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1 Introduction

The equilibrium system with angular velocity is noted for its pattern-forming behavior
and has been widely used as a model for the study of obstacle problems involving reser-
voir simulation. These include the effects of noise on bifurcations, pattern selection, spa-
tiotemporal chaos, and the dynamics of defects; see, for example, [1-8] and the references
therein for details. It also has been used to model patterns in simple fluids and in a variety
of complex fluids and biological materials, such as neural tissue [3, 7]. These problems are
widely studied and very well used in many areas of mathematics and physics, see [3, 5, 6,
9]. Since it was initiated by Paul Dirac in order to get a form of quantum theory compati-
ble with special relativity, the Dirac equation has been playing a critical role in some fields
of mathematics and physics, such as quantum mechanics, Clifford analysis, and partial
differential equations.

As one of the universal equilibrium systems used in the description of pattern for-
mation in spatially extended dissipative systems, the general equilibrium differential
equation can also be found in the study of convective hydrodynamics, plasma con-
finement in toroidal devices, viscous film flow, and bifurcating solutions of the modi-
fied equilibrium differential equation [6, 10, 11]. In recent years, some references such
as Sheng et al. [12], Zhai et al. [13], Zhang [14], Wu et al. [15], Sun et al. [16], Li
et al. [17], Bai and Sun [18], Wang et al. [19], and so on, introduced many beau-
tiful patterns to satisfy practical requirements of modern computing systems with
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multi-processors. There is the potential of considering the linearization characteris-
tics to be further developed for the system of equilibrium boundary value problems.
Ardila [20] studied the existence and stability of standing waves solutions of a three-
coupled nonlinear Schrodinger system related to the Raman amplification in a plasma.
Hu and Yin [21] considered dynamics of the compressible Navier—Stokes equation in
one spatial dimension for a viscous fluid with vanishing thermal conductivity. For the
case of ideal polytropic gases, it is shown that the rarefaction waves in this medium
are stable with regards to sufficiently weak perturbations of the velocity and pressure
fields.

Motivated and inspired by the references [18-21], in this paper we further consider the

following universal equilibrium equations with nondifferentiable boundary conditions:

~Au+u=a(lx)|ulfu, xeB

u>0, xeB, (1)
u

— =0, xeaBl,

av

where B is the unit ball centered at the origin in R”, >3 and p>2anda € L'(0,1) is
increasing, not constant and a(r) > 0 a.e. in [0, 1].

Meanwhile, we are also interested in the equilibrium elliptic system given by

-Au+u :fu(lx|,u,v), x € B;

—AV+V:fV(|x|,u,V), x € B; @)
fu _9u_o xcoB

~o T =Y X ’

v dv !

under suitable assumptions on f. Our assumptions do allow some supercritical nonlinear-
ities. Problems in this abstract form are often referred to as equilibrium problems. More
details on this problem class can be found in [9, 22].

Let I = {1,2,...,n} be an index set, H; be a real Hilbert space with inner product (., -);

and norm | - ||;, respectively. Let A : Hy — Hy, B: Hy, — Hj, F; : H; x Hy — Hj, and
n1 : Hy x Hy — H; be mappings. Let a; : H; x H; — R be a coercive continuous map such
that

(C1) ai(os,00) = cilloill?;
(C2) lai(oi0i)| < d;lloilli - lloill;
for any o;,0; € H;.
Let b; : H; x H; — R be a map with nondifferentiable terms such that
(C3) b; is a linear function for the first variable;
(C4) b; is a convex function;

(C5) There exists a positive constant y; satisfying

villoill; - lloill; > ai(oi, 03)

for any o;,0; € H;.
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(Cé)
bi(0i,01 —wi) = bi(0i, 01) = bi(0i wi)
for any g;, 01, w; € H;.
Based on the above notations, we then define the proposed system of generalized non-

linear variational inequality problems as follows:
Find (x,y) € H; x H, such that

(Fi(Ax, By) — f1,m(o1,%))1 + a1(x, 01 — %) + bi(x,01) — b1(x,%) > 0
VGl € Hl,

(F3(Ax, By) — f2,12(02,9))2 + a2 (y, 02 — y) + ba(y,03) — ba(y,5) = 0
VO’Z S Hg,

where f; € H; is given for each i € I.

Remark 1 There are some special cases for the model problem (3) (see [23]):
(1) fA=B=1,f;=0,and a;(0;,0;) = 0, then (3) is equivalent to

<F1(x,y), 771(01,?6)>1 + b1 (x,01) = b1 (x, %) > 0,
where o1 € H;.

(F2(x,9), m2(02, %)), + b2 (3, 02) = ba(3,) = O,

where oy € H,.
(2) ftHi=Hy,=H,fi=fo=f,n1 =n2=1n,a1 =ay =a, by = by = b, then (3) is reduced to

<F(Ax,Bx) -f n(v,x)) +a(x,v—x)+ bx,v) — b(x,x) > 0,
where v € H.

2 Preliminaries

Let us recall some basic definitions and lemmas that we need in the forthcoming analysis.
Definition 1 We say that the functional @ satisfies the Palais—Smale condition (see [15,
24-26)) if any sequence {u,},cn C X has a convergent subsequence provided {®(u,)},en

is bounded and @'(u,,) — 0 as n — +00.

Definition 2 For any A > 0, we define the subfunctions associated with the universal equi-
librium operator (1) by (see [11])

7,h _ L * _ g\l ,-A(x=§)
) = 1 / O e

and the subfunctions associated with the universal equilibrium operator (2) by

I7*f(x) = % / mf(sxs —x) e g,

Page 3 of 12
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Definition 3 The positive and negative tempered equilibrium derivatives of order 0 < t <
1 are defined as follows (see [27]):

SE) aee)

- (x E)”l

T,A +o<>f(x) fs) —A E—x)
DS =2 ) l—t)/ E w0 “*

T,A T
DI (x) = Af(x)+r(1 r)/ £ d,

for any X > 0, respectively, where f : R — R.

Define the Banach space

W(R) = {feLz(IR) : A(Az +w2)r[?(w)‘2dw < oo}

with the norm

Wl = ( /R (2 +w?)’ [7(w)|2dw>1/2.

For any f € W} 2(R), let ]D)ft’kf (x) denote the subfunctions associated with the universal
equilibrium operator (1) with Fourier transform (A & iw)t?(w) (see [23]), where the Fourier
transform of u(x) is defined as follows:

[ee]

]:(u)(é):/ e~ %5 u(x) dx.

—00

Now we state the following known results.

Lemma 1 (see [23])
(i)

DYILf (%) = f (%)
forany t,A>0and f € L*(R) and
I DY () = f (%)

forany f € Wi2(R).
(ii)

T,A _ T\
(DY) 2w = (D27f28)2m)
forany T,A >0 and f,g € W*(R).
Lemma 2 (see [2])

(i) Foranyt,A>0andp>1,1¢ 24 IP(R) — LP(R) are bounded equilibrium operators
with

I oy < 2 Wl
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(ii)
I T f () = 77 ()

forany t,B8,A>0andf € [P(R).
(iif)

{f Hi'Ag>L2(R) = (I’f ’g>L2(]R)

forany T,A>0andf,g € L*(R).

Next, for 0 < 7 < 1, we define a fractional Sobolev space H* (R) as follows:

H*(R) = WH'HT

endowed with

1/2
llull, = (/R\u(t)yzdmfR|w|2f\a(w)\2dw> :

It follows that

-1
277 lulle < llullen < lulle
lullzq < llullep <A ulloa,

lollep < llutllen <A77 Nlatll,n

for 0 < 7 < 1, where ||«||;,; is the norm on Wf’Z(R), and so Wf’Z(R) = H*(R) with equivalent

norms.

Lemma 3 (see [5,18]) Lett >1/2. Thenanyu € W;’Z(R) is uniformly continuous, bounded

and there exists a constant C = C;, such that

suplu(t)| < Cllullr;..
teR

8)

Remark 2 From Lemma 3 and (5)—(7), we have the following implication: if # € W} 2 with

1

5 <t <1,thenu e LY(R) for all g € [2,00) as

q 2012 1 g2
/|u(t)| dt < ||ullZ; IIthILz(]R)SZ1 T |ul|?.
R

Remark 3 The imbedding of W;’Z in L4(-T,T) is compact for g € (2,00) and any T >0

(see [3]).

3 Existence and convergence

In this section, we prove the existence of solution of (3) and discuss the convergence of

the sequence.

Page 5 of 12
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Theorem 1 Assume that u is a critical point of

1(w) :=1/f(w>—}9 / a(lxl) Il d. ©)

By

If there exists v e Dom(y) satisfying the equilibrium equation

-Av+v= a(|x|)|u|”_2u, x € B;

v
— =0, x€0B,
av

(10)

then u is a meromorphic solution of (3).

Proof Assume that {0, },en C Wf’z(R) is a sequence such that {®(0,,)},en is bounded and

®'(0,) — 0 as n — oo. Then there exists a positive constant D such that

for any # € N, where (W*(R))* is the dual space of W[ *(R).

Firstly, we show that {0, },en is bounded. Without loss of generality, we assume that
ilnlf”Qn”T,)» =n> 0,
denote by ¢ = o(1) the number corresponding to § = 2 in (C1) such that

M(llonll?;) = 0 (12)

for all #.
In view of (C2) and (12), one gets

1
D+ Dlloylle; = ®(04) - ;4”(9”)@4
= LRt (lonl2,) = LM (lenll2,)lenl?
B nllz, ) w nllg,x nllg, )
1
o fR (WF (£ 04(0)) —f (£ 0n(8)) 0n(0)) dt

1 1

= (ﬁ - ;)M(ngnni,x)nennik

1 1 N
>0 o ; lonll7 -

Since i > 27", the boundedness of {0, },en follows directly. So there exists a subsequence
{0n}nen and u € W2 such that

0, —u weakly in W*(R), (13)
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which yields

@'(0n)(0n - 0) = M(llonll?,;) /R(Di’”QnDi'”(Qn - 0))dt
- /Rf(t’ Qn)(@n - Q)dt —0 (14)

as 71 — OQ.

Now we show that

lim Rf (t,0n)(0n —0)dt = 0.

H—0Q
To this end, by (13), there exists some positive constant d such that

lonllen<d and Jlull;x<d, forneN,

on — u strongly in L7(R) anda.e.inR.

Moreover, (C4) implies that there exists a positive constant 7" such that

f(t,00) < elonl®" (15)

forany e >0and |¢] > T.

Then, by using Remark 2 and Young’s inequality, we obtain

’/Rf(t,gn)(gn—g)dt’
»Yn n - d
S/le(tg )|lon — uldt

T
< / F(tonllon—ulde+ [ |F(t,0n)|lon —uldt
-T

t|>T

<éllonllo +ef loul" 0, — ul dt
t|>T

qg-1 1
<—|Qn|q + ;|Qn - u|q) dt

= SC”Qn”r,A + 8/
q

|t]>T

-1

q g 1 .. _
<eCllonllen + 277 CT?gul1? +e;21 TCT2|| g, - u| T
~1 1 i
<eCd+ L6217 C1241 4 e =217 C12 g, — |12
q 1" '

for large enough # from (8).
Then

lim lRf (t,0n)(0n —0)dt =0.

n— o0
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Therefore, we have
M(lleal,) f (D3 0,D* (0 - 0)) dt — 0
R

from (14) as n — oo.
Thus, by the boundedness of M(||o, ||%,)\): one can get

f (DY 0,07 (0 - 0)) dt — 0
R

from (12) as n — oo.
In a similar manner, we can get

/R(Dfr'xuﬂ)fr'*(gn — Q)) dt— 0

as n — oo.
Combining (16) and (17), we obtain that

f (DT (g - QD™ (gy - )) dt — 0
R

as 7 — OQ.

Hence,
lon—ullzp— 0
as n — 00, and then @ satisfies the Palais—Smale condition.
Theorem 2 Let the following two conditions hold:
(1) Yoi,0i € H;, ni(0i, 01) = —ni(0i, 07);

(2) a;:H; x H; — R satisfies (C1) and (C2), b; : H; x H; — R with (C3)—(C6).
Moreover, we have the following conditions:

1 028252
0< ——[8iy/1-2om1 + pIBE + i ] + ——— <1,
01+ p1€1 03 + 0202
1 p181&1
0< ————[8y/1-202T2 + P2B3 + p212] + ———— < 1.
09 + P2Co o1+ p1€1

(16)

(17)

(18)

(19)

Then the sequence {(04, 0n)}u=0 converges to (0*,0*), where (0*,c*) is the meromorphic

solution of (3).
Proof 1t follows from (18) and (19) that
{on = on-1,m (o1, 00)), + P1{F1(AQn-1,Bon1) - fr,m(01, 00)),
+ 01 [ﬂl(QmUl - Qn)] + 01 [bl(Qn—l:Ul) - bl(Qn—l:Qn)] >0,

(Un —Op-1» 772(02: O'n)>2 + pZ(FZ(AQn—erUn—l) _f27 712(02» O'n)>2

+ p2[@2(0, 02 — 04) | + P2[b2(04-1,02) = b1(04-1,04)] = 0

for any (01,03) € Hy x Hs.

(20)

(21)

Page 8 of 12
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If we take 07 = 0441 in (20) and 07 = g, in (21), respectively, then

(Qn — 0On-15 U1(0n+1; Qn))l + pl<F1(AQn—1:BO'n—1) _fl' U1(9n+1,Qn))1
+ p1[a1(0n 0ne1 = 0n)] + P1[D1(0n-1, 0ne1) = b1(Qn-1,04)] = 0, (22)
<Qn+1 — 0w m(on Qn+l)>1 + pl(Fl(AQmBUn) =fum(on Qn+l)>1

+ 01 [al(QnH’ On — Qn+1)] + 01 [bl (Qn: Qn) - bl(Qm Qn+1)] > 0. (23)

Adding (22) and (23), we obtain that

(on = one1, m1(0ns One1));
<(on-1 = 0m M (0 0ns1)), — PL{F1(AQn-1,B04_1) — F1(AQ, Boy), 01(0n» Ons1)),
= p1[a1(on = 0ns1,0n — Qu1) ] + P1[B1(0n-1 = On» Ons1) + b1(0n — On-1,0n) ]
< (0n-1 = 0n — p1[F1(AQu-1,Bou1) = F1(AQu; Bow) ], 11 (0 0ns1)),

= p1[a1(0n = 0ns1,0n — 0n1) ] + P1[D1(0n = Qn-1,0n — One1) .

Since 1 is o-strongly monotone and §; -Lipschitz continuous and a4 satisfies (C1), we

have

o1llon = onall}
< |@u-1 - 0n = p1[F1(AQu-1,B0u-1) — Fi(AQu, Bow) ] |, |1 (e 0ne1) [
— prcillon = ennll} + prv1llen — on-allillon = el
<81]0n-1 - @n — p1[F1(A0n-1,Bou-1) — Fi(A0w, Bow)] | llon — 0nstlln

= picillon = onsill} + prvillon — on-1llillon = onsll,

which implies that

”Qn - Qn+1||1
1
< ———(81]@n-1 = 0n — p1[F1(A0u-1,B0u-1) — Fi(Agu Bou_1)] |,
o1t P11
+ )0181 ||F1(AQn’BGn—1) - Fl(AQn>BGn) ”1 + 011 ”Qn —0On-1 ”1) (24‘)
So

|@u-1 = 0n = o1 [Fi(AQu-1,B0y-1) - Fi(Agu Boy-)] |}
= llon-1 = 0nll} = 201(F1(Au-1,B0y-1) = F1(AQu Boy1), 0n-1 — On),
+ p} | Fi(AQu-1, Boy1) - Fi(AQu Boyr) |}
< (1-20171 + o1 BY)llon-1 - 0ull? (25)

and

||F1(AQmBO—n—1) - FI(AanBUn)||1 < %-1 ||Gn—1 - Un”Z- (26)
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It follows from (24), (25), and (26) that

1
llon = onstlly < ———[81/1 = 20171 + pIBE + pry1]ll@u-1 — €nlly
o1+ pi1a

p16161

————|lon-1 = Oull2, (27)
o1+ 010

taking o3 = 0,41 in (25) and o3 = g, in (26), respectively.
Similarly, we have

1
llon = Onitlls < ————[62y/1 = 20272 + 383 + P212] 0wt — Ol
02 + 02C2

028262

————|on-1 - 0ull1- (28)
02 + P20

From (27) and (28), we obtain that

”Qn — Qn+1 ”1 + ”Un — On+l ”2

1 26265
= (7[81\/1 =20t + P BT + pin ]+ ———— |llon-1 - 0nlly
o1+ p1a1 09 + P2C2
1 / p161&1
+ ( [82 1-2pp72 + )0%,322 + 102)/2] + lon-1—0ull2
03 + 202

o1+ p1€1
< max{601,62}(llon-1 = Qull1 + 0u-1 = Oull2), (29)
where
1 / 026262
01 127[81 1—2p11’1+p12/312+,01)/1]+—,
o1 + p1€1 03 + 0202

1 018181
0y := ————[82y/ 1= 20272 + P33 + P212] + ————.
02 + 0202 01+ pi1a

Now, if we define the norm || - ||, on H; x H, by

@), =l + (1vIl2

for any (u,v) € Hy x Hj, then we have

||(Qnron) - (Qn+1: O'n+1)“* =< max{91’02} || (Qn—l: Un—l) - (anan) ”* (30)

By using (18) and (19), it follows that 6,60, € (0, 1). Hence, (30) implies that {(0,,0,,)} is
a Halton sequence in H; x Hj.
Let (04, 0,) = (0%,0%) in H; x H, as n — o0o. Therefore,

(F1(A0*,Bo™) = fi,m(01,0%)), + a1(e*, 01 — 0*) + bi(0*,01) — b1 (0", 0*) = 0
VO'l EH},

(F2(A0*,Bo™) = fo,m2(02,0%)), + az(0*,00 — 0*) + by(0*,02) = by(0*,0%) = 0

VUZ € Hz.
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Thus, (0*,0*) is a meromorphic solution of the model problem (3), which implies the
required conclusion. d

4 Conclusions

In this paper, we studied the equilibrium system with angular velocity for the prey. This
system was a generalization of the two-species equilibrium model with Neumann type
boundary condition. Firstly, we considered the asymptotical stability of equilibrium points
to the system of ordinary differential equations type. Then, the existence of meromorphic
solutions and the stability of equilibrium points to the system of weakly coupled meromor-
phic type were discussed. Finally, the existence of nonnegative meromorphic solutions to
the system of strongly coupled meromorphic type was investigated, and the asymptotic
stability of unique positive equilibrium point of the system was proved by constructing
meromorphic functions.
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