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1 Introduction
In this paper, we consider the existence and multiplicity of positive solutions for the fol-

lowing fractional differential equation (FDE):
D, u(t) +f(t,u(t)) =0, O<t<l,n-1l<a<n, (1.1)

with conjugate type integral boundary conditions
n
u(0)=u'(0)=---=u"20)=0,  Dhu(l)= / a(t)Dy,u(t) dV(t), (1.2)
0

where Df, is the standard Riemann—Liouville derivative, 7> 3,0<8<1,0<y <a -1,
n € (0,1], f(¢,x) may be singular at £ = 0,1 and x = 0, a(¢) € L'[0,1] N C(0,1) is nonnega-
tive, fon a(t)t* 71 dV(t) denotes the Riemann—Stieltjes integral, in which V has bounded
variation.

During the last few decades, FDE have drawn more and more attention due to their
numerous applications in various fields of science. Recently, many results were obtained
dealing with the fractional differential equations boundary value problems (FBVP) by the
use of techniques of nonlinear analysis; see [1-24] and the references therein. The nonlo-
cal boundary value problems of fractional differential equation have particularly attracted
a great deal of attention (see [25-33]). For example, a number of papers have been devoted
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to considering (1.1) under boundary value conditions (BC) as follows:

wO0) = (0)=---=u"20)=0,  Dfu(l)=Y)y nDf ul) (1.3)
i=1

u(0) =/ (0) = =u"20)=0,  Dhu(l)= nDf,u), (1.4)
i=1

1
u@0) =40 =---=u"20)=0, wu()= / u(t)dv (), (1.5)
0

w0) =u'(0)=---=u"20)=0, D5 u(l)= / ' a(t)D}y, u(t) dt. (1.6)

0

In [12], Henderson and Luca considered the existence of positive solutions for a fractional
differential equation subject to BC (1.3), where p € [1,n — 2], g € [0,p]. In [28], Wang
and Liu considered a fractional differential equation with infinite-point boundary value
conditions (1.4). In [29], by means of the fixed point index theory in cones, Wang et al.
established the existence and multiplicity results of positive solutions to (1.1) with BC
(1.5). When 1 < 8 < o —1, Zhang and Zhong [32] established the existence of triple positive
solutions for (1.1) with BC (1.6) by using the Leggett—Williams and Krasnosel’skii fixed
point theorems. When 1 < 8 <o — 1 and f is continuous on [0, 1] x (00, +00), Zhang and
Zhong [33] established the uniqueness results of solution to (1.1) with BC (1.6) by using
the Banach contraction map principle.

For the case that « is an integer, Webb [34] considered the nth-order conjugate type BC
(1.5). Some existence results of positive solutions have been obtained by using the fixed

point index theory under the following conditions:

t1x . t,x
(C1) liminf min YGL) > A lim sup max YGL) <Ai;
x—0+ te[0,1] X x—+00 t€[01] X
Lx .. . t,x
(Cy)  limsup max f&) < AL; liminf min f&%) > A,
x—0+ t€[01] X *—>+00 te[0,1] X

where 1, is the first eigenvalue of a linear operator.

Motivated by the above works, in this article we aim to establish the existence and mul-
tiplicity of positive solutions to problem (1.1)—(1.2). Our analysis relies on the topological
degree theory on the cone derived from the properties of the Green function. This article
provides some new insights. Firstly, the existence results are obtained under some condi-
tions concerning the spectral radii with respect to the relevant linear operators, and the as-
sumptions on f are weaker than C;, C,. Secondly, we consider the case that 0 < 8 < 1 which
is different from [12, 32, 33] and more general integral boundary conditions which include
as special cases the multi-point problems (1.3), (1.4) and integral problems (1.5), (1.6). Fi-
nally, FBVP (1.1)—(1.2) possesses singularity, that is, f(¢,x) may be singular at £ = 0,1 and
x=0.

2 Preliminaries
For the convenience of the reader, we present here the necessary definitions from frac-
tional calculus theory and lemmas.
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Definition 2.1 ([2]) The fractional integral of order « > 0 of a function u : (0, +00) — R is
given by

Ig,u(t) = ﬁ /(; (¢ —9)*uls)ds

provided that the right-hand side is point-wise defined on (0, +00).

Definition 2.2 ([2]) The Riemann-Liouville fractional derivative of order « > 0 of a func-
tion u : (0, +00) — R is given by

oo — L (AN [ gt
D0+u(t)_1“(n—oz)(dt) /O(t s) u(s) ds,

where 7 = [«] + 1, [¢] denotes the integer part of number «, provided that the right-hand
side is point-wise defined on (0, +00).

Lemma 2.1 ([30]) Let « > 0. Then the following equality holds for u € L(0,1), D, u
L(0,1):

I8, DS u(t) = u(t) + 1t P+ ot 2+ -+ "7,
wherec;€R,i=1,2,....m,n—1<a <n.
Lemma 2.2 ([30]) Assume that g € L(0,1) and o > 8 > 0. Then

I'(x)

DE, /0 (4= ) ds = 1 /0 (- 9" g(s) ds.

Lemma 2.3 Assume that a € L'[0,1]1N C(0,1), V is a function of bounded variation, and
n
A=T(a-y)-T(a- ﬂ)/ a(t)t* 7 tdv(t) #0.
0
Then, for any y € L[0,1] N C(0, 1), the unique solution of the boundary value problem

D u(t)+y(t)=0, 0<t<l,

2.1
w0)=w/(0)=---=u"20)=0,  Dyu(l) =[] a(®)Dy,u(t) AV (2), ey

1
u(t):/ G(t,5)y(s) ds,
0
where

G(t,s) = Gi(¢, ) + h(s)t* 1,

1|t @ -9 P, 0<t<s<l,
Gi(t,s) = ——
Fo) |11 —g)@Pl_(t—5*!, 0<s<t<]l,
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)eA-1, 0<t<s<l,

G 1 v l(1-s
= T@) w11

h(s) = y f na(t)Gz(t,s)dV(t).
0

)P (-5, 0<s<e<],

Proof 1t follows from Lemma 2.1 that the solution of (2.1) can be expressed by
u(t) = —Ig,y(t) + at  tept® Tkt

= =) y(s)ds + etV + et F 4o 4oyt
s e ds v v :

By u(0) = #/(0) = - - - = u"~?(0) = 0, we know that ¢, = - - - = ¢, = 0. Then we obtain

1"( )/ (t=5)"y(s)ds + ct* 7. (2.2)

u(t) =

From Lemma 2.2, we have

al(x)

—_# ' _er-1 a-y-1
D}, u(t) = F(a—y)/ (t=s)"7""1y(s)ds + Ta—y) y=1
F(oc) (2.3)
B Ot B— 1 C1
Do, 2tt) = / t=9 Fa-p"
Then we get
B _ 1 ! _ o-p-1 CIF(a)
Dy, u(1) = 71_,(“ 5 /0 1-9) y(s)ds + 71_,(“ 5 (2.4)

From (2.3) we have

f ' 4O () AV
0

__ -t L e al@ (" s
_1"(0(—)/)/0 ﬂ(t)/o(t s 77 y(s)dst(t)+7F(a_y)/0 a(t)t 1 ds.

Combining (2.3) with (2.4), we get

. T —y) fol(l — ) Ply(s)ds— I'(a - B) [, a(t) fot(t —8)* 7 Ly(s)dsdV (¢)
1o ')A '

Substituting into (2.2), we have that the unique solution of (2.1) is

u(t) = - % /(; (t—9)*"y(s)ds + c %7

ar Tl —y) [y =5 P ly(s)ds — I'(a - B) [ at) [y (¢ - )V 1y(s) dsdV (2)

I'(@)A

L[ e
F(a),/o(t ) y(s)ds

Page 4 of 18
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= F(ot _’B)ta_l ! a-y-1 ! a-p-1
B W/O a(t)t*™" dV(t)/(; (1-3) y(s) ds
o - Bt [ ¢ o
_W/O “(t)/o (t—5)""y(s)dsdV (t)
-l ol wepo ) 1 ¢ e
+ F(a)/o (1-5) y(s)ds F(a)/o(t )2 y(s) ds
_Te-p!
S TA

n 1 t
x/o a(t)[ta‘y_l/(; (l—s)“_’g_ly(s)ds—/o (t—s)“""ly(s)ds] dv(t)

1
+ /0 G1(L,9)y(s)ds

_ I(a-p)!

[/ 1 1
A /oia(t)/o Gz(z,‘,s)y(s)a!st(L‘)+/0 G1(t,s)y(s) ds

1
- / [G1(t,9) + h(s)t*  ]y(s) ds
0
1
= / G(t,s)y(s) ds. 0
0
Lemma 2.4 The function G1(t,s) has the following properties:
(1) Gi(t,s)>0,Vt,s€(0,1);
(2) T(@)Gi(t,s) <t (1 -5)*F, ¥e,5 € [0,1];

(3) Bs(1—s)2P 12l < IM'(a)Gi(t,s) <s(1-s)* A1, V¢t,5 € [0,1].

Proof It is clear that (1), (2) hold. So we just need to prove that (3) holds.

When 0 < s <t < 1. Noticing « > 2, we have

[0 =917 w2 t—s \*72
] e O R Er= )l

which implies

_ -1
ta—l_%fl_(l—s)=s.

Noticing 0 < 8 < 1, we have

o— a—f— o— o=p— o— (t_s)a_l
1= g P = (- 5)* = (1) ﬁl[t l_m}
_(t_s)a—l

_ a-B-1| -1
<(1-s) [t A5

] <s(1-s)* L, (2.5)
By

%[ﬂ”(l—s)’g] <0, Vsel0,1),

Page 5 of 18
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we have
Bs+(1-s)f <1, Vselo,1].
Therefore,

ta—l(l _S)a—ﬁ—l _ (t _ S)a—l

> Q-5 P (= 5)P (e — ts)* P!

p
- t‘“[l - (1 - ;) ](1 _s)rpl

> 1= (1-9)](1-5)*F

> Bs(1 —s)* Pl L, (2.6)
When 0 < ¢ <s <1.Itis easy to get
T (1 -9 P < (1 - ) P < (1 - s) P (2.7)
On the other hand, we have
1 —5)* P > st (1 - 5)* P > Bs(1 —s)* P (2.8)
It follows from (2.5)—(2.8) that (3) holds. O

We make the following assumptions throughout this paper:

(A1) a(t) e L'[0,1]1 N C(0,1), V is a function of bounded variation;

(A)) A=T(a-y)-T(a-p) [y a®)t*71dV(t) #0,and h(s) > 0 for s € [0, 1];

(As3) f:(0,1) x (0,+00) — [0,+00) is continuous. In addition, for any R > r > 0, there
exists W,z € L}[0,1] N C(0, 1) such that

ft,x) <), Vie(0,1),x€[prt* ' R].

Lemma 2.5 The Green function G(t,s) has the following properties:
(1) G(¢s)>0,Vt,se (0,1);
(2) G(t,s) < t* @1 (s), Vt,5 € [0,1];
(3) Bt a(s) < Glt,5) < Pas), VE,5 € [0,1],

where

_ (1=s)2 A1 s(1 —s)@A-1

+ h(s), Dy(s) = ————— + h(s).

P16 = T3 I'(@)

Proof It can be directly deduced from Lemma 2.4 and the definition of G(t, s), so we omit
the proof. d

Let E = C[0, 1] be endowed with the maximum norm ||u|| = maxo<s<i |u(t)|, B, = {u € E :
ll]| < r}. Define the cone Q by

Q={uecE:u(t) > Bllullt*",t€[0,1]}.
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For convenience, we list here some assumptions to be used later:
(H;) There exist r; > 0 and a nonnegative function b; € L'[0, 1] with fol by(s)ds > 0 such
that

f(t’x) = bl(t)xr V(t’x) € (0’ 1) X (0’ rl];

(H,) There exist r, > 0 and a nonnegative function b, € L'[0, 1] with fol by(s)ds > 0 such
that

ft,x) <by(t)x, V(tx)€(0,1) X [ry, +00);

(H3) There exist r3 > 0 and a nonnegative function b3 € L'[0, 1] with fol bi(s)ds > 0 such
that

f(t’x) = bB(t)x’ V(t,x) € (0, 1) X (0, 7'3];

(H,) There exist r4 > 0 and a nonnegative function b, € L'[0, 1] with fol by(s)ds > 0 such
that

Sf(t,%) > ba(t)x, ¥(t,x) € (0,1) X [ra, +00).
Define operators A and L; as follows:
1
Au(t) :/ G(t,s)f(s,u(s)) ds,
0
1
Liu(t) =/ G(t,8)b;(s)u(s)ds, i=1,2,3,4.
0

Lemma 2.6 Foranyr>0,A:Q\ B, — Q is completely continuous.

Proof For any u € Q \ B, we have Brt*! < u(t) < |lu||. It follows from (A43) that there
exists ¥, € L'[0,1] N C(0, 1) such that

St u(®)) < W), Vee(0,1).
Therefore,

1 1

Au(t) = f G(t,s)f(s, u(s)) ds < / 452(s)f(s,u(s)) ds
0 0
1
Dy ()W, 11 (s) d .
< /0 2(8) W 1u) (8) ds < +00

On the other hand,

1 1
Au(t) = /0 G(t,s)f(s, u(s)) ds > ﬁt“_I/ @2(5)_f($, u(s)) ds > Bt* Y ul.

0

So, the operator A : Q \ B, — Q is well defined.
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For any D € Q\ B, is a bounded set. There exists R > r such that » < ||v|| <R, Vv € D. By
the above proof, we have

1
Av(t) < f D, (s)W,r(s) ds < +00,
0

which implies A(D) is uniformly bounded.
It is clear that G(¢, s) is uniformly continuous on [0, 1] x [0, 1]. For any € > 0, there exists
3 > 0 such that, forany ¢,¢” € [0,1], [t —¢"| < 8, s € [0, 1], one has

&

G(t,s)-G(t, B R —
610.9) 6] < 7oy

Consequently,
1
AV)(¢) - (AV) ()] < /0 1G(t5) - G(¢,5) | (5, u(s)) ds
1
5/ ‘G(t’,s) - G(t”,s)|l1/,,R(s)ds
0

1
< /  y)ds<e.
0 fo Yrr(s)ds+1

This means that A(D) is equicontinuous. By the Arzela—Ascoli theorem, we know that
A:Q\ B, — Qis compact.

Next, we will prove that A is continuous. Assume that {u,,} C Q\ B, and ||u,, — up|| = 0
(n = +00). Then there exists R > r such that

r<|luql <R n=0,12,....

For any ¢ > 0, by the absolute continuity of integral, 35 € (0, %) such that

8 & 1 £
/ o (5) W 0(s) s < 2, / By (5) ¥, (s) ds < .
g ¢ 6

-5
Since f(t,x) is uniformly continuous on [8,1 — 8] x [8rt*"},R] and ||u,, — uo|| — O, there
exists N > 0 such that, for any # > N, we have

[f(t, un(t)) —f(t, uo(t))| < 3 , tels,1-3].

fol Dy (s)ds

Then
1
A, — Aug|| < 0n<1axl/ G(t, s)[f(s, u,,(s)) —f(s, uo(s)) ‘ ds
<t<1 Jo

1
< / Dy (s) [f(s, un(s)) = f (s, uo(s)) | ds

0
1-6

)
<2 / 1 (5) W 2(s) dis + / D2(6)|f (5, 140(5)) £ (5 10(s)) | s
0 )
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1
+2/ Dy (s)¥, r(s)ds
1-5

So A is continuous. The proof is completed. d
By the extension theorem of a completely continuous operator (see Theorem 2.7 of [35]),
for any r > 0, there exists the extension operator A:Q— Q, which is still completely con-
tinuous. Without loss of generality, we still write it as A.
By virtue of the Krein—Rutmann theorem and Lemma 2.5, we have the following lemma.
Lemma 2.7 Assume that b; € L'[0,1] (i = 1,2,3,4) are nonnegative functions satisfying
fol bi(s)ds >0. Then L; : Q — Q is a completely continuous linear operator. Moreover, the

spectral radius r(L;) > 0 and L; has a positive eigenfunction ¢; corresponding to its first

eigenvalue (r(L;))", that is, Lyp; = r(L))@;.

Set
1
T,,u(t):/ G(t,s)ba(s)u(s) ds, (2.9)

wherel>a; >--->a, >a,1 >+ ,and a, — 0. By [34, 36], we have the following lemma.
Lemma 2.8 The spectral radius {r(T,)} is increasing and converges to r(Ls).

Lemma 2.9 ([35]) Let P be a cone in a Banach space E and S2 be a bounded open set in E.
Suppose that A: 2 N P — P is a completely continuous operator. If there exists ug € P with
uo # 0 such that

u—Au# iy, VA>0,ucd2NPk,

then i(A, 2 N P,P) = 0.

Lemma 2.10 ([35]) Let P be a cone in a Banach space E and 2 be a bounded open set in E.
Suppose that A: 2 N P — P is a completely continuous operator. If

Au#iu, Yr>1,uecdf2NP,
then i(A,2 NP,P) =1.

3 Main results
Theorem 3.1 Assume that there exist ry > r1 > 0 such that (H,) and (H,) hold. In addition,

r(L1) > 1>r(Ly) >0.

Then FBVP (1.1)—(1.2) has at least one positive solution.
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Proof It follows from (H;) that, for any u € 3B,; N Q, we have

1 1
Au(t) = / G(t, s)f(s, u(s)) ds > / G(t,s)b1(s)u(s) ds = Liu(t).
0

0

We may suppose that A has no fixed points on dB,, N Q (otherwise, the proof is finished).
Now we show that

u—Au# pp;, YuedB, NQ,u=>0, (3.1)

here ¢, is the positive eigenfunction corresponding to the first eigenvalue of L;, that is,
L1 =r(L1)¢1. If otherwise, there exist #; € 9B,; N Q and o > 0 such that

uy — Auy = pogr,
which implies

uy = Ay + fo®1 = o1
Denote

w* =sup{u i ur > per}.

It is clear that u* > po and u; > u*@;. Notice that L; is nondecreasing, we have Lyu; >

wLigr = w'r(L1)er = u*¢1. Then
uy = Auy + powr = Liuy + pogr > (Il«* + Mo)‘ﬂb

which contradicts the definition of n*. Hence (3.1) holds and we have from Lemma 2.9
that

i(A4,B,,NQ,Q)=0. (3.2)
Set
W={ueQ\B, |u=uAu0=<u<1}.

In the following, we will prove that W is bounded.

For any u € W, we have
F(tu(0)) < by(®)u(e) + £ (t, (1)),
where 7(¢) = min{u(¢), r,}. It is clear that Brt*~! < @(t) < ry. Then

u(t) = nAu(t) < Au(t) < Lou(t) + Au(t) < Lou(t) + M,
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where
1
M = / Dy ()W, 1, (5) ds.
0

Thus

([—Lz)l/l(t) SM) te [0» 1]'
It follows from r(L;) < 1 that the inverse operator of (I — L,) exists and

I-Ly) ™t =l+Ly+Li+---+L5+---.

So, u(t) < (I - Ly)'M < M||(I - Ly)7*|, ¢ € [0, 1], which implies W is bounded.
Select R > max{ry, M||(I — Ly)7!||}. Then, by Lemma 2.10, we have

i(A,BxNQ,Q)=1. (3.3)
By (3.2) and (3.3) we have that
i(4, (Br\B,) NQ, Q) =i(A,BrNQ Q) -i(A4,B, NQ,Q) =1,

which implies that A has at least one fixed point on (Bg\B,,) N Q. This means that FBVP
(1.1)—(1.2) has at least one positive solution. O

Theorem 3.2 Assume that there exist ry > r3 > 0 such that (H3) and (Hy) hold. In addition,
r(Lg) >1>r(L3)>0.
Then FBVP (1.1)—(1.2) has at least one positive solution.

Proof We may suppose that A has no fixed points on 3B,, N Q (otherwise, the proof is
finished). In the following, we prove that

Au# pu, YueoB,NQ,u>1

If otherwise, there exists u; € 0B,, N Q, o > 1 such that Au; = pouy. It follows from (Hs)
that

ot = Auy < Lau;.

Noticing L3 is nondecreasing, we get
paur < poLsuy < Lu.

By induction, one has

n n
Mot < Lyug,
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which implies
g < 5] < 25 .

Then

r(L3)= lim |/ |L% H > o > 1,
n—+00
this contradicts 7(L3) < 1. We have from Lemma 2.10 that
i(A,B,,NQ,Q)=1. (3.4)
On the other hand, by Lemma 2.8, we can select m large enough such that
r(T,) > 1.
Let R, = r4(Ba®1)~!. Then, for any u € 3Bg,, N Q, one has

u(t) = Bllullt*™ = ra,  t€lanll, (3.5)

where T, a,, are defined by (2.9). By virtue of the Krein—Rutmann theorem, we have that
there exists a positive eigenfunction v, corresponding to the first eigenvalue of T, that
is, Ty = r(Ty)Yim.

For u € 9Bg,, N Q. It follows from (H,) and (3.5) that

1 1
Au(t) = / G(t,9)f (s, uls)) ds > / G(t,s)f (s, u(s)) ds
0 am

1
> / G(t,8)ba(s)u(s)ds = (T,,u)(t), te][0,1].

We may suppose that A has no fixed points on dBg,, N Q (otherwise, the proof is finished).
Now we will prove that

u—Au Y, YuedBg, NQ,u>0. (3.6)
If otherwise, there exist u; € dBg,, N Q and 1o > 0 such that
uy —Auy = oVm.
Denote
w* = sup{p i uy > @i}
It is clear that u* > o and u; > u*y,,. Then

ur =Auy + o¥m = Tnttr + Lo¥m
= H*Tml//m + Molﬁm = /J«*r(Tm)v/m + Mowm

> (" + o) @ms
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which contradicts the definition of ©*. Hence (3.6) holds, and we have from Lemma 2.9
that

i(A,Bg, N Q,Q) =0. (3.7)
Equations (3.4) and (3.7) yield
i(A, (Br, \Br;) N Q,Q) = i(A,Bg,, NQ Q) —i(A,B,NQQ) =1,
which implies that FBVP (1.1)—(1.2) has at least one positive solution on (Bg,, \]__3,3) nQ.O

Theorem 3.3 Assume that there exist ry > rs > r1 > 0 such that (Hy), (Hy) and
(Hs) There exist r5 > 0 and a nonnegative function bs € L*[0, 1] such that

f(t,x) < bs(t)rs, V(t,x) € (0,1) x [,Brlt“’l,rg]

hold. Moreover, r(L1) > 1, r(Ly) > 1, and ||Ls|| < 1. Then FBVP (1.1)-(1.2) has at least two
positive solutions uy and u, with ry < |u1ll < rs < ||uz]|.

Proof For any u € 9B,, N Q, we will prove that
Au# iy, VA>1.

If otherwise, there exist u; € 9B,, N Q and A¢ > 1 such that Au; = Aou,. Then we have

1 1
Mouy = Auy = / G(t,s)f(s, ul(s)) ds < / G(t,s)rsbs(s)ds < ||Ls||rs < 15,
0 0

which implies that ||u; || < 75, this contradicts u; € dB,; N Q. Then, by Lemma 2.10, we
have

i(A!Brs na, Q) =1 (38)

By the proof of Theorem 3.1 and Theorem 3.2, we have that (3.2) and (3.7) hold. Com-
bining with (3.8), we have

i(A» (BRm\Brg) N Q» Q) =-1,

i(A: (Brs \Brl) N Q: Q) = 1,

which implies that FBVP (1.1)—(1.2) has at least two positive solutions u; and u; with

ry < flull <rs < fluzll. u

Theorem 3.4 Assume that there exist ry > rg > r3 > 0 such that (H,), (Hz) and
(Hg) There exist rg >0, p € (0, 1), and a nonnegative function bg € L*[0, 1] such that

f(&,%) = be(t)rs, V(&%) € [p,1] x [Bo" 76, 76]
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hold. Moreover, r(Ly) < 1, r(L3) <1, and

1
/ Dy (s)bs(s)ds > B7L.
0

Then FBVP (1.1)—(1.2) has at least two positive solutions u; and u; with rs < |luy|| < re <

lla .

Proof For any u € 3B,, N Q, we have u(t) > Bt*~'rs > Bp*~'rs, Vt € [p,1]. Then

1
A ztrr}oaa(]ﬁt"‘_l'/ @2(s)f(s, u(s)) ds

p

1
=B / Dy (s)f (s, uls)) ds
P
1
= pra | @a(00bls) s> .
p
Then, for any uy > 6, we have
u—Au#iuyg, VA>0,ue€dBrNQ.
It follows from Lemma 2.9 that
i(A,B,s,NQ,Q) =0. (3.9)

By (H;) and (H3), similar to the proof of Theorem 3.1 and Theorem 3.2, we can choose
13 < rg < p < R such that (3.3) and (3.4) hold. Combining with (3.9), we have

l(A’ (BR\Brg) N Q’ Q) = 1,
i(A, (B \B;;) N Q Q) =1,

which implies that FBVP (1.1)—(1.2) has at least two positive solutions u; and u; with
r3 < ||lu1]] < re < ||uz||. This completes the proof. a

4 Example

Example 4.1 Consider the following singular boundary value problem:

Déu(t) +f(tu(t)=0, O0<t<l,

1 3 (4.1)
u(0) = ' (0) = " (0) = 0, D¢ u(l) = fol a(t)DE, u(t)dV (t),

where
a(t) = 0.95,
0, 0<t<3,
V() =
1, i=<t<1,
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120(¢ - 226 3276 + (- 1)2(1 - 1) 2w, 0,1) x (0,1],
ftx) = [120(¢ - 127 + (¢ - —)z(l—t)’i]cos2(3f3xl’;g , (0,1) x (1,6561],

(t— l)zt_ixz +1 (t— 1)2(1 £)” Ixt, (0,1) x (6561, +00).

It is clear that

Giltrs) = 8 £3(1- ) 0<t<s<l,
S
' 157 |8 -sp-(t-93, o<s<t<1,
t(1-s)? 0<t<s<l,
Goltos) = 8 (1-s9)% <t<s<
57 (1 -5 = (t-s), O<s<t<]1,
76 1-s)? 1<s<],
h(s):l (I-s)% 3=<s<
5ﬁ 0§s<%,
8(1—1s)?
P = h(s),
1(s) TN (s)
8s(1 —s)?
By(s) = = + hs),
2(s) N +h(s)

G(t,s) = Gi(t,s) + h(s)t3,

1
A:=T(2)- F(B)/ a(t)tdV(t) = 0.05.
0

Denote
1\2
bi(t) = 12()( > t 3 + <t— —> 1- t)" te(0,1),
by(t) = %

It is clear that (A1), (A,), (A3), (H1), and (H>) hold.
Define operators L; and L, as follows:

1
Llu(t):/ G(t,s)b1(s)u(s) ds,
0
1
Lzu(t):/o G(t,s)bz(s)u(s)ds:%Llu(t).
Denote
=1, et)=t}, teo1].

By Lemma 2.5, we have

1 1
(Lye)(t) = /0 G(t, )b (s)s? ds > B /0 Do (s)by(s)s? ds]e(t).

Page 15 0f 18
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Then we can obtain

n

1
(Li’e)(t) =L (L;’_le)(t) > [%/ 452(s)b1(3)s% dsi| e(t),
0

which implies that

1 5
L) = % /0 ®5(5)b1(s)s? d.

Notice that

1 ; 1\2
f Dy(s)b1(s)s? ds> 120<s ) s 2452
0
1\? ,[8s(1 —s)?
_120 ( ) [ NG + I ):|ds

4 1\*
:6—ﬁ ; (s—§> (1 —s)%ds

608 [/ 1)\, LN,
+ﬁ[/0 (s—§>sds+/;<s—§>s(1—s) ds]

~0.13836 + 1.87114 = 2.0095.

Therefore
r(Ly) > 1.

On the other hand,

1

1
(LuD)(@) = /0 Glt,9)bi(s) ds < f B5(5)b1(5) s

0

1
s(1-5)*b1(s)ds + 2191 (s)ds

__8 /
- 15ﬁ 15f
/(25—1)b1(s)ds

15f

8 76 (!
—_— 1-35)2by(s)d ’bi(s)d
<15ﬁf0 s(1 —s)°b1(s) S+15ﬁ/0 s°b1(s)ds
76 (! 1\2
-—— | (2s-1)x 120(5——) 53 ds
157 Ji 8

~ 8.3.

From
1
Lyu(t) = §L1u(t),
we have

1 1 1 8.3
r(Ly) = §I”(L1) < §||L1|| = §(L11)(t) <3 < 1.

Page 16 of 18
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Then
1
0< 3 <r(ly) <1<r(Ly).
By Theorem 3.1, we know that FBVP (4.1) has at least one positive solution.

Remark 4.1 1t is clear that

.. . t,x . t,x
liminf min AGL) =0; lim sup max (&%) = +00;
x—0+ te(0,1) X x—+00 t€(01) X

. t,x .. . t,x
lim sup max ft%) = +00; liminf min f&» =0,
x>0+ t€(01) X x—>+00 te(0,1) X

which implies that neither (C;) nor (C;) holds.

5 Conclusions

In this paper, we consider the existence of positive solution for fractional differential equa-
tions with conjugate type integral conditions. Both the existence and multiplicity of posi-
tive solutions are considered. The interesting point lies in that the nonlinearity f (¢, x) may
be singular at £ = 0,1 and x = 0, and the existence results are closely associated with the
relationship between 1 and the spectral radii corresponding to the relevant linear opera-
tors.

Acknowledgements
The author would like to thank the referees for their pertinent comments and valuable suggestions.

Funding
This work was supported by the Natural Science Foundation of Shandong Province of China (ZR2017MAQ36,
ZR2014MAO034), the National Natural Science Foundation of China (11571296, 11871302).

Abbreviations
FDE, Fractional differential equations; FBVP, Fractional differential equations boundary value problems; BC, Boundary
value conditions.

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

Competing interests
The author declares that there is no conflict of interests regarding the publication of this paper.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 19 March 2019 Accepted: 8 May 2019 Published online: 15 May 2019

References

1. Cui, Y. Uniqueness of solution for boundary value problems for fractional differential equations. Appl. Math. Lett. 51,
48-54(2016)

2. Cui, Y, Ma, W, Sun, Q, Su, X.: New uniqueness results for boundary value problem of fractional differential equation.
Nonlinear Anal,, Model. Control 23,31-39 (2018)

3. Du, X, Mao, A. Existence and multiplicity of nontrivial solutions for a class of semilinear fractional Schrodinger
equations. J. Funct. Spaces 2017, Article ID 3793872 (2017)

4. Guan, Y, Zhao, Z, Lin, X.: On the existence of positive solutions and negative solutions of singular fractional
differential equations via global bifurcation techniques. Bound. Value Probl. 2016, 141 (2016)

5. Hao, X, Wang, H,, Liu, L, Cui, Y: Positive solutions for a system of nonlinear fractional nonlocal boundary value
problems with parameters and p-Laplacian operator. Bound. Value Probl. 2017, 182 (2017)



Wang Boundary Value Problems (2019) 2019:92
6. Hao, X, Zhang, L, Liu, L.: Positive solutions of higher order fractional integral boundary value problem with a
parameter. Nonlinear Anal., Model. Control 24(2), 210-223 (2019)
7. Hao, X, Zhang, L. Positive solutions of a fractional thermostat model with a parameter. Symmetry 11(1), 122 (2019)
8. Hao, X, Sun, H, Liu, L.: Existence results for fractional integral boundary value problem involving fractional derivatives
on an infinite interval. Math. Methods Appl. Sci. 41(16), 6984-6996 (2018)
9. Hao, X, Wang, H.: Positive solutions of semipositone singular fractional differential systems with a parameter and
integral boundary conditions. Open Math. 16, 581-596 (2018)
10. Yan, F, Zuo, M, Hao, X.: Positive solution for a fractional singular boundary value problem with p-Laplacian operator.
Bound. Value Probl. 2018, 51 (2018)
11. Hao, X, Liu, L, Wu, Y. Positive solutions for nonlinear nth-order singular eigenvalue problem with nonlocal
conditions. Nonlinear Anal. 73(6), 1653-1662 (2010)
12. Henderson, J, Luca, R.: Existence of positive solutions for a singular fractional boundary value problem. Nonlinear
Anal,, Model. Control 22(1), 99-114 (2017)
13. Jiang, J, Liu, L. Existence of solutions for a sequential fractional differential system with coupled boundary
conditions. Bound. Value Probl. 2016, 159 (2016)
14. Wang, G, Ahmad, B, Zhang, L.: Existence results for nonlinear fractional differential equations with closed boundary
conditions and impulses. Adv. Differ. Equ. 2012, 169 (2012)
15. Wang, Y, Liu, L.: Necessary and sufficient condition for the existence of positive solution to singular fractional
differential equations. Adv. Differ. Equ. 2015, 207 (2015)
16. Wang, Y., Liu, L, Wu, Y. Positive solutions for a class of fractional boundary value problem with changing sign
nonlinearity. Nonlinear Anal. 74, 64346441 (2011)
17. Wu, J, Zhang, X, Liu, L, et al.: The convergence analysis and error estimation for unique solution of a p-Laplacian
fractional differential equation with singular decreasing nonlinearity. Bound. Value Probl. 2018, 82 (2018)
18. Zhang, K.: On sign-changing solution for some fractional differential equations. Bound. Value Probl. 2017, 59 (2017)
19. Zhang, X, Liu, L, Wu, Y.: Multiple positive solutions of a singular fractional differential equation with negatively
perturbed term. Math. Comput. Model. 55, 1263-1274 (2012)
20. Zhang, X, Liu, L, Wu, Y:: The uniqueness of positive solution for a fractional order model of turbulent flow in a porous
medium. Appl. Math. Lett. 37, 26-33 (2014)
21. Zhang, X, Liu, L, Wu, Y, Cui, Y. New result on the critical exponent for solution of an ordinary fractional differential
problem. J. Funct. Spaces 2017, Article ID 3976469 (2017)
22. Zhang, X, Shao, Z,, Zhong, Q. Positive solutions for semipositone (k,n — k) conjugate boundary value problems with
singularities on space variables. Appl. Math. Lett. 72, 50-57 (2017)
23. Zou, Y, He, G.: On the uniqueness of solutions for a class of fractional differential equations. Appl. Math. Lett. 74,
68-73(2017)
24. Zuo, M., Hao, X, Liu, L., Cui, Y. Existence results for impulsive fractional integro-differential equation of mixed type
with constant coefficient and antiperiodic boundary conditions. Bound. Value Probl. 2017, 161 (2017)
25. Cabada, A, Wang, G.: Nonlinear fractional differential equations with integral boundary value conditions. Appl. Math.
Comput. 228, 251-257 (2014)
26. Guo, L, Liu, L, Wu, Y:: Existence of positive solutions for singular higher-order fractional differential equations with
infinite-points boundary conditions. Bound. Value Probl. 2016, 114 (2016)
27. Wang, Y., Liu, L. Positive solutions for a class of fractional 3-point boundary value problems at resonance. Adv. Differ.
Equ.2017,7 (2017)
28. Wang, Y, Liu, L.: Positive solutions for a class of fractional infinite-point boundary value problems. Bound. Value Probl.
2018, 118 (2018)
29. Wang, Y, Liu, L, Wu, Y. Positive solutions for a nonlocal fractional differential equation. Nonlinear Anal. 74, 3599-3605
(2011)
30. Wang, Y, Liu, L, Wu, Y. Existence and uniqueness of a positive solution to singular fractional differential equations.
Bound. Value Probl. 2012, 81 (2012)
31. Zhai, C, Xu, L. Properties of positive solutions to a class of four-point boundary value problem of Caputo fractional
differential equations with a parameter. Commun. Nonlinear Sci. Numer. Simul. 19, 2820-2827 (2014)
32. Zhang, X, Zhong, Q. Triple positive solutions for nonlocal fractional differential equations with singularities both on
time and space variables. Appl. Math. Lett. 80, 12-19 (2018)
33. Zhang, X, Zhong, Q.: Uniqueness of solution for higher-order fractional differential equations with conjugate type
integral conditions. Fract. Calc. Appl. Anal. 20, 1471-1484 (2017)
34. Webb, J.: Nonlocal conjugate type boundary value problems of higher order. Nonlinear Anal. 71, 1933-1940 (2009)
35. Guo, D.: Nonlinear Functional Analysis. Shangdong Science and Technology Press, Jinan (1985) (in Chinese)
36. Webb, J, Lan, K. Eigenvalue criteria for existence of multiple positive solutions of nonlinear boundary value problems

of local and nonlocal type. Topol. Methods Nonlinear Anal. 27,91-116 (2006)

Page 18 of 18



	Existence and multiplicity of positive solutions for a class of singular fractional nonlocal boundary value problems
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Example
	Conclusions
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


