Choi and Jung Boundary Value Problems (2019) 2019:97 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-019-1210-4 a SpringerOpen Journal

RESEARCH Open Access
()]

Existence of solution for p-Laplacian
boundary value problems with two singular
and subcritical nonlinearities

Q-Heung Choi' and Tacksun Jung®’

“Correspondence:
tsjung@kunsan.ackr Abstract

’Department of Mathematics, Wi id b q | bl f Laplaci ith . | q
Kunsan National University, Kunsan, € consiaer a boundary vaiue proplem 1or p-Laplacian systems with two sSinguiar an

Korea subcritical nonlinearities. We obtain one theorem which shows that there exists at
Full list of author information is least one nontrivial weak solution for these problems under some conditions. We
available at the end of the article . . . " .

obtain this result by variational method and critical point theory.

MSC: 35D30; 35J35; 35J58; 35J75

Keywords: Boundary value problems for p-Laplacian systems; Singular potential;
Variational method; Critical point theory; (P.S.). condition

1 Introduction

Let £2 be abounded domain of R” with smooth boundary 052, n > 2. Let G be an open sub-
set in R? with compact complement C; U C, = R" \ G containing § = (0,0) and e = (e, e3),
where 6 = (0,0) € C; and e = (e1,e;) € Cp, n > 2. In this paper we investigate existence
and multiplicity of the solutions (u,v) € W'?(£2, G) for the p-Laplacian system with two

singular and subcritical nonlinearities under the Dirichlet boundary condition:

—div(|VulP~2Vu) = alulP~u - grad, W
+ 25w P in 2, @)
—div(|Vv|P~2Vv) = b|v|P~2y — grad, ( — grad, ;

1 1
lu2+1v2)7 lu—e1[2+v-e2|2)"

+ 2w vf! in 2,
a+p

—grad,, i

1
lu—e1|?+lv—ez|?)"

where a, b, p, q, r, a, and B are real constants, and 1 <p<o0,q,r>1,andp<a + 8 < p*,
where p* is a critical exponent such that
np

L ifu>p,

® _ ) n-p

oo ifn<p.

Singular problems involving p-Laplacian arise in applications of non-Newtonian fluid the-
ory or the turbulent flow of a gas in a porous medium (cf. [12, 19]). Our problems are

characterized as a singular elliptic system with singular nonlinearities at {(x,v) = 0} and
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{(u,v) = e}. We recommend the book [12] for the singular elliptic problems. We also rec-
ommend Radulescu’s paper [21] establishing the recent contributions in singular phenom-
ena in nonlinear elliptic problems from blow-up boundary solutions to equations with
singular nonlinearities in two types of stationary singular problems: the logistic equation
Au=Px,u,Vu) inS2,
u>0 in$2, (1.2)

u=+00 ondas2
and the Lane—Emden-Fowler equation

-Au=¥(x,u,Vu) in 2,

u>0 in$2, (1.3)

u=0 onas2,
where @ is a smooth nonlinear function, while ¥ has one or more singularities. The solu-
tions of (1.2) are called large (or blow-up) solutions. More studies on blow-up boundary
solutions of logistic type equation like (1.2) can be found in [2-5, 7, 8, 11, 13, 14, 16-18,
20, 22]. Singular Dirichlet boundary value problems for the Lane—Emden—Fowler equa-
tion like (1.3) involving singular nonlinearities have been intensively studied in the last
decades. The first study in this direction is due to Fulks and Maybee [10], who proved
existence and uniqueness of the problem

-Au+u®=u in$2,

u>0 in g2, (1.4)

u=0 ondf2
by using fixed point arguments and no solution of (1.4), provided that0 <o < 1land A; > 1
(that is, if £2 is small), where A; denotes the first eigenvalue of —A in H}(£2). Shi and Yau
studied in [23] the existence of radial symmetric solutions of the problem

Au+A(# —u®)=0 inBy,

u>0 1in By, (1.5)

u=0 ondBy,
where @ >0,0 < p <1, A >0 and By is the unit ball in RY. They showed in [23] that there
exists A1 > Ao > 0 such that (1.5) has no solution for A < XAy, exactly one solution for A =
Ao or A > A1, and two solutions for A9 < A < A;. Dupaigne, Ghergu, and Radulescu [9]
proved existence and multiplicity of the Lane-Emden—Fowler equation with convection
and singular potential

—Au = (d(x))g(u) = A (x,u) + v|Vu|*  in L2,

u>0 in$2,

u=0 onods2.
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M. Trabelsi and N. Trabelsi [24] considered the semilinear elliptic system and proved ex-
istence of the singular limit solutions for a two-dimensional semilinear elliptic system of
Liouville type.

We introduce the space

I7(2,R) = {u ‘ u:2 — Ris measurable,/ |ulf dx < oo}
fo)

endowed with the norm

el =inf{k sof [
(9}

and the Sobolev space

u(x)
T

p
<1

W'?(2,R) = {u € [7(22,R) | Vu(x) € [”(22,R)}

endowed with the norm

leell wivo r) = |:/Q|Vu(x)|p dx+/;2|u(x)|pdxi|p.

Let L?(£2, R?) = LP(£2, R) x L?(£2, R) and H = W'?(£2, R?) = W'#(£2, R) x W'?(£2, R). Then
L7(£2,R?) and H are Hilbert spaces with the norm

@) g 2y = Nllo@.p) + IVIp2m)
(£2,R%)

and the norm

”(u, v) ||H = lullwirer) + IVIlwiro g,
respectively. It was proved in [15] that, for 1 < p < 00, the eigenvalue problem

—div(IVulPVu) = AufP?u  in £2,

u=0 ondf2

has a nondecreasing sequence of nonnegative eigenvalues k;p) obtained by the Ljusternik—

Schnirelman principle tending to co as j — oo, where the first eigenvalue A(lp) is simple

and only eigenfunctions associated with A(lp) do not change sign, the set of eigenvalues is
closed, the first eigenvalue A(lp) isisolated. Thus there is a sequence of eigenfunctions (¢}(p) )j
corresponding to the eigenvalues )\;p) such that the first eigenfunction ¢§p) is positive or
negative depending on p.

Let us set —A,u = —div(|Vul’~Vu). Let us define an open subset of the Hilbert space
H=W'"(2,R%):

AG = {(u,v) e H| V(u,v) € I (2,R*), (u(x),v(x)) € G=R*\ (C1 U Cy),
0 € C,(er,er) € CQ,V(M(QC), V(JC)) eGC Rz}

Then AG is the loop space on G.
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In this paper, we are looking for weak solutions (x,v) of (1.1) in AG satisfying

/ [—Apu Z=Apy-w— alufPru-z-bvP2v-w
o)

+orad, ———— -z+gorad, ——— W
S (PR E VRS Sl (R R
d L d 1
+ gra - Z + gra W
S e riv—ely T (u—a el
2 2
- |u|°“1|v|ﬂ-z——ﬂ|u|“_1|v|ﬂ~w]dx:0 V(z,w) € AG.
oa+pf oa+p

Let A be (g 2) € My, »(R). Let us set

q/\/(p) (a,b) = Det(k}p)I—A) = (}‘/(‘p) _ a)()»](.p) _b).

)
. . A= 0 .
Let ,ui@ and M,Z\(”) be the eigenvalues of the matrix ( ‘0 “ x(‘*’)_b) € Myy2(R), ie.,

i i

1

1 ) (») 2

“x,@:i{z)\f —a—b—\/(2ki —a-b) —4qx§p)(zz,b)},
1

Mi(l” = E{ZA?’) —a—b+\/(2k§p) —a—b)2 —4qx§p)(a,b)].

We note that weak solutions of (1.1) correspond to critical points of the continuous and
Fréchet differentiable functional f(u,v) € C}(AG,R),

1
———dx
(] + [v[?)2

1 2
+/ 5 o dx - /|u|“|v|ﬂdx
o (u-el>+lv-el?) a+p o

1 1
:R,b(u,v)+/ —dx+/ dx
“ o (ul? +v|2) o (u—ell>+|v—el2)
2
/ ulIvl? d,
Oé+,3 Q

where R, ,(u,v) = §f9[|w|l’ + Vv — alul? - b|v|’] dx, which will be proved in Sect. 3.
When p < @ + B < p*, the embedding Wol’p(.Q, G) — L**#(£2, G) is continuous and com-
pact, so we can assure that the functional f(u, v) satisfies the (P.S.) condition, which will

1
flu,v) = —/ [|Vu|” + |Vl - alulf —b|v|”]dx+/
bJa 2

be also proved in Sect. 3.
Our main result is as follows.

Theorem 1.1 Assume thata, b, p, q,r, «, and B are real constants, and 1 < p < 00, q,r > 1,
andp<a+p<p*,n=>2,

(i) ZAEP) >a+b,

.. )L(,p) -a 0

(ii) q)\l(p) (a,b) = det( 0 )\gp)_b)
Then (1.1) has at least one nontrivial weak solution (u(x), v(x)) such that (u(x), v(x)) # (0,0)
and (u(x), v(x)) # (e1, 2).

>0 fori>1.
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For the proof of Theorem 1.1, we approach variational method and use critical point

theory on eigenspaces. In Sect. 2, we introduce the eigenspaces spanned by the eigenfunc-

)
Woa o
tions corresponding to the eigenvalues of the matrix ( P ® b) € My4»(R) and obtain
0o aP-

some variational results on the eigenspaces. In Sect. 3, we prove that the corresponding
functional of (1.1) satisfies the (P.S.) condition and prove Theorem 1.1.

2 Variational results on eigenspaces
Let 4, (a,b), ui(p), and ui@) be the numbers introduced in Sect. 1. We note that

if g, (a,b) < 0, then M,I\(.”) <0< Mi(.”)’

: (2] 1 2
if 21" >a+ b and qug) (a,b) >0,then 0 < ’uxﬁ"’) <)

L

. (12] 1 2
if 21" <a + b and q}\gp) (a,b) > 0,then ;Lkl(p) < MA?") <0,

if 2k§p) =a+band qxgp) (a,b) > 0,then /Li@) = /Li(p) =0.

1

()
1 g1 2 : Ai—a 0 : 1
Let (c)\@, dx(.”’) and (CA(!’)’ dx(.”’) be the eigenvectors of ( A(p)—b) corresponding to )

i 1

i i i [

and ,ui(p), respectively. Let us set
i

D,y = {(a,b) eR? | 4,01 (a,b) >0 for i > 1},

i

Dy =Dw N {22 <a+b},

D'y =D,y N {22 > a+ b},

i

W0 = {67 | -2,07 =209}

H ) = {(cp?,dp?) e H | (c,d) € R*,¢¥ € W,p},

T
IS
|

= {(ci@)¢@),di@>¢(p)) cH[¢Y e W i},

T,
<
I

{(ci@)¢@),di@)¢@)) cH|¢¥ e W)\Ep)}r

Hah-(@ )o@ )
W0 l

/I.Z(p) >0

i Al

H‘(a,b):( P H;@)> @( P Hf@),
X l Ko

" <0
N2

i

wian-( @ )o@ 1)
") =0 l K=

i i

Then H*(a,b), H (a,b), and H%(a, b) are the positive, negative, and null spaces relative to
the quadratic form R, ,(u, v) in H and

H=H*®H @®H°.
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From now on we shall assume that 2)»5” >a+ b and 9, (a,b) > 0. Because M,l\(”) > 0 and

Miﬁp) >0,Vi>1,
H’=¢, H ={
and
H=H".
We note that H can be split by two subspaces Y7 and Y, such that

V1= span{eigenfunctions corresponding to eigenvalues Mi(”) and Mi(”)’
i i

with1<i<m},

Y, = span{eigenfunctions corresponding to eigenvalues ui(p) and ui(p),
i i

withi2m+1},

dim Y7 < o0 and

H=Y8Y,.
Let us set

X1 =Y1NAG,

Xy =Y, N AG.
Then

AG=X; D Xs.
Let us set

B, ={wv) € AG| |V, < p},
0B, = {(u,v) € AG| ”(u,v)”H = ,o},

Q=BrNX; & {0(z1,22) | (z1,22) € 9B1 N (H}%p) @Hiw ) C0BiNX,5,0<0 <R}.

m+1 m+1

Let us define

I = {y € C(Q,AG) |y =id on 8Q}.
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We note that weak solutions of (1.1) correspond to critical points of the continuous and
Fréchet differentiable functional f(u,v) € C}(AG,R),

1 1
flu,v) = —/ [|Vu|p +|VvIP — alulf —b|v|”]dx+/
pPla

—— _dx
o (|ul? +|v|?)1
1 2
+/ dx—/
o (lu—ell?+v-e?) ela+

|u|°‘|v|ﬂ:| dx.
B
Let us define

Cr(2)= inf
§ (u,v)eAG

{r o YallVu + (VY1) d)7 + (Jo (ul + V7)) <r} o
(fo el Iv1P dx) 7 )

Lemma 2.1 Assume that a, b, p, q, r, a, and B are real constants, and 1 < p < 00, q,r > 1,
p<a+fB<p, ZAEP) >a+b,and q, (a,b) >0. Leti € N and (ag, by) € 8D;(p) and (z1,2) €

9B N (H,IL o <) HZ » ) C 8By N X,. Then there exist a neighborhood W of (aq, by), a
A

m+1 m+1
small number o > 0, and a large number R > 0 such that, for any (a,b) € W \ D;@), if
(u,v) €9Q=3(BrN X1 & {0(z122) | 0 < o < RY), then
sup f(u,v) <0 and supf(u,v)<oo.
uedQ ueQ
Proof Let (a,b) e W\ D 0" Let us choose an element (z1,2,) € dB; N X, and (&, v) € X1 ®
{o(2z1,22) | 0 >0}. Then, by (2.1), we have

1
———dx
(> + [v[?)2

1 2
+/ > - dx — /|u|“|v|5dx
a(lu-el+|v-el) at+Ble

1 1
= ;“i%) [CAD1 ;Upﬂi(rf:)

1 1
+ + dx
/g[(lbt|2+|1/|2)‘47 (Iu—e1|2+|V—62|2)’]

2 o ) o
a+/3(c(p) ! @)y .

1
flu,v) = —/ [|Vu|p+ |Vv|p—a|u|p—b|v|p] dx+/
pbJe Q2

Then there exist a large number R > 0 and a small number ¢ > 0 with 0 < o < R such that
if (u,v) € 3Q, then we have 0 < [, [ L

+ 1
+2) T (ju—e1[>+lv-ea]?)"

0<Cj;<1,and, by p < + B < p*, we have

]dx < C; for some constant

1 1 2
flu,v) < l_g”“i,({? [ G, V)HZ,,(_Q) + I—jo”,ui(yﬁ,) +Cp - F/ lu|*|v|P dx

1 1 (a+B) a+
< 2 gy 2oty + Com (P @ <0

Thus we have sup,, c)of (#,v) < 0. Moreover, if (#,v) € Q, then we have f(u,v) <

I7

1 1
I;,ui(p) 1t V) + ;apui(p) +Cy < 00. O
m m
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Lemma 2.2 Assume that a, b, p, q, r, o, and B are real constants, and 1 < p < 00, q,r > 1,
p<a+B<p, 2A(p) >a+b, andq/\ y(a,b) > 0. Let i € N and (agy, bg) € BD’ , and (z1,22) €

0B N (Hu " @Hﬁ ) C 0B1 N Xy. Then there exist a neighborhood W of(ao,bo) and a
m+1

small number p > 0 such that, for any (a,b) € W \ D;(p), if (u,v) € 0B, N Xy, then we have

inf  f(u,v)>0 and inf f(u,v)> —0Q.

ucdB,NXy ueB,NX:

Proof Let (a,b) e W'\ D;(m and (&, v) € X,. Then, by (2.1), we have

1 1
flu,v) = —/ [|Vu|"+ |Vv|1’—a|u|1’—b|v|p] dx+/
pJa

———dx
@ (lul> +[vI?)1

1 2
+ dx—/|: u“v6:|dx
/Q(|M—€1|2+|V—ez|2)r o) Ol+,3| v

1, » / 1 1
> — u,v + + dx
‘p“x“” s || G b * GumerP o= eaPy

(@) “ @) ww];’

oz+ﬂ

> _“i,“,fil ([CR%] e ﬂ(c(p )@@

Since p < a + B < p*, there exists a small number p > 0 such that if (#,v) € 9B, N X5,
then f(u,v) > 0. Thus inf(,,)csB,nx, f (4, v) > 0. Moreover, if (&,v) € B, N X, then f(u,v) >
~Z(CE) @A) I > ~00. Thus infyes,nx, f(#,v) > 0. So the lemma is
proved. d

Let us define

= mf supf(h(u, ).

hel’ yeQ

Lemma 2.3 Assume that a, b, p, q, r, o, and B are real constants, and 1 < p < 00, q,r > 1,
p<a+p<pt ZA( >a+b, andq 2 y(a,b) > 0. Let i € N and (ay, by) € 8D/ . Then there

exist a neighborhood W of (ao, bo), a small number o, a small number p > 0 and a large
number R > 0 such that, for any (a,b) € W \ D;@),

0< inf f(uv)<y-= mf supf(h(u, v)) < supf(u,v) < 0.
ucdB,NXy ueQ

Proof By Lemma 2.1, we have

= 1nf supf(h(u, )) < supf(u,v) < 0.

hel’ yeqQ ueQ

By Lemma 2.2, we have

0< inf f(u,v) < mf supf(h(u, V))

U€dB,NXy T yeq

Thus the lemma is proved. d
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3 (P.S.) condition and proof of Theorem 1.1
We need some lemma for the proof that f(u, v) satisfies the (P.S.) condition.

Lemma 3.1 ([1, 6]) Let1<p<oo.Let 1<t <p*. Then the embedding
H=W"Y(2,R*) — L' (22,R%)

is continuous and compact and, for every (u,v) € C°(82, R*), we have

|G g0 = Cll W],

LT(2,R?
for a positive constant C independent of u.

By Lemma 3.1, we obtain the following.

Lemma 3.2 Assume that1 <p<oo,a, b, p, q, 1, o, and § are real constants and q,r > 1
and p < a + B < p*. Then all the solutions of (1.1) belong to AG C H.

Proof

=_A71 P2y 1 S S———- A PSS
w= A, (alul”u - grad, ey - eredy pmpey * e U M)

in £2,
1 2 1 1 28 1 31)
V= _A;, (b|V|p_ v—gradv W - gradv m + m|u|“|v|’3" )
in £2.

Since the right-hand side of (1.1) belongs to L**#($2, G), where p < a + 8 < p*, and by
Lemma 3.1, the embedding W'?(£2, G) < L**#(£2, G) is continuous and compact, it fol-
lows that —A}jl is a compact operator and the solutions of (3.1) are in W*(£2,G) = AG.J

Lemma 3.3 Assume that 1 <p<oo,a, b, p, q, 1, o, and B are real constants and q,r > 1
and p < a + B < p*. Then the functional f(u,v) is continuous, Fréchet differentiable with
Frechet derivative in AG,

Df(u,v) - (z,w)

:/ [—prz— Ayv- w—alulP2u-z-bvl v w
2

1
+grad, ———— -z+grad, ————— - w
E oy F T EE e vy
1 1
+ grad -z +grad, %

“lu-el*+v-el) (lu—el” +v—e?)

2 2
© et o= 2P
+ B oa+f

|u|¥ v ~w:| dx V(z,w) e AG.

Moreover, Df € C. That is, f € C .

Page 9 of 16
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1 1 1 2
Proof Let us set H(x,u,v) = E(a|u|p + b - @i~ (ueeP+lv-e?y T m'ma'v'ﬁ'
_ 2 _
Then Hy(x,u,v) = alulu - grad, rpmy — grad, ey + 4uglel®™' V1" and
— 1 2, _ .
H‘,(x, u, V) = b|V|p 2V — gradv W - gradv m + ﬁ|u|a|V|ﬁ 1. First we shall

prove that f(u, v) is continuous. For u,v € AG,

[f (u+2z,v+w) - fu,v)|
1
‘I—Q/g(—Al,(u+z),—Al,(V+w))-(u+z,v+w)dx—/gl—[(x,u+z,v+w)dx

1
——/ (—Apu,—Apv)-(u,v)dx+/ H(x,u,v)dx
pPlo 2

‘% / [(—Ap(u +2),—Ap(v+ w)) Utz v+ w) = (Apu, —Apy) - (1, V)] dx
I?)

—/ (H®u+2z,v+w) — Hx,u,v)) dx
2

We have

‘E Q[(—Ap(u +2),—Ap(v+ w)) (U+z,v+w) = (=Apu, —Apy) - (1, V)] dx

=0(|Ew],) (3.2)

and

/ [Hx,u+2,v+w) — H(x,u,v)] dx
2

=<

L[(Hu(x, w,v), Hy(x,1,v)) - (z;w) + O(| (2, w) | )] dx| = O(|| z. W) ,)- (3.3)
Thus we have

[fu+z,v+w) - fu,v)|=0(|zw)],)

Next we shall prove that f(u, v) is Fréchet differentiable. For u,v € AG,

[f (u +z,v+w) — f(u,v) = Df (,v) - (z,W)]

1
=‘—/(—Ap(u+z),—Ap(V+w))-(u+z,v+w)dx—/H(x,u+z,v+w)dx
bJe Q

1
——/ (—Apu,—Apv)-(u,v)dx+/ H(x,u,v)dx
bJo Q

- f (=Apu = Hy(%,u,v), =Apv — Hy(x,1,v)) - (z,w) dx
2

1
‘1_9 /Q[(_Ap(” +2), =0, (v+ W) - (u+2z,v+w)

—(=Apu, = ApY) - (1, V) — (= Aput, —Apv) - (2, w)] dx

- / [H(x, u+z,v+w)—Hxu,v)— (Hu(x, u,v), H,(x, u, v)) - (z, w)] dx
2

Page 10 of 16
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By (3.2) and (3.3),
If (u +z,v+w) - f(u,v) = Df (u,v) - (z,w)| = O(|| (z, w) ||2)
Thus f € C*. 0O

Lemma 3.4 (A priori estimate) Assume that1 <p<oo, a, b, p, q, r, o, and B are real

constants, q,r > 1, p <o + f < p*, 2)»51”) >a+ b, and g, (a,b) > 0. Let (uy, v,), be any se-

quencein AG and y € R be any positive real number. Then there exist constants C; = Ci(y),
i =1,2,3, such that if (u,, v,), € AG satisfies that f(u,,v,) — y and Df (u,,v,) — 0, then
nli)ngo”(um Vn)||La+ﬁ(Q) = Cl’

1
lim / ———————dx < Cy,
= Jo (|Lt,,|2 + |Vn|2)q

1
dx < Cs.
/.;2 (|un —61|2 + |Vn _62|2)r

Proof Let y € R be any positive real number. Let (u,,v,), be any sequence in AG such

that f(u,, v,) — y and Df (u,,v,) — 6. Then there exists a small number € > 0 such that
Yy +e€

n—00

1
> lim f(un: Vn) — lim _D,f(umvn) : (unx Vn)
n—00 p

1 1
:1im|:/ ﬁdx+/ 5 3 dx
n—=o0| Jo (ltn)? + [va]?)1 o (up—er]® + v, —ea|?)”

2
- / |un|“|vn|ﬂdx}
Ol+/3 Q

1 1
—lim— rad—-u+ radi-v
o0 p g[g unl + a2 2 e
d ! d !
+ gra Uy + gra -V
“(un—er|? + vy —e)r " "(un—er + vu—ea2) "
2 _ 28 _
- +ﬁ|un|a 1|Vn|ﬁ Uy — ﬂlun|a|vn|ﬁ I'Vn] dx V(”mVn)EAG«

By limy,_, oo Df (141, v,1) = 0, we have

1imy s o 4y = 1im, oo (= A = ag,) ™ (- grad,, gty — grad,, ¢

lun—e1|?+vp—e2|?)"
2 _
2 11,1 v, ),

limy, o0 vy = limy,— oo (A, — bgy) ™' (— grad

2 _
+ 2 | vulPY),

—grad, i

1 1
V (Jun|?+vnl2)e lun—e1 |2 +vy—ez] )"

where g,(t) = |¢[7-%¢ for £ 70 and g,(0) = 0. By 24" > a + b and ¢, (a,b) = Det(A"'I -
A) = ()L](P) - az)()»](.p) —b) >0, we have )»](.p) —a >0 and )»](.p) —b>0.Thus (-A, - ozgp)’1 and
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(—A, — bg,)™" are positive operators. Since

I a ! d ! 2% el
1m { — gra — gra + 174 vV,
oo\ S (2 a2 S (g — 12t [va— a2 a s "
>0,
1 1 28
lim | — grad —orad + w,|% v, P!
n»oo( g, T e v —ealy e >
>0,

and (-A, —ag,)™ and (-A, — bg,)™" are positive operators, it follows that lim,,_, o #, > 0

and lim,,_, o, v,, > 0. Then we have

1 1
—grad, ————u,, —grad vy =2q >0,
“ ot + vl U+ valDT T (ol + (a2
1 1
—grad u,>0 and -—grad vy > 0.

“ (|un_el|2+|vn_e2|2)r Y (|un_el|2+ |Vn_eZ|2)r
Therefore we have

Yy +€
1
n—>oo| Jo (lual? + [v,|?)1

1 2
+/ 2 2y - / |”n|a|Vn|ﬁdx]
o (luy—e1l® + v, —ea]?)” a+BJg

1 1 1
- — hm rad —_— + rad D 4
p e Q[g a2+ vy S 2 e
d ! d 1
+ ora - Uy, + gra -V
81 S =P+ vp— ey "

(ltwn —e1]? + vy —ea|?)"

2 _ 2B o _
- |24, 1|Vn|'3'un_ |24, |Vn|ﬁ ! 'Vn:| dx
+B a+p
2 1 1
:(_q+1> lim f [ﬁ]dx+ lim 5 5 dx
p n=00 Jo | (|tn]? +v,|?)? n=>00 Jo (|un —e1* + |v, — ea]?)"
1 li d 1 d
— — lim ra U, dx
p e Jo B e Pt v — a2y
1 1
— — lim rad “Vpdx
prose o B G —eiP + va—eaPy
2 2 . a1
+=- im [ [|ual®|val’]dx ¥(un,va) € AG.
P a+p)rml
Since 1 < p <o, qr >1, p<a + B < p*, we have that %+1>Oand§—
2 . 1 19 1
a+p > 0. Since fQ mdx> 0, —1—7 llmn_)oo fg gradum . u,,dx>0,

1 . . .
and - lim, ., |, o grad, [ R dx > 0, it follows that there exist constants

Ci = Ci(y), i =1,2,3, such that lim,—, oo [| t, Vi)l ja+8 () < C1, limMymsoo fg(m dx <
Cy,and [, ( dx < Cs. O

1
lun—e1 > +lvp—e2|?)
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Lemma 3.5 [fany sequence (uy,,v,), in AG satisfies
(t4n, Vi) = (z,w) € 0AG,
then
fuy,v,) — 00.
Proof The proof can be checked easily. O

Now, we shall prove that f(u, v) satisfies (P.S.), with y > 0 as follows.

Lemma 3.6 (Palais—Smale condition) Assumethatl <p < oo,a,b,p,q,r,a,and 8 arereal
constants, and q,r > 1 and p < a + B < p*. Let y be any positive real number. Then f(u,v)
satisfies the Palais—Smale condition: if (u,,v,), € AG is any sequence such that f (u,,v,) —
v and Df (u,,v,) — 6, 0 = (0,0), then (u,,v,) has a convergent subsequence (u,,,vy,) such

that (u,,,vy;) converges strongly to (ug,vo) € AG.

Proof Let (4, i), be any sequence in AG such that f (i, v,) — v, y > 0and Df (u,,, v,,) —
6. By Lemma 3.4, lim,, . oo || (4, i) || o8 2y 18 finite. Thus (u,,,v,,),, is bounded in Lo+B(2).
Then, up to subsequence, (i, v,), converges weakly to some (i, vo). Since Df (u,, v,) — 0,

we have

. . 71 72
limy,— o0 Uy, = —1lim,, oo Ap (aluqlP~"u, — grad, i

1
ltn | +|vu|?)
2 _
+ ﬁ“"nrx Hval?),

—grad, i

1
lun—e1 % +lvp—e2|?)”

limn—>oo V= — hmn—>oo Agl(bh/n |p72vﬂ - gradv (

1
[14n]2+|vn2)
2 _
+ 2 | vulP),

1
~ &, e el
By Lemma 3.4, (¢4, Vyy) s

1
|ty — e1]? + |v, — e]?)"

alu,|Pu, — grad,, —grad,
( ) (

(2 + [vul?

+

2o
|un|‘”-l|vn|ﬁ>
+B

n
and

1
d —grad
V(lun|2+|vn|2)q V(|un_el|2+|vn_32|2)r

28 _
+ |t |® 1|Vn|’3>
o+ pf

(b | Vi |p72Vn — gra

n

are bounded in L**#(£2). Since the embedding AG into L**#(£2), p < a + 8 < p*, is compact,
—A;l is a compact operator, it follows that (u,, v,), has a convergent subsequence (u,;, v,,)

converging strongly to some (o, vo) such that

DF(uo,vo) = lim DF(u,,,v,,) = (0,0).
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We claim that (g, vo) # 0 and (uo, vo) # (€1, e2). By contradiction, we suppose that (g, vo) =
0 or (uo,vo) = (€1,e2). Then f(up, vo) = 0o, which is absurd. Thus (o, vo) # 6 and (o, vo) 7
(elr eZ)' O

Proof of Theorem 1.1 Assume thata, b, p, q, r, o, and B are real constants, and 1 < p < oo,
qr>1L,p<a+B<p ZAEP) >a+b,and 9, (a,b) > 0. By Lemma 3.3, f(u, v) is continuous
and Fréchet differentiable in AG and Df ecC. By Lemma 3.6, f(u,v) satisfies the Palais—
Smale condition. We claim that y > 0 is a critical value of f (1, v), that is, f (1, v) has a critical

point (i, vp) such that

(1o, v0) =¥,
Df(l/l(), V()) =0.

In fact, by contradiction, we suppose that y > 0 is not a critical value of f(x,v). Then by
Theorem A .4in [6], for any € € (0, y) > 0, there exist a constant € € (0, €) and a deformation
n € C([0,1] x AG, AG) such that
(i) n(0,(u,v)) = (u,v) for all (i, v) € AG,
(ii) n(s, (i, v)) = (u,v) foralls € [0, 1] if f(ur,v) & [y — €,y + €],
(iii) f((L, (m,v)) <y —-€iff(u,v) <y +e.
We can choose % € I" such that

supf(h(u, v)) <y+e€
ueQ

and
Sf(h(u,v)) <y —€ onaQ.

This leads to f(h(u,v)) € [y — €,y + €]. Thus by (ii),
n(l,h(u, v)) =h(u,v) onaQ.

Hence n(1, h(u,v)) € I'. By (iii) and the definition of y,

y < sugf(n(l,h(u, v))) = sugf(h(u, V) <y-¢

which is a contradiction. Thus y is a critical value of f (1, v). Thus f (&, v) has a critical point

(19, vo) with a critical value
y = F(uo,vo)
such that

0 inf W<y < s .
S e () 57 S upflu) <00
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By Lemma 3.4,

(u0¢ VO) 7!0 = (07 O)r (uO’ VO) # (81, 62)~

Thus (1.1) has at least one nontrivial solution (i, vy) such that (uq, vo) # 0 and (ug, vy) #
(e1,€3). Thus Theorem 1.1 is proved. O
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