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1 Introduction

In this paper we consider the following critical problem involving fractional Laplacian:

(~AYu=a@)u'+u*1 in,
u>0 in £2, (1.1)
u=0 in RN\Q,

where s € (0,1) is fixed and (-A)? is the fractional Laplace operator, 2 C RN (N > 2s) is a
smooth bounded domain, 1 < p <2, 2} := 22, and a € C(£2) changes sign in £2.

During the last years there has been an increasing interest in the study of the fractional
Laplacian, motivated by great applications and by important advances in the theory of
nonlinear partial differential equations, see [3, 7, 11, 14, 15, 17, 20, 21, 24, 25, 35, 36] for
details. Nonlinear equations involving fractional Laplacian are currently actively studied.

The fractional Laplace operator (—A)® (up to normalization factors) may be defined as
—(=A)u(x) = / (ux +y) + ulx —y) - 2u(x))K(y)dy, xeRY,
RN

where K(x) = |x|"N*2), x € RN. We will denote by H*(RY) the usual fractional Sobolev
space endowed with the so-called Gagliardo norm
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while Xj is the function space defined as
Xo= {u eHs(RN) cu=0a.e inRY \ .Q}

We refer to [22, 29, 30] for a general definition of X, and its properties. The embedding
Xy — L1(£2) is continuous for any g € [1,2}] and compact for any g € [1,2}). The space
Xo is endowed with the norm defined as

9 1/2
it = ([ o)) Pica—sranas)

By Lemma 5.1 in [29] we have C2(£2) C Xo. Thus X, is nonempty. Note that (Xo, || - ||x,) is
a Hilbert space with scalar product

(u,V)x, = /]Rzzv (u(x) = u(y)) (v(x) - v()) dx dy.

It is well known that the following critical problem

~Au=u*"1 ing,
u>0 in £2, (1.2)
u=0 on 052,

has no positive solution if £2 is a star-shaped domain, where 2* = % For a non-
contractible domain §2, Coron [12] proved that (1.2) has a positive solution. Later,
Bahri and Coron [4] improved Coron’s existence result by showing, via topological ar-
guments based upon homology theory, that (1.2) admits a positive solution provided that
H,,(§2,Z,) # {0} for some m > 0. After that, many papers have studied the existence and
multiplicity of positive solutions of the problem similar to (1.2), see [16, 18, 37, 39].

It is natural to think that, as in the local case, by assuming suitable geometrical or topo-
logical conditions on £2, one can get the existence of nontrivial solutions for the nonlocal
fractional problem. In a recent work, Secchi et al. [28] consider the following nonlocal

fractional problem:

“AYu=u="1 ing,

(

u>0 in £2, (1.3)
u=0 in RV \ 2.

They proved that (1.3) admits at least a positive solution if there is a point xy € RN and
radii Ry > R; > 0 such that

[Ri<lx-x0l <R} C 2, {lx—nol <R} ¢ 2
and Ry/R, is sufficiently large.

Motivated by the works mentioned above, we study problem (1.1), which involves the
critical exponent, the effect of the coefficient a(x), and the domain with “rich topology”
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We try to extend some important results, which are well known for the classical case of
the Laplacian (see, e.g., Theorem 1.1 in [39]), to a nonlocal setting.

Taking into account that we are looking for positive solutions, we consider the energy
functional associated with (1.1)

I(u) = %‘/RZN|u(x)—u(y)|21((x—y)dxdy

1 / a@) (Y dr- ~ [ () ax, (1.4)
ple 2 Ja
where u* = max{u, 0} denotes the positive part of u. By the maximum principle (Proposi-
tion 2.2.8 in [33]), it is easy to check that critical points of I are the positive solutions of
(1.1).
We make the following assumptions:
(H1) There exist three constants p, > p1 > po > 0 such that sz (0)\ B,,(0) C £2 and
B,,(0) N 2 =@, where B,(0) = {x € RN : |x| < p} for any p > 0;
(H2) There exists a domain sz (0)\ B,,(0) € D C £2 such that a(x) > 0 for x € D and
alx) <O0forxe 2\D.

Theorem 1.1 Assume that (H1), (H2) hold. Then there exists oo > 0 such that if |a*|, < 0o,
where a*(x) = max{a(x),0}, g = % (1.1) has three positive solutions u;(1 < i < 3) such

p )
that

/ ax)ildx>0, i=1,2,3. (1.5)
2

We should remark that #, and 3 satisfy 1(i1;) < I(i11) + %SS% (i = 2,3), where S; is the
Sobolev constant. It is an interesting task to find the fourth positive solution z, with I(z4) >
I(i) + %SS% provided p,/p; is sufficiently large, although we shall not undertake it here.

This paper is organized as follows. In Sect. 2 we introduce Nehari manifold and state
technical and elementary lemmas useful along the paper. In Sect. 3 we prove the existence
of the first solution of (1.1). In Sect. 4 we establish some essential estimates of energy.
In Sect. 5 we prove the existence of the other two solutions by Lusternik—Schnirelmann

category. We denote by | - |, the L"(£2)-norm for any r > 1, respectively.
2 Preliminaries
Recall that I is unbounded from below; we can get rid of this problem once we restrict /
to the Nehari manifold
N = {u e Xo\ {0} :(I'(w),u) =0}
= {u € Xo \ {0} : [lull}, =/ a(x)(u*)pdx+f (u*)zé‘ dx}.
Q Q

Notice that u* # 0 for any 4 € N/, and on N the functional I reads

I(u) = (% - %) ||Lt||)2(0 - (1—17 - %) La(x)(u+)p dx. (2.1)



Pang et al. Boundary Value Problems (2019) 2019:81 Page 4 of 29

Set

In our context, the Sobolev constant is given by

Jron (u(x) — u(y)*K (x — y) dx dy

5 e (o [ AP 22
Lemma 2.1 [ is coercive and bounded from below on N
Proof If u € N, by (2.1) and the Sobolev inequality,
I(w) > %nunio - (; - 21) |a* ] S ull, (2.3)
Since 1 < p < 2, we get that [ is coercive and bounded from below on N. O
Define
W () = ('), ).
Then, for u € N/, we have
(' (w),u) = 2||u||§(0 —p‘/g ax)(u*)’ dx - 2; /Q(Lt+)2;k dx
- @-plul, - (2 -p) [ () de (24)
=(2:-p) /9 a(x) (u®)’ dx — (27 = 2) ull, - (2.5)

Adopting a method similar to that used in [34], we split AV into three parts:
N*={ueN:(y'(u),u)>0};

NP {ueN:(y' (), u) = 0};
N~ {ueN:(W(u),u><0}.

Lemma 2.2 Assume that u is a minimizer for I on N and u ¢ N°. Then (I'(u),v) = 0 for
any v € Xy.

The proof is similar to that of Theorem 2.3 in [9], we omit it.
Set

2-p)/(25-2

L 2%-2(2-p @-p)C )S<2§_p)/(2§—2)

[o5] o _ o _ S .
pP\s —P

s

Lemma 2.3 N°=0if|a*|, <o1.
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Proof Assume by contradiction that there exists 2 € C(£2) with |a* g < o1 such that N # 4.
By (2.4) and (2.2), we have

*— * *_
huly, = =2 / () dx < L5505
2-p Jo 2-p

Consequently,

9_ Lo\ eE-2)
||M||X02( P S?”z) :
25 -p

Similarly, by (2.5), we have

2¥—p 2¥—p B
= 22 [ ) dr < 2L jar| sl
2 s

25 -2
and so
2 75
p 2\
lul, < (2* la*, 5.7 ) .
Thus, we get that |a*|, > 01, which is impossible. 0
Define

X§={ueXo:u" #0}.

Lemma 2.4 For each u € X, we have
) Lff_Q a(x)(u*)P dx <0, then there exists unique t~(u) > tmax such that t~(u)u e N~
and @(t) := I(tu) is increasing on (0,t™(u)) and decreasing on (¢~ (u), +00), where

N-2s

, =< 2-p)lullg, )45
MN@r - p) [ ) dx '

Furthermore,

w(t‘(u)) = suggo(t). (2.6)
t>
(i) IffQ a(x)(u*) dx > 0, then there exist unique 0 < t*(u) < tmax < t~ (u) such that
tHw)u e N*, t=(w)u e N, and ¢(t) is decreasing on (0, t*(u)) U (¢~ (u), +00) and

increasing on (t*(u),t™ (u)). Furthermore,

o(t'(w) = inf go(t) @(£ () = sup (). (2.7)

o<t<t=( >+ (u)

(iii) t(u) isa continuousfunctionfor uecX;.

(iv) N-={ueX}: t( )=1}.

||M||x0 ||u||x0
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Proof Fix u € Xj. We consider the following function:

y (&) =27 ||ullk, - t2§‘P/. (u*)zj dx, Vt>0. (2.8)
2

Clearly, tu € N if and only if y (¢) = [, a(x)(u*)? dx. Moreover,

Y/ (6) = @ -p)Pluly, - (20 - p)t= 7! / (u")* dx. (2.9)
2
So, it is easy to see that tu € N'** (or N7) if and only if y/(£) > 0 (or < 0). Notice that y is
increasing on (0, £,x) and decreasing on (£yax, +00) and y (£) — —00 as t — +00.
(i) If [, a(x)(@*)? dx < 0, then y(¢) = [, a(x)(u*)? dx has a unique solution ¢~ (1) > tmax
and y'(t"(#)) < 0. Thus, ¢t~ (#)u € N~. Since

o) =t [y(t) - / a(x)(u*)” dx},
2

we get that (2.6) holds.
(ii) Assume that | o a(x)|ul? dx > 0. Direct computation yields that

(N-25)(2-p)
() - ( 2-pllulz, ) s 2;‘-2”u”2
TN @ -p) [o lul¥ dx 2w-p 0
* (N72i)s(27p)
> 28 _2< 2_p SN(2—p)/(4S)||u||I;(
T 2-p\2f-p § 0
92/ (N-29(2-p)
- —-p g 2% -p)/(2 -2 -1
> 21 — (2*_ ) Si‘ 2 )|a+‘q f a(x)(bf)pdx
s “P \4 — P Q

since |a*|; < o1. Thus, y(t) = fg a(x)(u*)’ dx has exactly two solutions t* (1) < tmax < £ (1)
such that y’(t* (1)) > 0 and y'(¢ («)) < 0, and ¢(t) is decreasing on (0, ¢* () U (¢~ (&), +00)
and increasing on (¢*(u), £ («)). Consequently, t*(u)u € N+ and ¢ (u)u € N, and (2.7)
holds.

(iii) The uniqueness of ¢~ () and its extremal property give that £~ () is a continuous
function of u.

(iv) Set

1
S::{uexg: t‘( i )zl}.
loellxg  \ Mlzellx,

Letv= W for any u € N'~. By (i) and (ii), there exists £~ (v) > 0 such that t-(v)v e N,
0

that is, ”t,;”(;) u € N~. Since u € N~, we have t~(v) = ||u||x,. Hence, we get '~ C S. On the
0

other hand, let # € S. Then,

u u
_ t‘< ) eN",
lullxy ) Tualng

Thus, SC N~ O
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3 Existence of the first solution
Define

+

m' = inf I(u) and wm = inf I(u).
ueN+* ueN~-

Set
o =Ea
2= 501
Lemma 3.1

(i) m* <0 if function a satisfies |a*|, € (0,01);
(ii) there exists positive constant ¢y such that m~ > cy if |a*|; < 0. In particular,

m* =inf,epn I(u) if function a satisfies |a*|, € (0,07).

Proof (i) If u € N'*, then by (2.5) we get that

2% p
2 s +\?
u < a\x)\u dx.
” ||X0 2: 2/ ( )( )

Thus, by (2.1),

I(u)<—(1—%)(;-%)/Qa(x)(u*)pdx<o,

and so m* < 0.
(ii) If « € N, then by (2.4),

2-p . 2 ok, 2
ol < /Q ()% doe < S ul %
Consequently,
2-p 1/(25-2)
llullx, > SN ——= :
25 -p

By (2.3) and |a*|, < 02, we have

p s, 2 (1 1 o2
I(u) > IILlllxo[ﬁllullx0 - (I; - 2—:>|“+|qu” }

pI2E-2) (2-p)/(25-2)
~ gNp/(49) 2-p s SN (2-p)/(4s) 2-p
2% -p N 2% -p

From now on, we assume that |a*|; € (0,0).

Rz

Lemma 3.2 [ satisfies the (PS)g condition in Xy for B <m* + =S

EN
N
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Proof Let {u,} be a (PS)s sequence for I such that
I(u,) — B and I'(u,)— 0. (3.1)

Then, for n big enough, we have

1 !
B+ 1+ litallxg = Llut) = o (1), )

It follows that ||u,/x, is bounded. Going if necessary to a subsequence, we can assume
that

U, — ug in X,
u, — uy inL'(§2)forre(1,2),

U, — uy a.e. in 2.

We derive from (3.1) that (I'(ug), v) = 0, Vv € Xy, i.e., ug is a solution of (1.1). In particular,

up € N. Thus, by Lemma 3.1, we have I(up) > m*. Since X, is a Hilbert space, we have
el = Nt — w12, + l0lZ, + 0(1). (32)

By Brézis—Lieb’s lemma [8], we get

/ (u;)2§ dx = / (o - uo)+)2§ dx +f (ug)zj dx +o(1). (3.3)
o Q

2

Since (u})% ! is bounded in L7 (£2) with p’ = 25/(2* — 1) and L” (£2) is a reflexible space,

we get (1})% 1 — (1)~ in L (£2), and so
/ (u;)Z?_IMO dx — / (u3)2? dx. (3.4)
2 2
Similarly, since u, — uo in L% (£2) and ()% ! € L7 (£2), we get
/ (ug)zjflu,, dx — / (ua')z? dx. (3.5)
2 2
By (3.2)—(3.5), we have

1 1 *
I(uy) = I(uo) + = |ty — uo||§(0 - / (u*)zx dx +o(1) (3.6)
2 2 Jo
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and
o(1) = (I'(un) = I' (o), th — tho)

= |luy, — uo||§(0 - / (= u0)+)2§‘ dx + o(1). (3.7)
2
By (3.6) and (3.7), we have

Mt =1, = 1(at) = L(t0) + (1)
<I(u,)—m" +o(1)

=B -m"+o0(1).
Thus, there exists a positive constant ¢ > 0 such that
5 N
2 — uo ”Xo <SP -0 (3.8)
for n large enough. By (3.7), (3.8), and Sobolev inequality, we get

N *_ 9%
0 < [1=(SZ =) 525 I, - o2,

—2¥/2 252 9
< (1=87 " Nun —uolly, ) lun — uoll,

< lluy - uO”}(O _/ ((un - uo)+)25 dx =o(1).
2

This implies ||u, — uollx, — 0 in Xo. (I

Theorem 3.3 There exists a minimizer iy of the critical problem (1.1), and it satisfies
() i e N* and I1(it)) = m*;
(ii) i1 € C*(RN) is a positive solution of (1.1);
(iii) I(#1) — O as |a*]y — O.

Proof Applying Ekeland’s variational principle [13] and using the similar argument as the
proof of Theorem 1 in [34], we get that there exists {«,} C A" such that

I(u,) > m* and I'(u,)— 0.

By Lemma 3.2, there exist a subsequence (still denoted by {«,}) and #; € A'*, a solution of
(1.1), such that u,, — #; in Xo and m* = I(#1;). By the maximum principle (Proposition 2.2.8
in [33]), i3 is strictly positive in £2. By Proposition 2.2 in [6], u € L*°(£2). Furthermore, by
Proposition 1.1 in [26] (or Proposition 5 in [31]), u € C%(RN).

By (2.6),

1
~ 25 —p o2\ P
i, < (5=2la’l,57) 7

This implies ||z, ]|x, — 0 as |a*|; — 0, and so /(#t;) — O as |a*|; — 0. O
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4 Estimates of energy
Recall that S; is defined as

S i dr V6 —VOIPK(x—y)dxdy
ST e ®N)\ (o) (Jan [VI% dx)>%

It is well known from [32] that the infimum in the formula above is attained at iz, where

(%) = . xeRY, (4.1)
(12 + x —x0]?) 2

with x € R\ {0}, # > 0and x € R fixed constants. We suppose « > 0 for our convenience.

Equivalently, the function # defined as

_ u
U= ——m—m—m—
2l o vy

is such that
.= [ i) - a0) Kl =5) dad.
]RZN

The function

u*(x) = ﬁ(ﬁ), xeRN,
is a solution of

(=AYu=ulf?u inRN. (4.2)
Now, we consider the family of functions U, defined as

U, (x) = e N=22y%(x/e), xeRN, (4.3)

for any & > 0. The function U, is a solution of problem (4.2) and satisfies

/R NEACRZAG *K(x - y) dxdy = /R ) de = 509, (4.4)

Let us fix 04, Pp, 0 Pc» Pa SUch that

P1 < Pa < Pp< P < Pe< P4 < P2 (4.5)

Let € C°(RYN) be a radially symmetric function such that 0 <7 < 1 in RN and

0, if |x| < g
nx) =11, ifpy <lx| < p. (4.6)
0, iflx| > pg.
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For every ¢ € (0,1) and e € SN"! := {x € RV : |x| = 1}, we denote by u, . the following func-

tion:
Uge(x) = n(xX) U, (x — pe). (4.7)

Lemma 4.1 There hold
N
(i) Jan |ttee|® = SZ + O(eN) uniformly in e € SN,

N
(ii) llsteell, =S + OEN") uniformly in e € SN

Proof (i) By Proposition 22 in [32], we have

.
/N |u£,e|2s dx
R

= I,[gng (x — pe)dx + / (172? (x) — 1) Uzz (x — pe)dx

RN RN
N * * * M
=S¥+ / (% () = 1)Uz (x — pe) dx + / (0% () - 1)U (x— pe)dx.  (4.8)
[x[<pp [x|>pc

Direct computation yields that

x[>pc

dx dx
=< CeN </ =N +/ ﬂ)
|xl<pp |x - pe| |%|>pc |x - ,0e|

d d
< CeN (/ ~7sz +/ %)
|x|<pp (:O - :Ob) |x+pe|>p¢ |x|

d
<o ((ﬁ — o) ™N[B,, (0)] + /| ~ ﬁ)
¥

x|>pc—

/ (% (x) = 1)U (x— pe) dx + / (% () = 1) UZ (x — pe) dx
ll<pp

<(C'&N. (4.9)

Thus, by (4.8), we prove (i).
(ii) Set 8 = % min{p — pp, pc — p}. Define

xRV py < Ixl < pch,

D,
D,
Ds

{
{x e RN : |x| < pp or |2 > o},
{

xeRN: x| < p, or || Z,Od},

(x,y) eRN xRN :x € D1,y e D1},
(x,9) e RN x RN :x € D,y € Dy, |x — | >8},

(x,9) eRN x RN :x € D1,y € Dy, [x —y| <6},

tx+(L=t)y| = p,, Ve € [0, 1]},

() € RN x RN 2 |x] > pe, [y| = po,
tx+ (1 —t)y| < pp, Vt € [0,1]},

(x,y) € RN x RN : x| < pp, |yl < o

Aq
Ay
Az
Ay
B
B,
B3

(x,y) e RN x RN :x € D3,y € D5}

{
{
{
{(%y) eRY xR :x € Dy, y € Dy},
{
{
{
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We have

tselZ, = / kel ~ e e ) *K o ~ ) ey

(//;fz/Afz/AB /A)‘”“") e o) K s =) drdy. (4.10)

We consider the following four cases:
(i) Assume (x,7) € Ay. Then |x — pe| > p — pp or |x — pe| > p. — p. Thus, there exists
constant C > 0 such that

N-2s
N, E-pe\T 2 N-2s
|“a,e(x)|§C8 2 <M +m <Ce 2.
S

Consequently,
N-2s
|us,e(x) - Ms,e(y)| =< |u£,e(x)| + |us,e(y)| < Ce 2. (4‘11)
Moreover, if (x,y) € A4 and |x — y| < %(,oc — pp), then (x,y) € B; U By, and so | — pe| >

pc—p>0o0r|&E—pe|l > p—pp,>0 for any £ on the segment joining x and y. By the mean
value theorem, there exists & on the segment joining x and y such that

| Uge (x) - ua,e(y) |

= |Vus,e(§)| e =yl
N2 E—pe\ 7
§|:Cs‘ 2 <M2+71/(25) )
eS|
naf , E-peP\ 2 ! E - fpe
+C8 2 (M + |85§1/2S |2 |SSSU(2S)|2 |x_y|

<Ce" 7 x—yl.
Hence, by (4.11) and the inequality above, we get

Ce™ v —yl, if(x,y) €Asand |x—y| < Lo, — o),
|us,e(x — Us, e(J/)| | ! ) * | "= 2(IO 2 (4.12)
ce' 7, if (x,y) € Ay and |x - y| > 3(pc — pp),

or
Noas
|u8,e(x) - us,e(y)| <Ce¢ 2 mll’l{l, |x — v } (4.13)
Consequently, by the definition of u, . and (4.13),
| o)~ 0O K5 ) iy
Ag

_ f the,0(6) — 110, 0)*K (6 — y) dedy
AgN(RZN\B3)

Page 12 of 29
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<2/ |uee(x) use(y)|21((x_y)dxdy
AsN(((®y):1x]<pg.yeRN))

CeN-2s min{1, |x — y|*}

N+2.
AaN((x)inl<pgpeRNY [ — [N

CeN- 25/ min{1, |xN 3’| }dxdy
(y)lxl<pgyeRN)y X —yINF

CeN- 2s/ / mm{zl\z |§/| }dy

|x|<pa RN |y| $

CeN-2s |J’|2 / 1 >
dy + —dy
%<4 (flylﬂ |y|N+2s st Ly N+

< CeN%, (4.14)

dxdy

(i) Assume (x,y) € As. Let & =tx+ (1 -t)y =y + t(x—y) forany t € [0, 1]. If |y| > p., then

1 5 1 B
&= |y +tx—9)] = Iyl = lx -y > pc — 5 (0e= ) = - (pe+ ),

and so

. 1 T | -
& — pe| > E(pc+p)—p= E(pc—p)>0-
If |y] < ps, then
1 . 1 .
1=l +1x =yl =< oo+ (5= pp) = (0 + o),
and so
~ - I 1 .
& —pel=p-1&1=p =S (p+pp)=5(h~pp)>0.
Thus, by the mean value theorem, there exists & on the segment joining x and y such that
|the,0(®) = 11,0 (9)] = |Vitee(E)] -l —y] <Ce" 7 |x—yl.

Consequently,

/A lhe,0(5) — 100 ()| K (x - 3) dxdy

. %~ yI?
< CEN 2S/ 7dxdy
43 |x_y|N+2s

N2 lx — y?
<Ce 2 f ————duxdy
;\3 |x_y|N+25

1
CeN-2s f dx / —
D {ye]RN'\x—y\ <5) lx — y|N+2s2

CSN_ZS/ /
Dy <8 |y|N+25 2 y

< CeN™%, (4.15)

where A3 = {(x,y) e RN x RN : x ¢ D1,y e RN, |x — y| < 8.
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(iii) Assume (x,) € A,. Since x € D, we have
/A e (%) — 110, 0)*K (6 = y) dxcdy

2

= | [t pe) o) K =) ddy
2

, /A U (6 - &) — U (y — &) + Up(y — je) — ttoe)|*K (x — y) dcdy
2

< | [t pe)~ Uety - pe)|*K(x — y) dxdy
2

+ |L15(y—,5e)—ug,e(y)‘zK(x—y)dxdy
A

+2 ] |Ue(x — p&) = Uy = pe)| - [Us(y — pe) — e e () |[K (x — y) dx dy.

Direct computation yields

/ ’Us(y— oe) — ug,e(y)‘zl((x—y)dxdy
Ay

< (|Us(y—,5e)|+ |us,e(y)|)2 dx

< dy
Ay |x_y|N+2s
U _ = 2
54/ %d&cd
4y X =y

1
S CgN—ZS/ - dxd
Ay |x_y|N+2s Y

1
= CeN‘zs/ dx/ ———dy
D1 {yeRN:|x—y|>8} |x - y|N+2S

1
< CsN’zs/ dx/ ——dy
Dy (yeRN yjs5) [YINT2S

< CSN_ZS,

where Ay = {(x,9) e RN x RN :x € D1,y e RV, |x — y| > 8}.
For any (x,y) € A,

~ 12\ —
x— pe

. B N=2s ~
U, (x — pe)U.(y - pe)| < Ce ™2 ‘L[g(x—pe)|§C<pL2+ )
[

Therefore, using the change of variable £ = x, { = x — y, we have that

/ ’Us(x—,iie)’ . ‘ng(y—ﬁe) —ue,e(y)yl((x—y)dxdy
Ay

<2 | |U.x-pe)| - |Us(y - pe)|K(x—y)dxdy
Ay

SCf (u2+
Az

N-2s

~ 12\ —
x— pe 2
P ) |x_y|—(N+23) dxdy

e Ssl/ (2s)

(4.16)

(4.17)
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N-2s

_ ) |&- e ) 1
C/’Dl (M ’ eSY/2) % {ceRN ¢ ps5) SNHE %
g-pe[\
< C/ (M2+ 1—,(/;) ) dg
(RN | ~jpe|<pc+7) &8s
_N=2s
2 d‘é’:

<CeN / 2+ g2
(EeRN:12|<57 1) (o4 p)e1) ( )
—2s

N 2 2\T "2
<Ce (/ - . )(u leR) T de
{weRNg <1} J xeRN:1<g] <87 (op4 p)e 1)

< C8N72S‘
Similar to (4.17), we have

/A Uy - 7€) - |Unly— 7€) — ttee )| KCx ) vy

u -5 2
<2 %dxdy
Ay |x_3/| s

< CeN%,
By (4.16)—(4.19), we get
A ‘us,e(x) - ug,e(y)‘zl((x —y)dxdy
2
< A ’US(x —pe)— U (y - ﬁe)’zK(x —y)dxdy + CeN7%,
2
By (4.10), (4.14), (4.15), and (4.20), we have
/R 6@ = e Q'K = y) dely
=/, |1t (%) — 4o ()| K (x — y) dxcdy
1
+ Z/A |L18(x— pe)— U (y— ,6e)|21((x —y)dxdy + CeN™*
2

< / |L18(x—,5e) - ng(y—ﬁe)|21((x—y)dxdy+ CelN=2,
R2N

Using the change of variable and (4.13) in [32], we have

Page 15 of 29

(4.18)

(4.19)

(4.20)

(4.21)

‘/RZN|L[8(x—,5e)—ng(y—ﬁe)|21((x—y)dxdy: /1;2N|L[€(x)—ng(y)|21((x—y)dxdy

o N
Sdx=S8".

- [ Jueo

By (4.21) and (4.22), we have

N
lluteelly, = /m |te,e (%) — ue,e(y)yzl((x -y dxdy <SF + CeN ™%,
R

(4.22)

(4.23)
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On the other hand, by the definition of S; and (i), we have

. %y
”Ws,e”%{o > Ss (/N |M£,e|zs dx) = Sszs + 0(1) (4-24-)
R

Combining (4.23) and (4.24), we prove (ii). a

Lemma 4.2 Assume that a € C(2) with la*|y € (0,02). There exists gy > 0 such that, for

& <&y

- s X
supl(iiy + tuee) < m* + —S&
20 N

uniformly in e € SN=1, where i1, is a minimizer of I in Theorem 3.3.

Proof Since I is continuous in Xy and ;. is uniformly bounded in X, for ¢ small enough,
there exists #; > 0 such that, for t € [0, 1],

s N
(i + tuge) < I(itg) + ﬁSszs.

Since u(x) = 0 for any x € {x € £2 : a(x) < 0}, we have

- 1 1 . 1 . "
(i + tige) = E||ul + tu,s,e||§(0 - 1;/ a(x) (i + tuge)’ dx — > / () + tug )™ dx
2 s /2

1 . . £ 1 .
= iy, + 0 tee)xo + = ltteell, — —/ a* (%) (i + tug,e) dax

1 1 "
+ — / a ()it dx — — / (i) + tug o)™ dx. (4.25)
plJe 2y Ja

It is easy to get from Lemma 4.1 that

« 1
/ Mife dx = _Ss
o 2

for & small enough. Note that the last term in (4.25) satisfies
1 ~ * t2;k * STS *
—/ () + tug o)™ dx > —/ ugfe dx > ——t%,
2% Ja 2 Je 22¢

Thus, I(i; + tuee) — —00 as t — +0o uniformly in ¢ and e. Consequently, there exists

N
ty > t; such that I(ity + tuge) < m* + ]%]SZ_S for t > £,. Then, we only need to verify the

inequality
- s N
sup ity +tuge) <m* + —S&
n<t<ty N

for £ small enough.
From now on, we assume that ¢ € [£1, £>].
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There exists a constant C > 0 such that

- * L2 * 2 ~2¥1
/ (i1 + titg o)™ dx > / iy dx+t% / Ugle dx + 2;"t/ U Ugedx
o) 2 2 2

% 21 * ~2F/2 2F/2
+2;‘t25 1/ Uge Uy dx—Ctzs/Z/ ! U’ e/ dx. (4.26)
I?) I?)

We have used the following inequality (see [5, 40] for example): for r > 2, there exists a
constant C, (depending on r) such that

(@+p) = +p +r(@'B+ap™) - Ca*p"* Va,B>0.

Combining (4.25) and (4.26), and using the fact that i; is a positive solution of (1.1), we
have

I(t61 + tuee)

L. 3 £ , 1 s
< 5l + iy + Sl - /Q 0 (5) (@ + tug o) dx

1 1 ok 1 .« *
+ —/ a‘(x)it‘fdx——/ ufs dx——tZS/ u?fedx
rJle 28 Ja 2 I?)

S

~2¥-1 _ 21~ * ~25/2 22
—t/ u;’ ua,edx—tzs 1/ Ugle U1 dx+Ct2X/2/ Uge dx
2 2 2

1 . oy £ 1 .
=D vt [ ) B ted el — - f 0 ()i + b
2 7] 2 pla

1 1 * * *_1
+ —/ a” (x)it] dx - —/ dx — —t% / ugfedx—tzx’lf u?fe i dx
p 2 Q Q

* ~25/2 252
+Ct28/2/ Ugte dx
2

e £ 1 3
1)+t [ @O e S ey~ [ a0 + e
I7) 2 rJeo

1 - 1 .« 2* * 2 1.
+—/ a*(x)u’fdx——*tZS/ ugfedx—tzs_I/ Use U dx
rJe 2% 7] 7]
i [ 20
+Ct2s// uss dx
I?)

t2 1 * 2%
=1(i) + —|lu 2——t2S/usdx
( 1) P ” s,e”Xo 2: o £,e

1 - - pe
_Z / a* ()[ (i + tuee) dx — it} — pit} " tu, ] dx
bJe
—tzf—l/ ure i dx+Ct2:/2/ i /Zufendx
fo) fe)

.2 s 5[ g
Sl(ul) + Enua,e”)(o - Z_j /Q Msedx

* * 2¥-1~ ~2*/2 2 /2
_t23/2 (t(2s 2)/2/ ug,se i dx — C/ i Ee dx)
2 2

_ N t2 tZ;k o 2% o “_q .
<I()+SE (= - — ) -3 (¢ u?se lul de—C | > ”uﬁf dx
5 " o ) 1
s 2 2
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+0(eN%)
N % 252 *_1 ¥ *
< I(y) + —SZ — 572 <tT f ule ity dx — C / i Pull dx)
N Q2 Q
+0(eN7%). (4.27)

Here we have used the elementary inequality: (a + B)? > o + pa?~18, Va, 8 > 0.

Now, we estimate the last but one term in (4.27). By Theorem 3.3, there exists a constant
C; >0 such that i, (x) > C; forx € E:= {x e RN : p, < |%| < p.}. Thus,

21~ 21
/ugfe U dx > leugfe dx
7} E

> G / U5 (e = o) dx
E

> | P dx
E

N-2s dx
2 )P
By (u? + |x]?) 2

> Gl (4.28)

for & small enough, where

Ei:={x e RN :|x| <min{p - py, p. - £} },

Ey:={x ¢ RN : x| < min{f5 - py, pc - A)e]).
Direct computation yields that
/ i Pull dx < C / ul dx
o) fo)
<G| UFPx-pe)dx

Dy

<G / U5 () dx
Dy

<C %/ ! d
& 5o, X
= o PN

< Cse? g, (4.29)

where

Dl = {XERNZ,Oaf |x| S,Od}»

D22

{xeRN:|x|§,0d+,5},

D32

{x e RN : x| < (pu + p)/e}.
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Hence, by (4.28) and (4.29), we have
(-2 / uﬁi_litl dx-C / 12%;‘ /2u§i/2 dx
2 2

22
1. 252 2%)2
>t /ugfe uldx—C/ Uy “uge dx
2 2

2%-2
N-2s N
>t 2 Ce 2 —Cse?|Ing|

for & > 0 small enough. Consequently, by (4.27), we have

N
sup ity + tuge) < I(it1) + iSSZS (4.30)
t<t<ty N
for & > 0 small enough. O
Let

1 U
Ay = {ueXg: t‘( >>1},
ll2¢]l xo ll2¢]l xo

1
Azzz{ueXg: t( “ )<1}.
lllxy  \llzellxo

Lemma 4.3 Assume that a € C(2) with la*]y € (0,02). We have
(i) X;=AUAy UN;
(i) N* C Ay
(iii) for each € < &g (o is defined in Lemma 4.2), there exists to > 1 such that
iy + toltee € A, forall e e SN7L;

(iv) for each € < &g, there exists sy € (0,1) such that i, + Sototee € N~ for all e € SN71;
N

v) m~<m® + 5SE.

Proof (i) By Lemma 2.4(iv) we prove (i).
(ii) For any u € N'*, by (2.6), we get that [, a(x)(u*)’ dx > 0. Let v = Tal- By Lemma 2.4,
0
there exists t~(v) > 0 such that £~ (v)v e N, that is,

1
t‘( “ )ue/\/‘.
llellxg  \Nzllxg

Hence,

o 1 u
T <||u||x0)'

By Lemma 2.4, we have

1=1t"(u) < tmax (1) <t (1),

Thus, we get N* C A;.
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0] +tug e

(iii) We claim that there exists C > 0 such that sup,. t‘(m

contradiction that there exists a sequence {¢,} such that ¢, — +oo and " (v,) — +00 as

) < C. Assume by

i1 +inls,e
”’Zlﬂnus,e”)(o
gence theorem, we have

n — 00, where v, := . Since t~(v,)v, € N~, by Lebesgue’s dominated conver-

o 1 Ug'e dx
/ (V;:) S dx = ~—2*/ (t i +u8€) d /-Qi
2 6280 + ueelly, /2 ||Mse||

as n — 00. Thus,

I(t_(v,,)v,,) = %(t‘(v,,))2 - —(t_(;"))p /Qa(x) (v;)p dx — 7@—(;:))% /Q(v;)zi dx — —oc0

as n — 00, which is impossible since I is bounded from below on A by Lemma 2.1. Set

; a1 llxy + (122113, + 1C* =l [, D2
0=
”us,e”Xo
Then
~ 2 ~ 2 2 2 ~
1 0lgellx, = 11l x, o1 #e,ellx 0\U1, Uge) Xy
ity + totteel%, = Nial%, + 62 0tee )y + 2b0(dir, the.e)

~ 12 2 ~ 112
> il +|C? = Nl

U +tu 2
2 C2 7 [t_("ligye>} '
”ul + tua,e”Xo
Hence, we get i1y + tolte e € As.
(iv) Define y : [0,1] —> R as

1 B Uy + Stoltg e
y(s):= |

p > forall s € [0,1].
221 + stotse el x,

|ﬁ1 + Stous,e”Xo

By Lemma 2.4(iii), y(s) is a continuous function of s. Since y(0) > 1 and y(1) < 1 there
exists sg € (0,1) such that y(sp) = 1, that is, i1 + Sotottee € N~
N

(v) By Lemma 4.2 and (iv), we have m~ < m* + %SF. a

Consider the following critical problem:

(~AYu=u>2u in$2,

(4.31)
u=0 in RN\ £2.

We define the energy functional J : Xy — R associated with the critical problem (4.31) as

](u)= lleell%, - /|u|2 dx.
Set

M(2) = {u e Xo\ {0} : [J'(u),u) = 0}
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and

y(@)= il ).

Similarly, we define J,, : H*(RN) — R as

1 1 *
Joo(22) = —/ (u(x) —u(y))zK(x—y) dxdy — > /1;{1\1 lu|* dx,

2 R2N s

where H*(RN) denotes the space of functions u € L?(RN) such that Jron (%) — u(y))*K (x -
y)dxdy < 0o. Set

M(RN) = {u € H*(RV) oo (), u) = 0}
and

y(RY) = inf  Joo(u).

N
It is easy to see that y (RY) = £S7.
Lemma 4.4 y(2) = y(RN) and y(£2) is never achieved except when 2 = RN,

The proof of Lemma 4.4 can be found in [19], and we give a proof for the reader’s’ con-
venience although these results are known.

Proof Since M(£2) ¢ M(RY), we have y(RN) < y(£2). Conversely, let {u,} C H5(RN) be
a minimizing sequence for y (RY). By density of C°(RY) in HS(RN) we may assume that
u, € C°(RN). We can choose y, € RN and A, > 0 such that

N-2s

()= hn (b +90) € CG(S2).

Since

|| M{ln,)»n ||X0 = “Mn ”H(]RN)’ / {Mi’ln,)un |p dx = / |un |P dx’
2 RN

we get ¥ (£2) < y(RY). Thus, y(£2) = y(RN).
Assume by contradiction that £2 # RN and u € X, is a minimizer for y(£2). Let £ > 0 such
that t|u| € M(£2). Then

1 1
e Hulll%, \72 - lully, 72 1
[ ulP dx “\ S, lulpdx

Consequently,

() <J(tlul) = tﬂ(% —}9) /g Wl dx < y(2).
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Thus, ¢ = 1 and |u| € M(£2) is another minimizer for y(£2). For this reason we assume
straight away that 4 > 0. Clearly, u € RY is a minimizer for Joo. Therefore, we get that
Jio(u) = 0. So that u is a solution of

(-AYu=u’ inRV.

By the maximum principle (Proposition 2.2.8 in [33]), # > 0 in R". This is a contradic-
tion. g

N
Lemma 4.5 Ifu € N~ satisfies [(u) < m™ + %Sﬁs , then fQ alx)(u*Y dx > 0.

N
Proof Let u € N~ with I(u) < m* + 5S¢ . Then there exists unique #(x) > 0 such that
t(u)u € M(£2). Assume by contradiction that |, o a(x)(u") dx < 0. By Lemmas 2.4 and 4.4,

I(u) = sup I(tu) > I(t(u)u) zf(t(u)u) - I% / a(x)(t(u)u*)p dx
2

t>0
>3 ?—tp(”’f a)

Hence, by Lemma 3.1,

tp]()u) /Qa(x)(u*)p dx>-m">0.

We get a contradiction. g

5 Existence of the other two solutions
For u > 0, we define

1,(u) = _||M||X0 /|u| dx,
N, = {u €Xo\ {0}:<[L(u),u>=0}'

Lemma 5.1 Foreach u e N~, we have
(i) there exists unique t,,(u) > 0 such that t,,(u)u € N, and

el \ 5
S X, S

supl,, (tu) =1, (¢, (u)u :—(70* ) ;
b u(tu () = 1 o |l dx

(ii) there exists unique t(u) > 0 such that t(u)u € M(82), and for c € (0,1),
J(tw)u) <(1-c) > (1(u)+ ppcp 2(|a* | Sy )22> (5.1)

Proof (i) The proof is standard, and we omit it.
(ii) Let u = (1 — ¢)~L. Then, by Young’s inequality,

/.Qa(x)(tu(u)u*)p dx < ‘a*‘qSS_P/Ztﬁ(u)||u||§(o
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S

2 - L
< L (] 528+ B (e wut,)

N
\®)

L
- 2 (|a* S + %tﬁ(u)nunio.

By Lemmas 3.1 and 2.4, we have I(u) > m~ > 0 and I(«) = sup;.. I(tu). By (i), we have

I(u) = supI(tu)

>0
> I(t,(w)u)
1-c¢ 2 2 - L L 1 2;«
z T”tﬂ("‘)””xo_ v 2(|ﬂ | Sp/2)2 —2—? Q(tﬂ(u)bﬁ) dx
> (1- ), (t, (w)u) - 2; L2(|a 55 p/Z)%
=(1-0F > (7”14”?(;; )Nf -2l (0| s)
S ul® dx 2p q°s
= (]_—C)%](t(u)u)_ pcp 2(|ﬂ ’ SP/Z)ZL.
Thus, we get (5.1). |

N
Lemma 5.2 There exists 8o > 0 such that, for u € M(82) with J(u) < ]%]SZ_S + 8o, we have

/ ™ ’u(x —u(y) ’21((96 —y)dxdy #O0. (5.2)
w |x
Proof Assume by contradiction that there exists a sequence {u,} C M(£2) such that
s K X 2
J(u,) = =S8 +0(1) and — |u,,(x) - u,,(y)| K(x—y)dxdy=0.
N R2N %]
Without loss of generality, we can assume that {u,} is a (PS), (2)-sequence (for example,
see Lemma 7 in [38]) for J. Since ] is coercive on M ($2), there exists a subsequence of {u,,}
(still denoted by {u,,}) and uy € Xy such that u, — ug in Xy. Since £2 is a bounded domain,
we have g = 0. By Theorem 1.1 in [23] and Lemma 4.4, there exist £ nontrivial solutions
.. vt e HS(RYN) to
(=AYu=u>"2u inRY, (5.3)
or

(=AYu = |ul>2u inIRiV, u=0 inRN\RiV, (5.4)

where ¢ € N, sequences of points x.,...,x C £2 and finitely many sequences of numbers

rh,...,r C(0,+00) converging to zero such that, up to a subsequence,

un=3() TV (" ;"') o) inFF(RY), (55)

n
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and
J(14y) = Zfoo +0(1). (5.6)

If ¢ > 1, then by (5.6) we have J(u,) — Zlefoo(Vj) > y(£2), which is a contradiction. Thus,
by (5.5),

U, = (ri,)%Nvl <x —lxi) +0(1) in HS(RN). (5.7)

Ty

1
By (H1), |x}| is bounded from below. Hence, we may assume ” 1‘ — e as 1 — 00, where

le| = 1. By Lebesgue’s dominated convergence theorem, we have
0= / P ||un(x un(y)izl((x—y)dxdy
2N

raX + %, y o
Z/RMW\I )~ Vi) K&~ 7) dxdy + o(1)

eSsZ +0(1),
which is impossible. d

Lemma 5.3 There exists oy € (0,03) such that, for |a*|, € (0,00), we have

_/2N |x| |u(x M()’)|2K(x—y)dxdy Z0

N
2%

Sorallu e N~ with I(u) < m* + $5;

N
Proof For u € N~ with I(u) <m* + %Sﬁs , there exists £(u) > 0 such that £(u)u € M(£2). By
Lemma 5.1(ii), for any c € (0, 1), we have

J(tw)u) < (1-¢) % (I(u) N 22;19 #1(|a ’ < )22>
2 (|a'] 5 )2),

¥, 2o

N[ s
1-¢)7 2| =S5
<(1-c¢) (N +

since m* < 0 by Lemma 3.1. Thus, there exists o € (0,0) such that, for a € C(£2) with
|ﬂ+|q € (Or 00)!

s ok
](t(u)u) < NSS + 8o,
where & is given in Lemma 5.2. Consequently, by Lemma 5.2,
/ 2 |w)u(x) - Hu)u(y) K (x - y) dxdy £0.
R[]

Hence, we complete the proof. d



Pang et al. Boundary Value Problems (2019) 2019:81 Page 25 of 29

Now, we use Lusternik and Schnirelmann’s theory in order to obtain multiplicity results.
The notion of category was introduced by Lusternik and Schnirelmann. It is a topologi-
cal tool used in the estimate of the lower bounded of the number of critical points of a
functional.

Definition 5.4 Let X be a topological space. A closed subset A of X is contractible in X if
there exists 1 € C([0,1] x A, X) and v € X such that, for every u € A,

h(0,u) = u, h(1,u) =v.

Definition 5.5 The (L-S) category of A with respect to X (or simply the category of A
with respect to X), denoted by caty (A), is the least integer k such that A C A; U --- U Ay,
with A; (i =1,...,k) closed and contractible in X.

We set catx (/) = 0 and catx(A) = +oo if there are no integers with the above property.
We will use the notation cat(X) for caty(X). For fundamental properties of Lusternik—
Schnirelmann category, we refer to Ambrosetti [2], Schwartz [27], and Chang [10].

Theorem 5.6 (Lusternik—Schnirelmann theorem) Let M be a smooth Banach—Finsler
manifold. Suppose that f € C'(M,R) is a functional bounded from below, satisfying the
(PS) condition. Then f has at least cat(M) critical points.

We say f satisfies the (PS) condition if any sequence {u,} C M, such that
[f(un)| < const. and f'(u,) — O,

has a converging subsequence.
The following lemma is from [1].

Lemma 5.7 Let X be a topological space. Suppose that there exist two continuous maps
F:SN1 - x, G:X— SV

such that G o F is homotopic to identity map of SN7\, that is, there exists £ € C([0,1] x
SN-1USN-1) such that

£(0,x)=(GoF)(x) forallxe SN

E(1,x)=x forallxe SN
Then
cat(X) > 2.
For ¢ < &g (g9 is defined in Lemma 4.2), we define a map @ : SN — X, by
®(e) =y +Solouse forallee SN

where sg, ¢y are given in Lemma 4.3.
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Lemma 5.8 &(SV1) is compact.

Proof Let {e,} C SN~! be a sequence such that e, — ey as n — oo. Using a similar argu-
ment as that in the proof of Lemma 4.1 and Lebesgue’s dominated convergence theorem,
we obtain ||, lx, = lt4e,ellx, @s n — o0. Since X is a Hilbert space and u ¢, — U ¢,

we get ||Ug,e, — Us,e,llx, = 0. Consequently, @ (e,) — P (ey). O
For c € R, we define
I = {u eN™ :I(u) < c}.

N
Lemma 5.9 There exists d, € (0,m* + %Sszx) such that &(SN-1) C 1% for each ¢ € (0, ).

Proof By Lemmas 4.2 and 4.3(iii), for each ¢ € (0, &), we have i1} + sofotte € N~ and

- s N
supl(iiy + tuee) < m* + —S&
>0 N

uniformly in e € SN-1, Since @ (SN1) is compact by Lemma 5.8, there exists d, € (0, m* +
N
£5%) such that ®(SN-1) C I*. -

N
Set B =m* + £S” and define ¥ : 1P — SN by

e g lul) - u()|*K(x - y)dxdy
1 fean 251600~ u()PK (x ~ y) dudy]”

¥ (u)
By Lemma 5.3, ¥ is well-defined. Let
XY= ueXo\{O}:/ ﬁ’u(x)—Lt(y)’zK(x—y)alxdy3—/0 .
R2N |x|

We define ¥ : X — SN~ by

e g lu() ~ () PK(x ~ y) dxdy
| fron & 1u) - u()PK (x - y) dxdy|

¥ (u)

Clearly, ¥ is an extension of ¥.
Lemma 5.10 u,. € X for all e € SN! and for & small enough.

Proof For every u, ., one sees immediately that there exists £(¢, ) > 0 such that £(¢, €)u. e €
M(82). Indeed, t(e, €)u, . € M(£2) is equivalent to

|t(e, €)ute,e ”3(0 =/ ’t(e,e)us,e‘zj dx,
2

which is solved by

||M : ”2 1/(2¥-2)
e, e) = (7)«) .

-
S e ,el % dx
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By Lemma 4.1, we have
lim t(e,e) =1
e—0

uniformly in e € SN~1, Thus,
. s X
lim / (t(e, @)utse) = S

uniformly in e € S¥~1. By Lemma 5.2, we get t(, €)u. . € ¥ for & > 0 small enough. Con-

sequently, u,, € X. O
Lemma 5.11 ¥ o @ : SN~1 — SN"1 js homotopic to the identity.
Proof By Lemma 5.10, there exists ¢* € (0,&p) such that, for ¢ € (0,¢*), u.e € ¥ and

Us1_g)ee € X for all e € SN~ and 0 € [3,1). Let y : [s1,55] — SV7! be a regular geodesic
between l,T/(ug,e) and ¥ (@ (e)) such that

y(s1) = Wluee),  v(s2) =¥ (D(e)).

Define & : [0,1] x SN-1 — SN-1 by

~

£(0,€) = | ¥ (u21-0)c.e) for 6 € [%’ 1
e foro =1.

y (2051 + (1-20)s3)) for 6 €0, 3),
),

Setx = (x — pe)/(2(1 - 0)e), y = (y — pe)/(2(1 — 6)¢). Then

x
/ —|n1-)e,e (%) = tn1-)¢,e ()| *K(x ~ y) dx dy
R

oN x|

_ / pe 20 =0R | 5o 4 21— 0)eR)|Uh(R) — U1 ) K G 5) di dy

eon | pe + 2(1—0)ex| |

N
— SSZS e,
as @ — 17 by (4.4) and Lebesgue’s dominated convergence theorem. Consequently,
911>H11— £(0,e)=e.
Clearly, £(0,€) — y(s— 1) = ¥ (1p) as 6 — 1. Thus, £ € C([0,1] x SN-1,SN"1), and

£(0,e) =¥ (2 (e)),

S(Le) =e,

for alle e SN-1. O

Page 27 of 29
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N
Proof of Theorem 1.1 By Lemmas 5.7, 5.9, and 5.11, there exists d, € (0,m" + 3;S*) such
that

cat(IdS) > 2.

By Lemma 3.2 and Theorem 5.6, I has at least two critical points #, and &3 in {u € N~ :
I(u) < m* + %SS%}. By the maximum principle (Proposition 2.2.8 in [33]), #; and #3 are
strictly positive in 2. By Theorem 3.3, we get three positive solutions #; (i = 1,2,3) of
(1.1). By (2.5) and Lemma 4.5, we have f_Q zz(x)ﬁf >0,i=1,2,3. (
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