| < ¢i(t), V(t,u) € I x R, ¢, € CJ,R,), i = 1,2,3,...,m, |h(t,u,v)| < 2(¢),
Vit,u,v) eJ x Rx R, 2 e CU,R,), gt u)| < x(@),V(t,u) eI xR, x € CU,R,).
(A3) There exists r > 0 such that

1+6 I IH£2]] - il
<1+ |8n—1|)|:1“(a+1)1“(w+1) 3 F(,B,-+a)+1)i| =7

i=1

and

8)

(1+ 1+ )[||9||||@||+||x||||w|| X vl ]<1
|6 —1| F'a+1)MNw+1) Fa+ ) Mw+1)I(y +1)

Our main existence result is based on generalized Krasnoselikii’s fixed point theorem by
Dhage [1], which we have provided in Lemma 2.

Theorem 2 Let assumptions (A1)—(As) hold, then there exists at least one solution for BVP
(2)inJ =1[0,1].

Proof First we set sup, .y |¢;(£)| = [¢ill, sup,ey M) = | Aill, i = 1,2,...,m, sup,.; |O(t)| =
1O, sup,ep [V ()] = Y]], sup,ey [2(8)] = [1821], and sup,y [x ()] = [ x |-
Now we consider E = C(J,R) and define S C E as

S:{ueEzllullfr}.

Clearly S is a closed, convex, and bounded subset of the Banach space E. Let us define two
operators C: E — E and D : E — E such that

Cu(t) = /Ot %h(s,u(s),]l’u(t)) ds
and

Du(t) = g(t, u(t)).

Then, using assumptions (A1), (A;) and proceeding with maximum over J, we have

vl 1
[ Cu(t) - Cv(r)| < e+ D) <1 * T . 1)>|Iu— v, )

Page 6 of 12
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|Du(t) - Dv()|| < 1O 111l = v, (10
1§21

Jeus] = A2 ay

and || Du(®)| < llx|I. (12)

Now we define two more operators A : E —> E and B: S — E such that

Aue) = / “F()wl )cM()dHan . / (1- ’"’lpu(s)cbt(s)ds

w)

- 3178i 1 ./o'7 (nl:(sc?)a))_lDu(s)CM(S) ds, tel (13)

and
u(t) = Zlﬂ’+wf t u t) +wf 1 u(l))

i=1

- sn—1 — .+wfi(r/’ M(n)), tel,
or

" t(f_ ¢\Bitw fireo

Bu(t) = lzzl A %f(s M(S)) ds + 8 . 1 %f(s, M(S)) ds
n (n _S)ﬁ,+w 1
87] -1 Z/ (B + ) (S’ M(S)) ds, te]. (14)

Then the integral equation (3) can be written in the operator form as follows:
u(t) = Au(t) + Bu(t), te]. (15)

We show that the two operators A and B in (15) satisfy all the conditions of Lemma 2. This
can be achieved in the following steps.
Step 1. First we show that A is a contraction mapping. Let u(z), v(¢) € S, then we have

|Au(t) —Av(t)|

t (t _ S)w—l

< . T | Du(s)Cu(s) — Dv(s)Cv(s)| ds

1 o
* |5nt_ 1|/0 (11:(53)) 1iD”(S)CM(S)—DV(S)CV(S)|ds

8t " (n—s)”!
* |6n — 1 /O I () ‘DM(S)CM(S) —DV(S)CV(S)}dS

IA

1 b L1 -s)et
<1 + B —1] + 5= 1|) / ) |Du(s)Cu(s) —Dv(s)Cv(s)| ds

1 w-1
<1+|aln+—81|>[/0 (lr()) | Du(s)Culs) — Cu($)Dv(s)

IA

Page 7 of 12
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+ Cu(s)Dv(s) — Dv(s)Cv(s)| dsi|

1+8 L1 —g)e?
< <1+ |577—1|)|:/0 @) |Cu(s)||Du(s)—Dv(s)|ds

/ (- S)wlyDv(s)HCu Cv(s)‘ds],

which gives

1+8 I211e10 + Ix Iyl
Jautt - avt] = (1 0 [ LR bty

s Ix Il ]”u_V”
e+ )Mo+ 1) (y +1)

Hence by (8) the operator A is a contraction mapping.

Step 2. Next we show that the operator B satisfies condition (c;) of Lemma 2, that is,
the operator B is compact on S. Therefore first we show that the operator B is continuous
on S. Let {u,(¢)} be a sequence of functions in S converging to a function u(t) € S. Then,
by the Lebesgue dominant convergence theorem, V¢ € J, we have

_ o\Bito-1
i, Biae) = JH&{Z [ e as

_ o\Bitw-1
O

(B +w)

_S)ﬂ,+w 1

- 12/ (i + o) floun(9)d }

/ (-9 e lim f;(s, uu(s)) ds

[81+a) n—o0

)/Si+w—1

- 12/ By Ao n)ds

5t 1 (5 - s)piret
51 Z/O TG 1) 11mf(s, uy(s)) ds

/ (t S)ﬂlml (S,u(s))ds

ﬂ,+a)
/3L+w 1
- 12/ G a) ) ) s
" (=)ot
5;7 14 (B +w) T a) Ssuls) ds

Hence lim,,_, o, Bu,(t) = Bu(t). Thus B is a continuous operator on S. Further, we show that
the operator B is uniformly bounded on S. For any u € S, we have

m t (¢ - )ﬁ,vﬂu—l
Buc) <3 | m[ﬂ(s, (s))| ds

i=1

Page 8 of 12
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ﬂl+w 1

T lon— 1|Z/ T ) e u)]ds
rz(n_s)ﬂ,ml
e 1|Z/ T v Vi) ds

1+8 \ v loill
S(“wn—u)i:ZlF(/s,-+w+1)“M

Therefore || Bu(t)|| < M, V¢ € J, which shows that B is uniformly bounded on S. Now, we
show that the operator B is equi-continuous. Let ¢, , € J with ; < t; and u(¢) € S. Then

we have

’BM Ifg Bu(t1 ‘ <

ty (t _ ﬂ,+w 1
Z/ 2r</ss,+ o) o) ds

t _ ﬁ,+a) 1
Z/ lrwim) Sl ) ds

tz_tl / i fi(s,uls)) ds

87] 1 /3! + a)
8ty - tl) " (77 s)Pire-1
T osp-1 Z_/ TG+ fi (s, u(s)) ds
S el | N

+/t2(tz s)firol ds + Z/ (1—s)firolgs

a1

8t — 1) /” -1
- (n—s)fir~tds
(ST]—I FZI 0

IA

m
Bitw tfl+w ( ) — tl)ﬁi+w

[l 1]
; rBi+w+1) b

h-ti Pt -t)
+ p—
sn—-1 én—-1

Now as £, — t; —> 0, so the right-hand side tends to zero. Thus B is equi-continuous.
Therefore, it follows from the Arzeld—Ascoli theorem that B is a compact operator on S.

Step 3. Condition (c3) of Lemma 2 holds. So, for any v € S, we have

|u(t)| = |Au(t) +Bv(t)|

< |Au(t)| + |Bv(t)’

< /O t%m(gcms)ms"f_ 1 /0 1 (1;:;‘;_1Du<s)cbt<s>ds

st (" (n—s)"
- 571 /0 @) Du(s)Cu(s) ds

Z t 7(t S)ﬁﬁwilf (s V(s)) ds

&) TErw

Page 9 of 12
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/S,+w 1

8n 14 F(ﬂl Sl (o) s
" (n=s)firet

(Sn - 1 rg;+ a)) (S’ V(s))

1+6 Ix IIs21] = [l 1]
= (l+ |8n—1|>|:1“(a+1)1“(w+1) +ZF ,3l+a)+1):| =

i=

which implies ||u|| < r, and so u € S. Hence all the conditions of Lemma 2 are satisfied.
Therefore, the operator equation u(t) = Au(t) + Bu(t) has at least one solution in S. Con-

sequently, there exists a solution of BVP (2) in J = [0, 1]. Thus the proofis completed. O

4 Example
We present an example of the BVP of hybrid fractional sequential integro-differential

equations to test our main result.

Example 1

3 ‘D2ut) >3 Pifitu(r)
—cos +I u(t te),
U it 1= §cos()(i ®), teJ 6

u(0) =0, D®u(0) =0, u(1)=déu(n), 0<d8<1,0<n<l1,

where
1 t ()] . JEsint|u(t)] 2
1P (¢ u(t -3 tsint ) + 13
Z Sl u®) ( (3)<1+|u(t)|)+esm)+ ( wOl+1  3-7
s (lu@ltan(L) ¢
15 . 17
5( |u(t) + 2| +1+et) (17)
From equations (16) and (17), we have « = %, W= %, m=3, B = % By = 3, B3 = %, = %,
i ul an L—
it u(®)) = cos(§) (400 + et sint, fo(t, u(e)) = Yool v 20 f(e () = MO +
gt u(t) = 1t sec(mf)( ;;g) and h(t, u(t), I u(t)) = 2 cos(% )(MM + I3 u(t)). It is easy to

show that

Vl (t, u(t)) -fi(t, v(t)| < cos(%) |u(t) —1(
I (t, u(®) - o, v(B)| < VEsint|u(t) - v(t)|,

Ifs (& u(®)) - fs(t,v(8)] <tan<\§>fu Y —v(t)],

’g(t, u(t)) —g(t, V(t)‘ < itz sec(%t) ‘u(t) —1(

and |h(t, u(t), ﬁ(t)) h(t,v(t), v(t)| —Cos< )(|u(t) - v(t)| |u(t) - 17(t)|).

Page 10 of 12
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Therefore, we can choose

Al(t):cos(§>, Xa(2) = V/Esing, Ag(t)ztan<§>,

o) = it25€0<%t>, Y() = %cos(é).

Also the functions g(¢, u(£)), h(t, u(t), I” u(t)), and f;(¢, u(t)), i = 1,2, 3, are bounded by the
positive functions as follows:

[fl(t, u(t))| < cos(%) +e'sint = ¢y (1),

o(tu®)| = Vesint + 2 _2t2 = a(t),
(6 ()| < tan(%z) P =00

lg(tu(®)] < itz seC<%t> = x(®),
2 t
and ‘h(t, u(t),v(t))‘ < g COS(E) = Q(¢).

Choosing 8 = 0.1, n = 0.9 and putting [|2]| = ||| = 0.4, x| = |@] = 0.5 in (8), we have

(1 1+ >[|IQIIII@|I+IIXIIIIWII I i
+

~0.8594 < 1.
on—1)| T@+ D w+1) F(a+1)F(w+1)F(y+1)] <

Hence all the conditions of Theorem 2 hold. Thus the boundary value problem (16) has
at least one solution in J = [0, 1].

5 Conclusion

In consequence to generalized Krasnoselskii’s fixed point theorem provided by Dhage [1],
we developed an existence result for the aforementioned boundary value problem (2) of
hybrid fractional sequential integro-differential equations. The respective result has been
tested by providing an illustrative example.
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