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1 Introduction

The finite element approximation for optimal control problems has an enormously im-
portant function in the numerical approach for these problems. Scientists have studied
extensively this area; see, for example, [4, 12, 13, 21, 25]. They discussed the a priori er-
ror estimates using finite element approximations, such as [1, 16, 23], in which elliptic or
parabolic problems are considered by optimal control theory. They studied adaptivity for
many optimal control problems; for example, see [4, 11, 17, 20-22].

In some optimal control problems, for the objective function containing a gradient of
the state variable, we use mixed finite element methods to discretize the state equation,
so that the scalar variable and its flux variable can be approximated in the same accuracy;
for example, see [3]. Many scientists have addressed the mixed finite element methods for
elliptic problems [6—8, 14], for the first bi-harmonic equation [5], for parabolic problems
[26] and for hyperbolic problems [9, 15].

The purpose of this work is to discuss the a posteriori error estimates of the semidiscrete
mixed finite element approximation for fourth order hyperbolic optimal control problems.
Considering the fourth order hyperbolic equations by the idea of a mixed elliptic recon-
struction [24], we obtain the error estimates for the state and the control approximations.
The following is the model we considered:
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YVer(x, 1) + Azy(x, ) =f(xt)+uxt), xef2,te], (1.2)

y(x, t) = ﬂ:o, x€d82,te], (1.3)
on

J’(x; 0) =J’0(x), X € Q: (14')

Y:(x,0) =y1(x), wxe$, (1.5)

where £ C R? is an open set of polygon with 8£2. K is in U = L*(J; L?(£2)), a closed convex
set, ] = [0, T1, f,ya € L*(J; L*(£2)) and yo,y1 € H*(£2). K is defined as follows:

T
K:{uel,[:f f udxdtZO}. (1.6)
0o Je

Lety = -Ay, p=-Vyand p = -V, then (1.1)—(1.5) can be written as

uggu{%f;(n&nz Flly = 7l + ) dt}, (17)
Yu(x,t) + divp(x, ) = f(x,8) + ulx,t), x€2,te], (1.8)
p(x,t) =-Vyx,t), xe€f2,te], (1.9)
divp(x, t) = y(x,£), x€ 2,te], (1.10)
px,t) = -Vy(x,t), xeR,te], (1.11)
yx,t)=-p-n=0, x€dR,te], (1.12)
¥, 0) =yo(x), x€ 82, (1.13)
7:(x,0) =y1(x), x€ . (1.14)

In the paper, we adopt the standard notation W7 (£2) for Sobolev space on £2 with a
norm ||v||,, given by [[v|[5,, := > al<m ||D°‘v||‘;p(9), and a seminorm |v],,, given by [v[},, =
Z\al:m ||D"‘V||’L’p(m. We set W,"'(£2) = {ve W™P(2): y(D*V)|ae = 0, |a| = m}, where y is
the trace operator. We denote W’”’Z(.Q)(W(;”'Z(.Q)) by H™(§2)(H{'(£2)).

We denote by L*(0, T; W™P(£2)) the Banach space of all L* integrable functions from J
into WP (£2) with norm ||v||s¢,wmr(2)) = (fOT ||V||5Wm,p(9) dt)% for s € [1,00), and the stan-
dard modification for s = co. For simplicity of presentation, we denote ||v||zs¢,wmr (@) by
V|| zs(wmry. Similarly, one can define the spaces H*(J; W™?(£2)) and CK(J; WP (£2)). We
can find details in [19]. C is a general positive constant independent of /.

The rest of this paper is as follows: In Sect. 2, we introduce the optimal control problems
and its mixed finite element scheme. Section 2 ends with the definition of the mixed elliptic
reconstructions, which is useful in deriving the a posteriori estimates for the fourth order
hyperbolic optimal control problems in Sect. 3. Finally, we make some concluding remarks
in Sect. 4.

2 Optimal control problems for mixed methods
A semidiscrete approximation of a mixed finite element for the optimal control problems
(1.7)—(1.14) will be constructed. We set the state spaces L = L%(J;V), Ly = L>(J; V,,) and
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Q=1%(J; W), W = L*(£2), where V, and V, are defined as follows:

V= H(div;2) = {v e (L))’ divv € LX)},
V() =H()(diV;.Q) = {V S H(le, .Q),V . }’1|3_Q = 0}
The space V is a Hilbert space, its norm is defined as follows:

2 . 2 1/2
VIl H@ive) = (”V”o,_(z + ] leV”o,g) .

Now we introduce operators: div, V, curl and Curl. For any v = (vy,v,) € (H'(£2))? or

we HY(R),
divv = 31V1 + 32V2, Vw = (81w, 82W),
curlv = 81V2 - 82V1, Curlw = (—82w, 81W).

(2.1)

(2.2)

Next, (1.7)—(1.14) can be rewritten into weak form as follows: find (p,y,p,y,u) € (Lo X

Q x L x Q x K), such that

in L2 05 byl ) ae
W, w) + (divp,w) = (f +u,w), Ywe W,te],
(p,v)—(3,divv) =0, VveVyte],
(divp,w)=(,w), YweW,te],
p,v)-(r,divv) =0, VveV,te],
y(x,0) = yo(x), Vxe 2,

¥:(%,0) = y1(x), Vxe 2.

(2.3)

(2.4)
(2.5)
(2.6)
2.7)
(2.8)

(2.9)

From [18], we know that the above optimal control problem has a unique solution
(P, y,p,¥,u), and that (p,y,p, ¥, u) is the solution of (2.3)—(2.9) if and only if there is a co-
state (4,2,9,2) € (Lo x Q x L x Q) such that (p,y,p,¥,q,z,q,% u) satisfies the following

optimality conditions:

W, w) + (divp,w) = (f +u,w), Ywe W,te],
(p,v)-(,divv)=0, VveV,te],
(divp,w)=(@,w), Ywe W,te],
(p,v)—(y,divv) =0, VveV,te],

y(x,0) =yo(x), Vxe€ 2,

y(%,0) =y1(x), Vx €2,

(ze,w) + (divg,w) = (y —ya,w), YweW,te],

(q,v)-(z,divv)=0, VveV,te],

(2.10)
(2.11)
(2.12)
(2.13)
(2.14)
(2.15)
(2.16)

(2.17)
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(divg,w)=F+z,w), YweW,te], (2.18)
(q,v) - (z,divv) =0, VveV,te], (2.19)
z(x, T)=0, VxeS$2, (2.20)
z(x, T)=0, Vxeg2, (2.21)
T
/ (u+z,u—u)dt>0, Vuek, (2.22)
0

where (., -) is the inner product of L%(2).
K is a control constraint, so we can get a relationship between u and z. This relationship

is important for our result.

Lemma2.1 Let (z, u) be the solution of (2.10)—(2.22). Then we have u = max{0, z} — z, where

[ [ zdxdt
[ [ 1dxdt

Z=

denotes the integral average on 2 x J of the function z.

Let 7;, be regular triangulations of £2, /4, is the diameter of t and % = max/,. Fur-
thermore, let &, be the set of element sides of the triangulation 7, with I}, = [ J&),. Let
V, x W), C V x W denote the Raviart—-Thomas space [3] associated with the triangula-
tions 7y, of £2. Px denotes the space of polynomials of total degree no greater than k (k > 0).
Let V(1) = {v € P{(t) + x - P(1)}, W(T) = Pi(7). We set

V)= {vh eV:VteTy,vil, € V(f)}’
Wi = {wy € W:Vt € Tpwil: € W(r)},

Ky, :=L*(J; W) N K.

We now discretize (2.3)-(2.9). We calculate (py,, yi, Pj,» ¥n, un) such that

urlflei;gh{%/;(llhuz +lyn = yall* + lunll®) dt}, (2.23)
et wy) + (divpy, wy) = (F + up, wy), Ywp e Wyt €], (2.24)
Py, vi) — On,divvy) =0, Vv, eV, te], (2.25)
(divpy, wp) = On,wy), VYwy e Wyt e, (2.26)
Py Vi) — (yp,divvy) =0, Vv, eV te], (2.27)
yu(x,0) = yh(x), Vxe 2, (2.28)
yie(%,0) = ¥l (%), Vx e, (2.29)

where yé’ (x) € W, and yﬁ’ (x) € W), are the mixed elliptic projections of y, and y;. The
optimal control problem (2.23)—(2.29) again has an unique solution (Py,, yu, Py, i Un),
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and (P, Y, Py Vi 4p) is the solution of (2.23)—(2.29) if and only if there is a co-state
(95, zn, 9y, Z1) such that the following optimality conditions hold:

Yee> wi) + (divpy, wy) = (f + up, wy), Ywpe Wyt €], (2.30)
Py, vi) — (O, divvy) =0, Vv, eV, te], (2.31)
(divpy,, wi) = G, wh), VYwp e Wy, te], (2.32)
By, vr) — (yp,divvy) =0, Vv, eV te], (2.33)
yu(x,0) = Yi(x), Vxe £, (2.34)
Yue(x,0) =i (x), Vxe 2, (2.35)
(Zhee» wi) + (div gy, wy) = Wn = ya, wi), VYwp e Wyt €], (2.36)
(g, vi) — (zn,divvy) =0, Vv, eV te], (2.37)
(divqy, wp) = O + zZpwy), VYwp e Wy, te], (2.38)
Gy, Vi) — (zn,divvy) =0, Vv, eVyte], (2.39)
zn(x, T) =0, Vxe £, (2.40)
znx, T)=0, Vxel2, (2.41)
T
/0 (up + zp, iy — up)dt >0, Vuy, € Kj,. (2.42)

For Lemma 2.1, the relationship between u, and zj, is given as follows:
uy, = max{0,z,} — zp, (2.43)

I o zndxdr
Jo Jovdxdt
Now, we give the local definition of divy, curl, : H'(7;)* — L*(2) and Vj, Curly, :

H'(Ty) — L*(£2)?, such that for any T € 7,

where z;, = is the integral average on §2 x J of the function zj.

divy, v|r = div(v|7), curly v|7 := curl(v|7), (2.44)

Vvl = V(v|7), Curly, v|7 := Curl(v|7). (2.45)

Set P, : W — W), to be the orthogonal L2(£2)-projection into W}, [2], which satisfies

Prw—w,x)=0, weW,xeW, (2.46)
I1Prw = wllog < Cht||w||t,q, 0<t<k+1,ifwe Wnw(R), (2.47)
1Pyw —wl_, < CH™*|lwll,, O0<rt<k+1,ifweH(R). (2.48)

Next, introduce the Fortin projection (see [3] and [10]) [T, : V — V},, which satisfies: for

anyqeV
(div(IT,q - q),wy) =0, VYqeV,w, e W), (2.49)
lg-1.qllo, <CHlqll,gy llg<r=<k+1,YgeVnN (W”"(Q))z, (2.50)

|div(g - IT,q) |, < CK'|| divqll,, O0<r=<k+1,Vdivge H' (). (2.51)

Page 5 of 14
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The commuting diagram property reads
div OHh = Ph odiv:V — Wh and diV([ - Hh)V 1 Wh,

where I denotes the identity operator.
Next, the intermediate variable 7z € K is introduced as follows:

(yee(@), w) + (divp(@),w) = (f + s, w), Ywe W,te],
(p(@),v) — (¥(#),divv) =0, VveV,te],

(divp(a), w) = (y(@),w), Ywe W,te],
(P

y(#)(x,0) = yo(x), Vxe $2,

(i),v) - (y(&),divv) =0, VveV,te],

y(@)(%,0) = y1(x), Vxe 2,

(2u(i2), w) + (div q(@), w) = (y(@) —ya w), Ywe W,te),
(q(@),v) - (z(%),divv) =0, VveV,te],

(div §(@), w) = (7(0) + Z(@), w), Ywe W,te),

(q(@),v) - (z(%),divv) =0, VveV,te],

zZ(U)(x, T)=0, Vxe$2,

z:()(x, T) =0, VxeS2.

(f),v)—()"/,divv) =0, VvelV,
(divp,w) = Op,w), YweWw,
(ﬁ,v)—@,divv) =0, VvelV,
(divp,w) = (f + un — Yy, w), Ywe W,
@,v) - (z,divv) =0, VYveV,
(divg,w) = G +Jw), Ywe W,
@,v)- (z,divv) =0, VYveV,

(divg,w) =y = ¥a — zZpe>w), Ywe W.

For simplicity of presentation, we resolve the errors in following forms:

p-py, =i’_i’(”h)+ﬁ(uh)_’:’+i’_i’h=rl +é1+1,
Y=yn=y—y(up) +y(up) =y +y—yp=r2+ex + 1,
P-pP,=P—-pPuy) +plup) —p+p—p,=r3+e3+13,

Y=n =5’—5’(uh)+5/(uh)—3:’+3:/—5’h =T4+ €4+ N4,

(2.52)

(2.53)
(2.54)
(2.55)
(2.56)
(2.57)
(2.58)
(2.59)
(2.60)
(2.61)
(2.62)
(2.63)

(2.64)

(2.65)
(2.66)
(2.67)
(2.68)
(2.69)
(2.70)
(2.71)

(2.72)

(2.73)
(2.74)
(2.75)

(2.76)

Page 6 of 14
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4-8,=a-4(uw,) + () —q+q—§, =15 + e5 + 115, (2.77)
z—zp=z—2(up) +z(Uup) —Z+2Z— 2, = 16 + €6 + Ne, (2.78)
9-9,=9-qu) +qu,) —q+q-q,=r7+e7+ 17, (2.79)
Z-Z =2 Fwp) + Zup) —Z+Z 72, =15 + €5 + 115 (2.80)

From mixed elliptic reconstructions [24], we derive the error estimates as below.

Lemma 2.2 ([8, 14]) For Raviart—Thomas elements, there exists a positive constant C

which depends the domain $2, the shape regularity of the elements and polynomial degree

k such that
Inall < C( [t aivp, ~5)] + min 1B, - Vi) ) (2.81)
ol < C([ 04 iv By, ~53e) | + i [RGBy = Vi) ). (2:82)
Izl = C( [0 (v By, = Fiee) | + min | By~ Viwi)] ). (2.83)
wpeWy,
Il = C (04 iV B, — )| + it /2By - ): (2.84)
Iall < C(Hh“mi““'k] e + divpy, —f — )| + min |(p, — Viwp) H), (2.85)
wpeWy,
Il = [0 g+ divy = f = i) + min [ ey, — Viwn)]), (2.86)
wpeWy,

sl < (10 + divpy f = )| + min i@y = Viw)]),  (287)

Imgll < C ([t div @y, -5~ 2) | + min (@, - Viw)] ) (2.88)
el < C([[ ™A iv @y 51 = 200)]| + i 1@y = Vi) ] ), (2:89)
el < C V™04 G = e = Ze) | + i @y = Vi) ), (2.90)
Insll < ([ ey + divay, -3+ ya)| + min @, = Vi), (2.91)
lImsell < C(||h1+mi“{1’k}(zhn +divqy —yu +ya): | + WI;E\I)}/h (@ = Viewn) ) (2.92)
Il < C(|A2T By Oy, + Ircurly byl + | )s (2.93)
sl < C(|H2 7@y - O, 1, + IWrcurlypy ] + ), (2.94)
sl < C(|H2 7@ - Oy, + Wrcurly @yl + |(diva, - 5, - 54)]), (2.95)
7l < C(||h71(qh )., + Ihcurly gyl + || zu + divgy, - ) (2.96)
Idiv || < Clldiv By, —Full, | div sl < Cllyne + divpy —f — sl (2.97)
Ildiv s ]| < Cll div @, — 5 — Zll, 1 div 17| < Cllziee + div @, — 1+ yall, (2.98)

where V), and curly, have been defined in (2.44)—(2.45), J (v - t) denotes the jump of v - t across
the element edge E for all v € V with t being the tangential unit vector along the edge E € I},.
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3 Error estimation of optimal control
In this part, a posteriori error estimation of optimal control problems shall be given. From
(2.53)—(2.56) and (2.65)—(2.68), we obtain the error equations

(e1,v) —(er,divv) =0, VveV, (3.1)
(dive;,w) = (eq + ng,w), VYwe W, (3.2)
(e3,v) — (eq,divv) =0, VveV, (3.3)
(easr, w) + (dives, w) = —(nos, w), Ywe W. (3.4)

Lemma 3.1 Let e;—ey satisfy (3.1)—(3.4). Then we have

llezllzoogirz(y + llerlle gy + lleallrogiz o)) + lleslliogrivie)
< CImaclzgaziay + |71 = 7| + [n2:) | + || Ayo + 54 (0) | + 1mall oo a2y
+ Il oo gzziy + Iaeel2ga202) + nasell2gazay + [yo = 94 |
+ | divas(0)| + || A%y — divpa(0)|)

+ [ Ay1+ 5O + [1a:O)) + [m2(0)]). (3.5)
Proof Differentiating (3.1)—(3.2) with respect to ¢, we get

(e1r, V) — (ey,divv) =0, VvelV, (3.6)

(diven, w) = (ear + nar, w), Ywe W. (3.7)

We choose v = e3 in (3.6), w = —e4 in (3.7), v = —ey; in (3.3) and w = ey in (3.4), separately,

then add up the four equations and obtain

(ear, e2ut) + (ear, €4) = —(Nagr €a) — (2uts €21). (3.8)

We integrate (3.8) from 0 to ¢, use Gronwall’s inequality and the Cauchy inequality, then
we obtain

lleallzoogir2cy + lleaell oo gir2(y

< C(Iaell2g2(2) + Im2eell 2202 + | €2:(0) | + [[ea(0) ), (3.9)

where
le2O)] < lyr = 24| + |20 (3.10)
lea(0)] < || Ayo +74(0)] + [ na(0)]. (3.11)

Note that

/ es,dt = ex(t) - e3(0),

0
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then we have

leall < C(llexll o2y + | €20)]])

< C(llexellzogir2ey + |70 —J’g” + [ m200)]). (3.12)

Letting v = e; in (3.1), w = €5 in (3.2), v = €3 in (3.3) and w = e, in (3.4), respectively. We
get

llellzoogirziy =< Imallpoogiiz@y) + lleallzogrzioy + lleallrogi22))s (3.13)

llesllzoogirziy < lleanllogirz(2y + I1M2ell Lo gi2(o) + lealliogr2(2))- (3.14)

Differentiating (3.3)—(3.4) and (3.6)—(3.7) with respect to t, we get

(e3s, V) — (eq,divv) =0, VvelV, (3.15)
(easre, w) + (div es, w) = —(oue, w), Ywe W, (3.16)
(e1, V) — (€asr,divv) =0, Vvev, (3.17)
(div ey, w) = (eqy + Nage, W), Ywe W. (3.18)

We choose v = —eyy in (3.15), w = ey in (3.16), v = e3; in (3.17), w = —ey, in (3.18), sepa-
rately. We derive the following after addition for four equations:

(e2usts €1r) + (asts €ar) = —(Naues €ar) — (Naues €261)- (3.19)

Similar to (3.9), we derive

lleaeell oo riz2(2)) + l€atll Loogir2 ()

< C(lImuell2gi2(2y + sl 2g2(2) + | €26:(0) || + | ea(0) ). (3.20)

Taking ¢ = 0 and w = e54(0) in (3.4) leads to

”eZtt(O)” = ”diVes(O)” + ||772tt(0) ”

< ||divn30) | + [m2::(0) || + [| A%y0 — div p1,(0) . (3.21)

Note that

lea(0)]| < ||7(n)(0) = 51 (0) || + || nac(0)]|
< || Ay1 + e 0) ]| + || 74:(0) . (3.22)

At last, setting w = dive; and w = dives in (3.2) and (3.4), we get

Il diverll o2y = IMallp g2y + lleall g2y (3.23)

| div eslzoeriroe2)) < Nleanll ooz (y + M2eell oo g2 )y - (3.24)

Thus, using (3.9)—(3.14) and (3.20)—(3.24), we complete the proof. O
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By (2.59)—(2.62) and (2.69)—(2.72), we obtain the error equations

(e5,v) — (e, divv) =0, VveV,
(dives,w) = (es +eg +na +1mg,w), YweW,
(e7,v) — (eg,divv) =0, VveV,

(estt, w) + (dives, w) = (e + 12 + €2, W), Ywe W.
Lemma 3.2 Let es—eg satisfy (3.25)—(3.28). Then we get

llesllzoo g2y + llesliioogimivie)y + lesll o2y + ezl 2g.mdivie)
< C(Inallzogirziy + Inacll2gizie) + Inaell2gr2ie) + 1n2ll2g2)
+ Imeee | 2g502(2)) + M8l o2y + Imsell g2y + Im2eell 2g502(2))
+ lleall o2y + llexllizgi2iy + | Ayt + e(0) | + || 14:(0)

+ divs(0) + 726 (0) ] + [ A%y0 - divp, (0)])).
Proof At first, setting ¢ = T in (2.69)—(2.70) and (3.25)—(3.26), we derive
eo(T) = e (T) = 0
and
les(T)]| = C[lea(D)] + [na(T)] + [15(D)]))-
Differentiating (3.25)—(3.26) with respect to ¢, we obtain

(eSt’ V) - (e6t7 div V) =0, Vvel,

(dives;, w) = (eas + ey + Mg + s, W), Ywe W.

(3.25)
(3.26)
(3.27)
(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Let v = —e7 in (3.32), w = eg in (3.33), v = e5; in (3.27) and w = —eg; in (3.28), separately.

After adding up the new equations, we have

—(esrs €6t) — (eger e8) = (€ar + Nar + Nsrs€8) — (Mese + 12 + €2, €61).

(3.34)

Integrating (3.34) from ¢ to T, from (3.30), Gronwall’s inequality and the Cauchy inequal-

ity, it is easy to see that

llest Il oo 22y + 1€sll oo rir2ey)
< C(Iaell 222y + lleaell 22y + Imsell2giz)

+lleall2g2iey + Im2ll2gz@y + Inell 222y + |les(T)]-
Letting v = e7 in (3.27), we get

(e7,e7) = (eg, divey).

(3.35)

(3.36)

Page 10 of 14
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Next, for (3.25), we differentiate two times with respect to ¢, and set v = e;. for (3.26),
we also differentiate two times with respect to ¢, and set w = eg. For (3.27), we set V = esy;.

For (3.28), we set w = div e;. Combining the new four equalities, we derive

I divesll 220y < Clleall2gi2y + el 2gi22) + Im2ll 222y + naell zo g2 (o))

+ Insell zoogaziey) + lleall 2gi2cay) + llesell 22 (ay)- (3.37)
At last, similar to (3.13)—(3.14), (3.23)—(3.24) and (3.36), we have

les Iz iy < C(lleallzgzay + leslliogaziay)
+Imalligaziay + Inslligaziay) + lesllimgaziay) (3.58)
llez1l 2¢;maivs2))
< Cllleallzzgszzqay + Imseell 2g202)) + IM2lli2 g2y + Iaellisogazay

+ Imsell oo g2y + llealli2g2ioy) + lestll 2z + lesll2gz@))- (3.39)
Thus, combining Lemma 3.1, (3.31), (3.35)—(3.40) and (3.5), we complete the proof. [

Choosing & = u and & = uy, in (2.53)—(2.64), respectively, we have the error equations

(r1,v) = (rp,divv) =0, VveV, (3.40)
(divry,w) = (re,w), Ywe W, (3.41)
(r3,v) = (r4,divv) =0, Vvev, (3.42)
(roge, w) + (divrs, w) = (u — uy, w), Vwe W, (3.43)
(rs,v) — (r6,divv) =0, VvelV, (3.44)
(divrs,w) = (rq + 15, w), VYwe W, (3.45)
(r7,v) — (rg,divv) =0, VveV, (3.46)
(rest, w) + (divry, w) = (ro,w), Ywe W. (3.47)

Similar to Lemmas 3.1 and 3.2, Lemma 3.3 is given below.

Lemma 3.3 Let ri—rg satisfy (3.40)—(3.47). Then we have

72t llzoo gz + N7alloogr2cay + I llcegim@ivie) + 1731l 2¢:mdivie)

< Cllu = unll2¢12(2)) (3.48)

l7aellzoo gr2 2y + 1etll ooz 2y + 7slloogiz ()

< €| u(0) - us(0)|

+ Cllu—upll 220y + €| = n)e] 2120y (3.49)
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1751l oo g (aivs2)) + 177 1| L2 m0(divs2))
< €| u(0) - us(0)|

+ Cllu=upll 22y + €] = n)e] 2,120 (3.50)
where € is an arbitrary small positive constant.

Lemma 3.4 [15] Let (ﬁ,y,PJ’, E’, z,q, 2, Ll) and (ﬁh:yh’ph,j}hx&hrzh: q; uh) be the solutions
of (2.10)—(2.22) and (2.30)—(2.42), respectively. Suppose that (uj, + z,)|, € H (t) and that
there exists w € Ky, such that

”u - uh”Lz(];LZ(Q)) = C(e + ||Zh - Z(uh) ||L2(];L2(.Q))’ (3'51)

where

r %
0= </ Zh%luh+zhlf{1(r)dt> .
0 T

Now, by Lemmas 3.1-3.3, the important result of this paper is given as follows.

Theorem 3.1 Let (y,p,5,P,2,G,2,q, ) and (Y, Pp» Vi P 2> Qi 20> Gy ) be the solutions
0f (2.9)—(2.19) and (2.26)—(2.36), respectively. Then we have

llu = unllpoogrz@y + 1y = Yl Loy + 117 = ¥ull Lo gr2(2)
+ P = Pylli=gr@ive) + 1P = Pullrega@ive) + 12 = znll 1o gr22)
+ 12 = Znll o2y + 119 = Qullzegirivie) + 19 = Qull 2g;1@iv2)

< C(lm llzegsaive) + Insllegmave) + 105l o grave)y + 1171 2gm@ve))

+mallzoo g2y + IMaell2gize)y + 1Maeell 22y + Im2ll2g:2(0)
+ n2eell o gir22y) + IM2eeell 2gi22(2)) + 16l ooy + IMeellr2¢122(2))
+ m6te 220y + 1M1l o gz + Imsell 2gz@y + |70 = 25 |
+] 850+ 5@ + yr =21 ] + [divns(©)] + || A% ~ divp, 0)])

+ | Ayy + 5 O) | + || 1200) | + [[m2:(0)|| + |94 (0) .- (3.52)
Proof From Lemma 2.1 and (2.43), we have
|4(0) = un(0) | < Nl — Iy g2(2)) < Cllz = Znll o2y (3.53)

[0 =) gy = 1= 20t 20200

< llestll2g2c2y + Ineell2gi2c2y + Ireell 2g;2(2))- (3.54)

For sufficiently small €, using Lemmas 3.1-3.3 and (3.35), (3.53)-(3.54), we complete the
proof. g
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4 Conclusion and future work

In the article, using semidiscrete Raviart—Thomas mixed finite element methods, we stud-
ied fourth order hyperbolic equations of quadratic problems for optimal control, and then
got the posteriori error estimates. In subsequent work, an a posteriori estimation will be
considered by a fully discrete approximation of the mixed finite element. Of course, the
error estimates of the same problems certainly also can be discussed with nonlinear fourth
order hyperbolic equations.
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