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1 Introduction

Fractional calculus has emerged as an interesting field of investigation in the last few
decades. The subject has been extensively developed and the literature on the topic is
much enriched now, covering theoretical as well as widespread applications of this branch
of mathematical analysis. In fact, the fractional differential equations have attracted more
and more attention for their useful applications in various fields, such as economics, sci-
ence, and engineering; see [1-5]. In the last few decades, much attention has been fo-
cused on the study of the existence of positive solutions for boundary value problems of
Riemann-Liouville type or Caputo type fractional differential equations; see [6—23].

On the other hand, p-Laplacian operator is extensively applied in the mathematical
modeling of several real world phenomena in physics, mechanics, dynamical systems, etc.
While studying the fundamental problem of turbulent flow in a porous medium, Leiben-
son [24] introduced the p-Laplacian operator ¢,(x(¢)) in 1945. Also there has been shown
much interest in obtaining the existence and multiplicity of solutions of this class of prob-
lems by employing different fixed point theorems. Recently, many scholars have paid more
attention to the fractional order differential equation boundary value problems with p-
Laplacian operator; see [25-32].

The system of fractional differential equations boundary value problems with p-
Laplacian operator has also received much attention and has developed very rapidly; see
[33-39]. In [33], He and Song discussed the following fractional order differential system
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with p-Laplacian operator:

D (@, (DY u(®)) = Af (&, u(®)), e (0,1),
D2y, (DR u(2))) = pg(t,u(e), te(0,1),
u(0)=0,  wu(l)=au),  Dyu(0)=0,  Dhiu(l)=biDhtuln),
w0)=0, v)=av(&), Dpu0)=0,  DYv(1) = bDYv(ny),

where «;, B; € (1,2], Dyt and Dgi are the standard Riemann-Liouville derivatives, &;,n; €
(0,1), a;,b; € [0,1], i = 1,2, A and u are positive parameters. The uniqueness of solution
was established by using the Banach contraction mapping principle. Hao et al. [34] inves-
tigated the existence of positive solutions for a system of nonlinear fractional differential
equations nonlocal boundary value problems with parameters and p-Laplacian operator,

D (DY u(t))) = Af (&, u(t), v(1), t€(0,1),

~D (D3 u(®)) = ug(t, u(®), v(t)), te(0,1),
u©0)=u(l)=u'(0)=u/(1)=0,  Ditu(0)=0,  Ditu(1)=bDftu(n),
W0)=v(1)=v(0)=v(1)=0,  Dv(0)=0,  D2w(1) = by D2v(ny),

where «; € (1,2], B; € (3,4] Dgi and Dgi are the standard Riemann-Liouville derivatives,

1-a;

n; € (0,1), b; € (0, nfﬁ1 ),i=1,2, A and u are positive parameters.

It has been noticed that most of the above-mentioned work on the topic is based on
Riemann-Liouville or Caputo fractional derivatives. In 1892, Hadamard [40] introduced
another fractional derivative, which differs from the above-mentioned ones because its
definition involves logarithmic function of arbitrary exponent and named the Hadamard
derivative. Although many researchers are paying more and more attention to Hadamard
type fractional differential equation, the study of the topic is still in its primary stage. For
details and recent developments on Hadamard fractional differential equations, see [41—
48].

From the above review of the literature concerning fractional differential equations,
most of the authors investigated only the existence of solutions or positive solutions for
Hadamard fractional differential equations without considering the p-Laplacian opera-
tor. A very few authors established results along with p-Laplacian operator, in [47], Wang
considered the nonlinear Hadamard fractional differential equation with integral bound-
ary condition and p-Laplacian operator

DF (¢p(D*u(t) = f(t,u(t)), te(1,T),
u(T) = M%u(n), D*u(1) =0, u(1) =0,

where f grows p — 1 sublinearly at +00, and by using the Schauder fixed point theorem,
a solution existence result is obtain. In [46], Li and Lin used the Guo—Krasnosel’skii fixed
point theorem to obtain the existence and uniqueness of positive solutions. We have

Dﬁ(d)p(D“u(t))) =f(t,u(t), 1l<t<e
u(l)=u/(1)=u'(e) =0, D*u(1) = D%u(e) = 0,
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where the continuous function f : [1,e] x [0,+00) — [0,+00), 2 <@ <3,1< B <2, D*
denotes the standard Hadamard fractional derivative of order «. Zhang et al. [48] estab-
lished some existence of positive(nontrivial) solutions for integral boundary conditions of
nonlinear Hadamard fractional differential equations with p-Laplacian operator.

DF(¢p,(Du(t))) =f(t,u(t)), l<t<e,
u(l)=u'(1) =u'(e) =0, D*u(1) =0,
pp(D*u(e)) = p [} dp(D*u(1))%,

where &, B, and p are three real numbers with « € (2,3], 8 € (1,2], and u € [0, 8), and f is
a continuous function on [1,e] x R.

Motivated by the aforementioned work, we investigate in this paper the existence of
positive solutions for the following nonlinear Hadamard fractional differential equation
with p-Laplacian operator:

HDI (¢, (DS () = AP (8, u(D), v(E), w(t),  te(L,e),
HD2 (¢, (DEv(B) = w~g(t, u(®), v(e), w(), te(Le), 1)
HDP (¢, (TD% w(t))) = vP-h(t, u(t), v(e), w(d), te (1),

subject to the three-point boundary conditions

u(1)=0, 0<j<n-2, wu®(e) = A u®V (&),
¢p("DY1u(1)) = 0 = (D2 (¢, (" D ule)))),

W(1)=0, 0<j<m-2,  wv'(e) =i (),
¢p("D}?v(1)) = 0 = ("D (¢,(" D7 v(e)))),

wh(1)=0, 0<j<I[-2, uiw(e) = A Wi (&),
¢p("DFIw(1)) = 0 = (" DY (¢,(" DI wle)))),

where o;, 8; € R, i=1,2,3, 01 € (n—1,n], ay € (m—-1,m], a3 € (I - 1,1], n,m,l € N for
nml>3,6¢€(,2],i=1,2,3,p1 € [L,a1 —1),q1 € [Lazs — 1), y1 € [,z = 1), p2.g2, V2 €
(0,1]and p3, g2, 12 < Bi—1,i=1,2,3, u1, A1 € (0,00), & € (1, e) are constants. HD'{+ denotes
the Hadamard fractional derivative of order k. ¢,(s) = Is|P2s, p > 1, ¢>1;1 = ¢y, }7 + é =1,
f,gheC([1,e] x [0,+00)3,[0,+00)), A, u and v > 0 are positive parameters.

Under some assumptions on f, g and %, we give intervals for the parameters A, u and v
such that positive solutions of (1)—(2) exist. By a positive solution of the problem (1)—(2),
we mean a triplet of functions (&, v, w) € (C([1, e], [0, 00)))? satisfying (1)—(2) with u(¢) > 0
forallt € [1,e], or v(¢) >0 forall £ € [1,e], or w(t) >0 forall £ € [1,e] and (i, v, w) # (0, 0,0).

The main aim of this paper is to investigate the above Hadamard fractional differential
equation with p-Laplacian operator boundary value problem (1)—(2). With the help of the
properties of the Green’s functions and the Guo—Krasnosel’skii fixed point theorem on
cones, we established the various existence results for positive solutions were derived in
terms of different values of A, u and v, under different combinations of superlinearity and
sublinearity of the functions f, g and /. At the end, we give an example to illustrate the
feasibility of our proposed theoretical result.
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2 Preliminaries
For convenience of the reader, we present some necessary definitions and lemmas from

Hadamard fractional calculus theory in this section.

Definition 2.1 ([1]) The left-sided Hadamard fractional integrals of order & € R* of the
function /(¢) are defined by

i = [(nt) n®
(Ih)(t)_r(a)_/l(lns> h(s)s (1<t<e),

where I'(-) is the Gamma function.

Definition 2.2 ([1]) The left-sided Hadamard fractional derivatives of order & € (n—1, n],
n € Z* of the function /(t) are defined by

d n ot n—a+l d
(HD"‘h)(t):ﬁG%) /1<ln§> h(s)?S (1<t<e),

where I'(-) is the Gamma function.

Lemma 2.1 ([1]) Ifa,a,B >0 then

B-1 B-a—1
H oo t e x
(e(nz) )o-rita(ne)

Lemma 2.2 ([1]) Let ¢ > 0 and u € C[1,00) N L[1,00). Then the Hadamard fractional
differential equation "' DIu(t) = 0 has the solution

u(t) =y ci(lng)”™
i=1
and the following formula holds:
M1 DAu(e) = u(t) + ) ci(in)™™

i=1

wherec; €R,i=1,2,...,nandn-1<qg<n.

3 Green's function and bounds
In this section we present the expression and properties of Green’s function associated
with boundary value problem (1)—(2). In order to prove our main results, we need some

preliminary results.

Lemma 3.1 Let Ay =y — M(In&)*7171 50, h e C[l,e] and n — 1 <y < n, for n > 3.
Then the unique solution of

HDTtu(t) + h(t) =0, l<t<e,

. 3)
u(1)=0, 0<j<n-2, pau?V(e) = 1 ulP (&),
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is u(t) = [ Gi(t, s)h(s)%, where

A1(In t)a171

Gi(t,s) = G (¢,
1(ts) 11( S)+M1—A1(ln$)“1‘P1‘1

GIZ(%_’S)’

(Int) 11 -lns)m1Pr- _(Inf)n-1, 1<s<t<e,
Gu(ts) = ’
() | (Ing)=1(1 - Ins)er-e1-1, 1<t<s<e
Ing)* 171711 —Ins)@ P17l —(Inf)ari-l 1 <sg<t<e,
Gua(t,s) = —— (n®) ( : () o
I'(e1) | (Ing)@-,1-1(1 - Ins)*1-71-1, I<t<s<e

Proof 1Tt is enough to consider the case when u is a solution of (3). From Lemma 2.1 we

have 7M1 D u(t) = "I h(t), so that
e/ \"" ds a o _
u(t) = — In - h(s)— +c1(Inp)* ™ + co(In)* ™ + -+ - + ¢,(In)*17",
I'(a1) J; s s

for some c; € R, i=1,2,...,n. From u¥(1) =0, =0,1,2,...

¢, =0. Hence

ds

a1-p1-1
u¥ () _Clﬂ(al —j)(ng)*17P1=t l—[(oh ])F( )/ <1 —> h(S)?'

Then p1u®V(e) = A, u®V (&) implies that

£ o1—-p1—-1
(ln§> ’ h(s)§:|.
1 N S

_ t aj-1 a1—1 e _ a;-p1-1
1 / (ln f) h(s)é . wi(lnt) / (1-1Ins) h(s)é
(o) Jy s s Ay 1 (o) s

A (Ing)a-t ff (In £)ea-p1-1 N
1

/(1 Ins)*1P1- 1h(s)

“as _[mal) s (o)

As a result,

u(t) =

Ay M) s
_ -1 t t a1-1 ds (hl t)al—l e — ds
) F(al)/l (1“§> ")+ e fl(l—lns) oS

A1(In t)cxl—l & (In %)al—Pl—l ds
/ h(s)—
Ay 1 I"(a1)

—Ins)x1P171 (s

M(Ing)a=t e (Ing)»1-1(1
e e ]
= /eGl(t,s)h(s)é.
1 N

Lemma3.2 Letn—1<a; <n,1<p) <2andye C[l,e]. Then the unique solution of

HDP (¢, (DL u(t))) = y(8),
u9(1) =0,
¢, ("Du(1)) =0

l1<t<e,
0<j<mn-2 ulu(Pl)(e)zklu(Pl)(é),
= (1DA2 (¢, (' DY ule)))),

,n—2,wehavecy=c3="---

(5)

Page 5 of 23
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is u(t) = [ Gi(t,s)pg(f; Ha(s, r)y(r)%)%, where Gi(t,s) is defined as (4).

Hy(t,s) = (6)

1 (Ing)171(1 - Ing)frP2"l —(In£)A~1, 1<s<t<e,
1

L(B1) | (n)fr~1(1 - Ins)Pr-r2-1, <t<s<e

IA

Proof 1t is enough to consider the case when u is a solution of (5). From Lemma 2.1 we

have
Hlf}HD’f} (¢ ("DT1u(0))) = ¢p ("D u(t)) + c1(In )" + co(In )12
for some constants ¢; € R, i = 1,2. In view of (5), we obtain
HIPH DI (¢ (DS u®))) = I y(0).
Also we find
& (DS u()) = 1 y(8) + cr (P17 + cp(In )12,
Note that ¢,(D{}u(1)) = 0, we have ¢, = 0, then

D (¢ (" DY u(®)))
=MDRM () + e D (Ine)h !

' (B1)

:HI(€1*P2) (t) +cC
! ’ "B -p2)

(In t)ﬁl—pz—l

1 t ¢ B1-p2-1 s F(ﬂ) o
— In - it In#)Prr2-1
F(ﬂl—Pz)/l (n5> Y s +C1F(,31—P2)(nt)

Consequently, ("D%% (¢,(" D u(e)))) = 0, implies that

_ -1 ¢ _ B1-p2-1 é
= F(ﬁ1)/1 (1 —1Ins)PrP27 y(s) S
Therefore,
» 1t e\ ds (npft e et
<25p(HDl+M(t))=Tﬁl)/l (ln;> J/(S):s— ;1“(/31) '/1(1—1115)‘3l P ly(S)?S
€ d
- / Hits)y(s) 2.
1 S

Also we have
H 21 ¢ dS
Diiu(t) + ¢4 Hl(t,s)y(s)? =0.
1

Noting Lemma 3.1 and the conditions z%(1) =0, 0 <j < n — 2, u1u®V(e) = ,;u?V (&), we
have M(t) :fle Gl(t,5)¢q(fleH1(t,T)y(f)i—f)%. 0
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Lemma 3.3 Let A; > 0. Then the Green’s function Gi(t, s) given by (4) satisfies the following
inequalities:
(i) Gi(t,s) =0, forall (t,s) € [1,e] x [1,¢],
(i) Gi(t,s) < Giles), forall (t,s) € [1,e] x [1,¢],
(iii) Gi(t,8) = (3)17'Gi(e,s), for all (t,s) € [e'*,€¥*] x (L, e).

Proof Consider the Green’s function Gy (¢, s) given by (4).
(i) For 1 <t <s<e.Itis easy to see that Gy;(¢,5) > 0.
Letl1 <s<t<e. Then

1 £\
G11(t,8) = T [(ln £ 11— Ins)r P17l (ln ;) ]

ar-1
[(m 51711 = Ing) P11 (1 - ln—s> (In t)‘“‘l}

" T(e)

Int
1
- (I;t(lzm)_l [ inss 2D g ](1 ~Ins) ™t >0
1
= (1;2:1)_1 [p1 Ins + O(lns)2](1 —Ins)*71 > 0.
1

On the other hand, if 1 <s <& <e,

1 £ a1-p1-1
Gué,8)=—— I:(hlé)alpll(l —Ins) P17t~ <1n ;) i|

I (o)
R — [(lné)‘”pll(l _ 1ns)ot17p1—1 _ (1 3 ]H—S)6¥1—1!71—1(1n$)o[1pl1:|
I (a1) In&
%[(1 _ lns)al—Pl—l —(1- lns)oq—pl—l] =0,
1

which implies G; (£, s) > 0. Hence the inequality (i) is proved.
(ii) For 1 <t <s <e. It is easy to see that ‘16+t(t‘s) > 0.
Let 1 <s <& <e. Then we have

dGll(t’S) _ (0{1 - 1) a1-2 ay1-p1-1 _ E “
7 = T [(lnt) (1-1Ins)*17? (lns> :|

- I(ay)
_ =Dty

- I'(ay)

[(1 —Ins)@P17l _(1- lns)"“’z]

(Ins)?

[1—(1—(p1—1)lns+w

+ .- .:|(1 — 1n3)0t1—191—1

_ (e = 1)(ngy

2 a1-p1-1
) [(p1—1)1n5+O(lns) ](l—lns) P1Imt >,

On the other hand, consider & < s. It is easy to see that G1»(£,s) > 0.
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For s < & one has

aj—-p1—-1
(Ing)P171(1 — Ins)27171 (ln §>

s
> (Ing) 71711 —Ins)*1 P17 — (In€ — In& Ins)*1 717! > 0,
Therefore

dGi(t,s)  dGul(t,s) . Ao = 1)(Ing)™12
dt - dt M1 — Al(lné)“ﬂ’l*l

G12($7s) > Or
which implies that G; (¢, s) is the monotone nondecreasing function, so
Gi(t,s) < Gi(e,s) forall(¢,s) € [1,e] x [1,e].

Hence the inequality (ii) is proved.
(iii) For1 <t <s<e,
Gu(ts)  (Ing)*'(1-Ins)* P!

= =(1 ta—l'
Gul(e,s) (1= Ins)*F1 (In?)

Forl<s<t<e,

Gu(ts) (ng)*171(1—1Ins)17171 —(In i)“l‘l
Gii(es) (1-Ins)x1-P1-1 — (1 —Ins)*1-1
(In)® (1 -1ns)* 717! —(Int —Insln )~}
- (1-1Ins)x1P1-1 — (1 —Ins)r-1
(Int)*171[(1 = Ins)®17P171 — (1 —Ins)*171]

= =(Ing)“t,
(1 =Ins)x1—r1-1 — (1 —Ins)21-1 (Int)

Therefore
Gi1(t,s) > (nt)*1Gy1(e,s) forall (¢,s) € [1,e] x (1,¢€). (7)

From (4) and (7) we have

A(Ing)art

p1 —Ar(Ing)er-ri-1
A (Ing)ar-1

p1 = Ai(Ing)x-pi-t

1 ap—-1
= (Int)* Gy (e, s) > (1) Gi(e,s) forall (¢,s) € [e1/4,e3/4:| x (1,e).

Gi(t,s) = Gui(t,s) + G12(&,9)

> (In)*' "' Gii(e,s) +

Gi2(&,5)

Therefore Gy (t,s) > (1)*171G (e, s). Hence the inequality (iii) is proved. (|
1 ty

Lemma 3.4 Let A1 > 0. Then the Green’s function H, (t, s) given by (6) satisfies the following
inequalities:
(i) 0<Hi(ts) <Hils,s), forall(t,s) e [1,e] x [1,e],
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(ii) Hi(t,s) > 81(s)H, (s, ), for all (t,s) € [e''*, 4] x (1, ),

(%)ﬂl—1(1_1n5)ﬂ1-172—1_(%_ms)ﬂl-l
B1-1(1-Ins)P1-P2-1
51(5) — (Ins) (1-Ins)

Hi(s,s), se(1,r],

WHI (s,s), s€[re).

Proof (i) For 1 <t <s <, itis easy to show that %Hl(t, s) >0 for all (¢,s) € [1,e] x [1,e],
then

0=H(1,s) < Hi(t,s) < Hi(s,s) forallt<s.

Lets <t Then

d 1 B1-2 B1-p2-1 t o
S H(es) = Tm)[(ﬁl ~D(In 721~ Ins) 22! — (B, - 1)<1n;) ]
fg%@%%ﬂ—mQM¢r*41—mwm”]
1
I
= (llgj(;li) [(pz —1)Ins + W(IM)2 4o '}(1 ~Ins)P1=?
:(f%;ingh—1Hns+OﬂH9ﬂ(I—mSwr250'

Therefore, H;(t,s) is decreasing in ¢ for s € [1,e], which implies that H;(¢,s) < Hi(s,s).
Hence, the inequality (i) is proved.

(ii) For s € (1,€). H1(¢,s) is increasing in £ for ¢ < s and decreasingin ¢ for s < t. We define

L (o1 —msprt — (1’ "
|0t ()

hia(t,8) = %ﬁl) [(n)#171(1 - Ins)Prr2-1],

h(t,s) =

and applying the monotonicity of H;(¢,s), we have

(%4, s), se(1,e,
1/4313 Lo H1(69) =y min{hy (%,5), hia(eV%,9)}, s € [/, €%,
el/t<t<e

hyp(et,s), seee),

hi(eh,s), se(1,r),

hia(ets), selre)

g eE -yt G mmgp, ser,

Fy (D771 A = Ins)Prrely, selre),
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(H)P1-1(1-Ins)fr1P2-1 (3 _ns)f1-1
: (lns)ﬁl_l(l myfnT —Hi(ss), se(Lrl,

THi(s,s), s€[re),

v

(41ns) ﬁl

=81(s)H1(s,s) forse(1,e).
Hence, the inequality (ii) is proved. O

We can also formulate similar results to Lemmas 3.1-3.4 for the Hadamard fractional

boundary value problems

HDﬂ2(¢p(HD V() = pP g (t, u(e), v(e), w(t)), te(le),
W (1) =0, 0<j<m-2, w4 (e) = A\ (§), (8)
¢,(""'D}?v(1)) = 0 = (" DT (¢, (" DI v(e)))),

and

HDI (¢, (T DBw(2))) = vP~ (e, u(e), vie), w(t)), te(1,e),
wi(1)=0, 0<j<I-2, piw(e) = awi(&), ©)
(' Dw(1)) = 0 = (1D} (¢, (T D} w(e)))).

Remark In a similar manner, the results of the Green’s functions G, (&, s), Gs(t,s), Hy(t,s)
and Hs(t, s) for the homogeneous BVP corresponding to the Hadamard fractional differ-

ential equations (8) and (9) are obtained.

Consider the following conditions:
(i) Gi(t,s) >mG;(e,s), forall (¢,s) €[1,e] x [1,e],i=1.2.3,
(ii) H;(t,s) > 8(s)H;(e,s), for all (¢,s) € I x (1,e),i=1,2,3,
where I = [e"4,€%4], m = min{(3)*17%, (3)*271, (3)71}, 8(s) = min{8; (), 8(s), 85(s)}.
Our main results are based on the following Guo—Krasnosel’skii fixed point theorem on

cones.

Theorem 3.5 (Krasnosel'skii [49, 50]) Let X be a Banach space, K C X be a cone, and
suppose that $21, $2; are open subsets of X with 0 € 2, and 21 C $2,. Suppose furthermore
that T : K N (£2,\821) — K is a completely continuous operator such that either

() I Tull < ull, u € KN o2, and || Tul| > ||lul, u € KN 32, or

(i) 1 Tull = |lull, u € KN 08§21 and ||Tu|| < ||ull, u € K N 0§2,,
holds. Then T has a fixed point in K N (£2,\82;).

4 Positive solutions in a cone
In this section, we shall give sufficient conditions on A, i, v, f, g and & such that positive
solutions with respect to a cone for our problem (1)—(2) exist.
We present the assumptions that we shall use in the sequel:
(A1) The functions f,g, /4 : [1,e] x [0, +00)3 — [0, +00) are continuous.
(A2) a, B, €R,i=1,2,3, 01 € n—1,n], 0y € (m—1,m], a3 € ({ - 1,1], n,m,l € N for
mm,l >3, 6,€(1,2],i=1,2,3, p1 € [La1 - 1), q1 € [L,ap = 1), 5 € [1,3 — 1),
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P292,¥2 € (0,1], pa,qa, v < Bi —1,i=1,2,3, u1,A1 € (0,00), & € (1,e) are con-
stants and A =y — A (In&)12171 5 0, Ay = g — A (In)2~0171 5 0, Ag = pu; —

A(lng)1-1 50,

(A3) For I = [eY4,€%*] C (1,e), we introduce the following extreme limits:

. t,u,v,w
fo = limsup max M,
wrvew—otelLel (U + v+ w)P1

= i h(t, u,v, w)
o = limsup max —————,
wiviw—otelLel (U + vV +w)P

Lo . gtu,v,w)
go = liminf min
u+v+w—0 tel (

u+v+wpt’

t,u,v,w
f5, = limsup max M,
wrviw—ootellel (U + vV + W)P_1

s i h(t,u,v,w)
K, = limsup max —_—,
wiviw— oo te[Lel (U + v + w)P-

t} ) )
liminf max gmv,w)

i
oo u+v+w—oo tel (u +Vv+ W)p_1 ’

t,u,v,w
g5 = limsup max M,
wrvrw—otelLel (1 + v+ w)Pl

i .. . t,u,v,w
f3 = liminf min M,
u+v+w—0 tel (u +V+ W)p71

/ ht, Y
Fi = Timinf min %YW

utv+w—0 tel (u +Vv+ W)p_l ’

t,u,v,w
g, = limsup max M,
usviw—ocotellel (U + v+ w)p-1

; . . [t u,v,w)
' = liminf min ————
foo urviw—oo tel (u + v+ w)p1 ’

. . h(t,u,v,w)
liminf min

- e
U+v+w—00 tel (u +V+ W)P—l

[e¢}

Let X = C[1,e], then X is a Banach space with the norm |[u|| = sup,[; . |u(f)|. Let Y =
X x X x X, then Y is a Banach space with the norm ||(z, v, w)|ly = |lu|| + ||[V]| + [[w].
Define a cone P C Y by

chmuMermZQWﬂzQMﬂzQWeUﬂ,
min{u(®) + v(0) + w(®)} = m] v, |,

where I = [e!/4,€%*]. For A, i, v > 0, we define now the operator Q: P — Y by Q(u, v, w) =
(Q1(u, v, w), Qa(u, v, w), Q3(1s, v, w)) with

Qi(u, v,w)(2) = A/l G1(t,8) </1 Hl(s,T)f(r,u(t),1/(7:),w(1))‘f:_r)”Tl ?’ tell,el,

Qo(u, v, w)(t) = /L/l Ga(t,s) (/1 Hy (s, T)g(7, u(r), V(T),W(‘[))d‘[_t)m ?’ te(lel,

Qs(u,v,w)(t) = U/ Gs(t,s) (/ Hg(S,‘L')h(T,M(‘L’),V(‘L’), W(‘[))d%)pl ?, te[l,el.
1 1

Lemma 4.1 Q:P — P isa completely continuous operator.

Proof The continuity of functions G;(t, s), H;(t,s), i = 1,2,3 and f, g, h implies that Q : P —
P is continuous. For all (¢,s) € I x [1,e], where I = [e"/4, €3*], we have

n;1€11n{ Ql(ur v, W)(t) + QZ(u’ v, W)(t) + Q3(u; v, W)(t)}

= min{k/;e Gi(t,s) (/;eHl(s,t)f(r,u(t), V(r),w(t))dT—T>p_ ?

tel

—
|

+ ,u/l. Gy (t,s) (/1. Hy (s, T)g(7, u(t),v(1), W(T))?)F?
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{ / Gl(e,s)</ Hl(s,r)f 7, u(t),(t), w(f))d?>_l?
de\71d

o / Gz<e,s)( f Ha(s, )¢ (1 42), (o), (,))T) &

+ U/e Gg(e,s)( eHB(S,‘[)h(T,u('L'),V(t), W(I))d_f>1’1 é}
1 1 T S

zm([| Qv w)]| + [ Qalee, v, )| + [ Qaw,v, W)
= m| (Qu (e, v, w), Qo v, ), Qs v, W) |

= m”Q(u,v, W)H.

Thus Q(P) C P. So, we can easily show that Q : P — P is a completely continuous operator
by the Arzela—Ascoli theorem. O

If (4, v, w) € Pis a fixed point of operator Q, then (u, v, w) is a solution of problem (1)—(2).

So, we will investigate the existence of fixed points of operator Q.

First, for f3, g5, hif, g5, bl € (0,00) and positive numbers 01,02,03 > 0 such that o +

09 + 03 = 1, we define the positive numbers Ly, Ly, L3, L, Ls and L¢ by

Ly=0,

Ly =0,

L3=02

Ly=o0y

Ls =03

Lg=o03

o i o 2]’
[t [ s >*%r
an Gz(e,s)</ a(r)Hz(r,r)géfi—’ﬁ?]_l,
/Gz(e,S)(/ H (s, T)gy— )ﬁ?]l,
m/ G3(65)</ 5(2)Hs(x, T)h, )'”‘ﬂ ,
o) 4]

Theorem 4.2 Assume that (A1)—(A3) hold, o1,05,03 >0 with o1 + 05 + 03 = 1.
(@) Iff3, g, k. fL, gl i, €(0,00), Ly < Ly, Ly < Ly and Ls < L, then for each
A€ (Ly,Ly), € (L3, Ly) and v € (Ls, Lg) there exists a positive solution
(u(t), v(t), w(2)), t € [1,€], for problem (1)-(2).
b) Iffs =g =hy=0,f.,g. ,hi_ € (0,00), then for each A € (L1,0), u € (L3,00) and
v € (Ls, 00) there exists a positive solution (u(t), v(¢), w(t)), t € [1, el, for problem

(1)-(2).

Page 12 of 23
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() Iffs, g, i € (0,00), fL = g'. = h' = 0o then for each ) € (0,Ly), u € (0,L4) and
v € (0, Lg) there exists a positive solution (u(t), v(t), w(t)), t € [1, €], for problem
(1)-(2).

d) Iff§=g5=h=0,f =g =h'_ =00, then for each A € (0,00), i € (0,00) and
v € (0,00) there exists a positive solution (u(t), v(t), w(t)), t € [1,e], for problem

1)-(2).

Proof Because the proofs of these cases are similar, in what follows we will prove two of
them, namely cases (a) and (b).
(a) For any A € (L1,Ly), € (L3, La), v € (Ls, L) let € > 0 be a positive number such that

0<e<min{fl,g ,h }and

1
. 1 dr\ 7T ds]7!
m?(fl, - €) 7T / Gl(e,s>(/ (S(r)Hl(r,r)—f)" —S] <A,
L tel tel T N

1
i 1 e e d =P _1
(fg‘*e)”*l/ G1(6»5)</ Hl(s,r)Tt)p ?S} > A,
L 1 1

ey 1 At \ 7T dsT!
mz(gloo—e)P‘I/ Gz(e,s)(/I(S(r)Hz(r,r)TT) —S] <,

o

—

o

—

02
L tel S
r 1 e e d 1%(}[ -1
) (g‘5+6)"71/ Gz(&S)(/ Hz(s,r)—r> —S] > U,
L 1 1 T S
I 1 de\ 71 ds]™!
o3 m2(héo—e)1ﬁ/ Gg(e,s)(/ 5(1:)H3(-(,1;)_> _S] <uv,
L tel tel T N

1
1 e e dr\ 71 ds]™!
o (hf)+e)l’11/ Gg(e,s)(/ HB(S,‘[)—T>p _S] > .
1 1 T s

w

By the definitions of f7, g; and /1, there exists R; > 0 such that

Guv,w) < (F+e)u+v+wlP?t, tellel,0<u+v+w<Ry,
0

glt,u,v,w) < (g(§+e)(u+v+w)p’1, tell,e,0<u+v+w<=<Ry,

h(t,u,v,w) < (hs0 +e)(u+v+w)p_1, telle,0<u+v+w=<R.
Let (, v, w) € P with ||(&, v, w)|ly = Ry i.e. |u| + ||v|| + |[w|| = Ry, then we have

Ql(”’V’W)(t)=/\/1 Gl(t,S)</1 Hl(s,r)f(r,u(r),v(r),w(r))dt—f>plé

S

= )\,/;e G1(6,5)</1‘6H1(S,T)(f05 + 6)(14(‘[) + V(T) + W(T))p—lﬁi_f)lﬁ?

1
1 fe € _1dt\ P 1ds
<A(fy +€)7! /1‘ (?1(6,5)(/1 Hi(s,t)(lull + vl + [wl)? 17) .

forall £ € [1,e],

<o || (M, v, W)| Y’
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Q u,v = ’ G ‘ dr Pil d.
2( 4 ’W)(t) M‘/; z(t,S)(‘/; HZ(Srt)g(Tx u(l), V(I)r ”(t)) ) S_S
pll ds

N

SM/I Gz(eys)(/l Hz(s,r)(g3+e)(u(r)+v(r)+w(r))p_ld?r>

A [ ‘ L de\71d
fu(g8+e)p4/1 Gz(e,s)(/l Hz(s,‘r)(||u||+||v||+||W||)P1%) e

N

<02 (, v, w) forall e [1,€],

Y’

Qs v, W)(®) = v f1 Gg(t,s)( f1 Hg(s,T)h(f,uu),v(r),w(f))"’?f)

1 ds
s

T S

< U/e Gg(e,s)</eH3(s,r)(hf) +€)(ul(r) + v(r) + W(r))p,l d_‘[)plé
1 1

1
1 [ ¢ _1dt\P1ds
<v(hy+e)r Gs(e,s) Hs(s, o) (llull + VI + ||W||)p ad —
1 1 T s

< o3 (u, v, w) forallt € [1,e].

Yl
Therefore,
H Qu, v, w) || Yy = H (Ql (u,v,w), QZ(M’ Vs W)’ QB(”: Vs W)) || %
= |[Qvw)| + | Qv W) + | Qv w)
=af@vwl, + o @y, w)y + 03] rvw],
=(o1+0p+ ag)”(u,v, W)”y

-~ Jwwwl,.

Hence, [|Q(w, v, w)lly < Il(4, v, w)|ly. Define the set
2= {wvw e s |wrwl, <R},

then

||Q(u, v, W) H y =< || (u,v,w) for (u,v,w) e PN 3S2y. (10)

Y’
On the other hand, by the definitions of 7, g/ and %, there exists R, > 0 such that

ft,u,v) > (f;o—e)(u+v+w)p_l, teLLuv,w>0,u+v+w>R,,
gt v) > (g —€)u+v+wy™, telLuv,w>0,u+v+w>R,,
h(t,u,v) > (h, —€)(u+v+wP™, teLuv,w>0u+v+w=Ry,

m

Let R, = max{2R;, 22}. Choose (&, v, w) € P with ||(4, v, w)||y = Ry. Then

min(u(t) +v(t) + w(t)) > m” (w,v,w)| ., = mRy > R,.

tel ” Y

Page 14 of 23
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Also we have

Qi (u, v, w)(2)
_A/ Gi(t, s)(/ Hl(s,r)f 7,u(t), v(t), w(r)) r>p— ais
p1dT 1 ds
>Am/ Gl(e,s)(/ H,; s,r)(foo—e)( 1:)+v(r)+w(r)) ) .
= am’(f, - )%f G(es)(/ 8(@)Hy (z, ) (| v, )] ,) ld_f)”llé
tel n tel ' ’ T S
> o1 v,
Qz(M,V,W)(t)
:A/l Gz(t,s)< ) Hg(s,t)g(r,u(r) v(t )w(t))d:>p lis
p-1dT T ds
>MWI/ Gale, S)(/ Hy(s,7) (gl — €) (u(r) + v(z) + w(t)) T) ~
> (gl - €)1 [ Gate s)(/ S(OH(r ) (v, )] ) 16)’%@
- * tel 2 tel 2 Y T N
> 03| (u, v, w)| s
Qs (u, v, w)(2)

Plds

N

_A/ Gsl(t, s)(/ H;(s, T)h (7, u(z), v(t), w(t)) r)

>um/ G3 e,s)(/ Hs(s, 7) (H —e)(u(r)+v(r)+w(r))p1d )1%

Eumz(héo—e)ﬁ/IGg(e,s)</ 18(r)Hg(r,r)(

z os|[ v )] -

(w,v,w)] ) pld%) &

N

Therefore,

|| Q(ur v, W) || y = || (Ql (I/l, v, W), QZ(”) v, W)) Q3(M: v, W)) || Y
= Qv + [ Qv W) + Qs v, w)|

) W)“Y

W), + o3| v, W),

= (01 + 09 + 03) || (u, v, w)

= @y, w
Hence, |Q(u, v, w) ||y > ||(&, v, w)||y. Define the set

§2; = {(u, v, W)

’ W)||Y<R2}

Page 15 of 23
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then

| Qv W, = | Gav,

for (u,v,w) e PN 3£2;. (11)

Therefore, by (10), (11) and Theorem 3.5, we conclude that Q has at least one fixed point
(w,v,w) € PN (25 \ 21) with Ry < [|(, v, w)|ly < Ry.

(b) Let A € (L1,00), i € (L3,00), v € (Ls,00) and let € > 0 be a positive number such that
e<fli,e<gl ,e<h, . Wehave

o1 _rrzz(/‘go—e)lﬁ Gl(e, ( 5(‘E)H1(‘L' r)—)_ld?] <X
[ 2( i f le

oy | m*(gl, —€) 7T Gz(m)( 8(r)Hz(f f)—) ?] <,
- - L le

o3| m (h;O —6)1” ! G3(€,S ( 8(1 Hs(t, r)—) ?:| <uv,

1
[ (¢ ¢ dr\r1ds|™"
el f Gl(e,s)(f Hl(s,r)—’) i I
)\, LJ1 1 T S

1
1 dsT !
GEEfGZe) (/sti ) - )
w s |
1
71 dsT !
efﬁnge, (/Hgs, ) — | .
v s |

By the definitions of fj = 0, gj = 0 and /4§ = 0, there exists R; > 0 such that

ft,u,v,w) <l u+v+wll, O0<u+v+w<Ry,
Gu,v,w)<e? N u+v+wl, O<u+v+w<R,
g

Wt u,v,w) <e? Y u+v+wPt, 0<u+v+w<Ry.

Let (u,v,w) € P with ||(&, v, w)|ly = Ry i.e. |[u] + ||v]| + |lw]| = R;. Then we have

Qi(u, v, w)(t) = / Gi(t, s)</ Hy(s, T)f (t, u(t), v(z), w(r)) — ),, tds

N

/ Gl(e,s)</ Hi(s, 7)€ (u() + v(t) + w(r))"” ld?)_ld?

e LdT\ 71 ds
<)»€/; G1(6,5)< Hy(s, 7)(lull + v + IIWII) . > 5

<o1 (v,

forall £ € [1,e].

Hence, || Q1 (u, v, w)|| < o1|/(&, v, w)||y. In a similar manner, we conclude that

|| QZ(M7 v, W) || <03 || (M, v, W) |

ro QW] = os]Gywl,.
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Therefore,

Qv W), = [ (Quw, v, w), Qo v, w), Qs (v, w)) |,
= [Qiw v, w)| + |Qaw, v, w)| + [ Qs v, W) |
<oi|wv.w, + o2 ey, W], + 03] v, W),
= (o1 + 02+ 09)|| v W,

- Jwnwl,

Hence, ||Q(u, v, w)|ly < ||(&, v,w)||y. Define the set
2= {(u,v,w) eyY: ||(u,v,w)||y <R1},

then

||Q(u, v, W) HY < || (u,v, w)| for (u,v,w) e PN 0£2;. (12)

Y’
By the definitions of £, g’ , il € (0, 00), there exists R, > 0 such that

ftuwv,w) > (fl —€)u+v+wl™, u+v+w=Ry,
gt u,v,w) > (géo—e)(u+v+w)p’1, U+V+W> Ry,

h(t¢M;V¢W)2(héo—E)(u+v+w)p’l, M+V+WZE2'
Define the set
2 = {(wv,w) e Y|y, w)|, <R}

and proceeding in a similar manner of proof (a), we get

||Q(u, v, W) HY > || (u,v, w)| for (u,v,w) € PN 0£2,. (13)

Y’

Therefore, by (12), (13) and Theorem 3.5, we conclude that Q has at least one fixed point
(u,v,w) € PN (£25 \ §21) with Ry < ||[(u,v,w)|y < R,. Similarly, we can prove the remain-
ing. g

Prior to our next result, we define the positive numbers M, My, M3, M4, Ms and Mg by

1
e e 51
My = py (fosoJfE)ﬁ/ Gl(‘“)(f Hl(fyf)d—r)p ds
1 1 T

[ o o dr\rids]™
et [ e[ o) 4]

- 1

. 1 d P_ld -1
Ms = p2 mz(gé—f)’”/IGz(e,S)(/ 15(1')H2(‘r,1')?r> :S} )

1
[ 1 [ e dt\rTds]”
My = p; (gjoo"'f)wl/ G2(6,5)<f Hz(T,T)Tt>p e
L 1 1 s
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NS de\F1dsT!
Ms=ps[m2(h6—e)pl f IGS(e,s>< / IS(T)HS(T,T)?T> —S] :

s
1
1 e e dr\ 1 dsT™?
Me:,03|:(hSOO+e)p11/ Gg(@,S)(/ HS(T’T)TT)p _S:| ,
1 1 S

where p1, p, p3 > 0 are three positive numbers with p; + py + p3 = 1.

Theorem 4.3 Assume that the conditions (A1)—(A3) hold.

(a) Iff()i, gé,hafgo,ggo,hf)o € (0,00), My < My, M3 < My and Ms < Mg then for each
A€ (M1, My), u € (Ms, My) and v € (Ms, Ms) there exists a positive solution
(u(t), v(t), w(2)), t € [1, €], for problem (1)—(2).

(b) Iffs, =gs, =hs, =0, fi,gb, h € (0,00), then for each ) € (My,00), i € (M3,00) and
v € (M5, 00) there exists a positive solution (u(t), v(t), w(t)), t € [1, €], for problem
(1)-(2).

(©) Iffs, g5 By, € (0,00), f¢ = gb = hi) = 0o then for each & € (0, My), ju € (0, My) and
v € (0, M) there exists a positive solution (u(t), v(t), w(t)), t € [1,e], for problem
(1)-(2).

(d) Iffs, =g =h, =0, fy = g = hy = 00, then for each X € (0,00), u € (0,00) and
v € (0,00) there exists a positive solution (u(t), v(t), w(t)), t € [1, €], for problem

1)-(2).

Proof (a) For any A € (M1, M), n € (M3, My), v € (Ms, Mg), there exists 0 < € < min{foi,
g, hi} such that

[ . 1 d p—ld -1
pr|m(fy - €)7 /elGl(f?d)(/dS(t)Hl(t,f) T) S} <X

1
r 1 e e d jd -1
P (f§o+6)"11/ G1<e,s)( H1<m)—’)p —S} >4,
L 1 1 T s
[ ! dr\71ds]
) 1 T\ 1ds
P2 mz(gé—f)‘”/ Gz(e,S)</ S(I)Hz(t,r)—) —] <u
L sel rel T N
B 1 e e d I’le -1
1 T\ 7 1ds
02 (g;o+e)”*1/ Gz(e,5)</ Hz(r,r)—) —} > u,
L 1 1 T S
[ 1 do\ 7T ds]™
p3| m (ho—-f)"*1 Gs(e,s) 8(t)Hs(t,7)— —| <uv,
L sel rel T N

e e %1 1
ps| (5, + e)ﬁ / Gg(e,s)(/ Hg(r,r)th)p ?] > .
1 1

w

By the definitions of £}, g € (0,00) and K}, € (0,00), we deduce that there exists R3 > 0
such that
flt,u,v,w) > (foi —e)(u+v+w)”_1, teLuv,w>0,u+v+w=<Rj,
glt,u,v,w) > (gé —e)(u+ v+wlP L, telLuv,w>0,u+v+w<Rs,

h(t,u,v,w) > (hf)—e)(u+v+w)”_1, teLu,v,w>0,u+v+w<=<Rs.
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Let (u,v,w) € P with ||(u,v,w)||y = R3, that is, ||| + ||v|| + ||w|| = Rs. Because u(¢) + v(¢) +
w(t) < |lull + ||lv|| + |w]| = R3 for all £ € [1.e], we have

Ql(ur 12) W)(t)
_A/ Gi(t,s) ( Hi(s, )f(r u(t), (1), w(f))d:>1d?
dr\r1d
>Am/ Gi(es </ 51(1’)]‘[1('(,tV(t,u(t),V(‘t),W(‘E))%) ?S

p-1dT lﬁds
s

ZKWZ/IG1(€,S)</ IHl(t,r)(j%i—e)(u(r)+v(t)+w(t)) - -

n de\71d
> A (fi - )7 1/SEIGl(e,s)(/mau)Hl(r,r){) = (el + 191+ )
ZPI”(M,V;W)”'

Hence, || Q1 (&, v, w)|| > p1ll(&, v, w)||. In a similar manner, we conclude that ||Qy(z, v, w)| >

P2l (e, v, W), 11Q3 (1, v, W)l = psl (&, v, w)|. Therefore,

Qv W)y = [(Qu, v, w), Qo v, w), Qs v, w)) ||,
— | Qutu )| + [ ot )] + | Qs v,
2wl + ol + el sl
= (p1 + p2 + p3) | w v, W),

~Jwvwl,.

Hence, |Q(u, v, w)|ly > ||(&, v, w)||y. Define the set
23 ={(u,v,w) €Y : ||(w,v, )| , <R3},
then

for (u,v,w) €e PN 9823. (14)

[QGv. W, = ey,
On the other hand, we define f*,g*./* : [1,e] x R* x R* x R* — R* as follows:

f(t,x) = max f(t u, v, w),

g (tx)= max g(tuv),

O<u+v+w=x

h(t,x)= max h(t,u,v), forallxeR".

O<u+v+w=x

Then

f&u,v,w) <f*(t,x), gt u, v, w) <g*(t, %), h(t, u,v,w) < (t,%), uw+v+w=<x.
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It follows that the functions f*, g*, #* are nondecreasing and satisfy the conditions

*(t,x
lim sup rnaxf &%)
x—+o0 tellel a1

. *(L,x
lim sup max gtx)
x—+o00 te[lel aP1

n*(t, %) -

—= Moo

<f%

=8

lim sup max 1
x—+oo L€[le] XP~

Next, by the definitions of £5,g5, 5, € (0,00), there exists Ry > 0 such that, for any ¢ €
[1,e], x > Ry, we have

FHtx) < (f + €)™, g (tx) < (& +€)a? ™,
h*(t,x) < (hio + e)xp_l, x> Ry.
Let Ry = max{2Rs3, Ry} and 24 = {(u,v,w) € Y : ||(r, v, w) ||y < Ry}. Forany (u, v, w) € PN3 2,
and t € [1,¢e], we have
F(&u@®), (o), w®) <f*(t | (v, w)| y) tellel
gt u(e), v(e), w(r)) < g*(t,
h(t, u(t), v(t), w(t)) <h (t,

(u, v, w)|| Y), tell,el,

(v, w)| ,)» tellel,

then

1

drt \r1d.
ol )5) S

N

Q1(u,V)(t)§)»/l G1(e,5)(/1 H (s, T)f*(t,

1
r1ds

e e i
SA/1 G1(e,s)</1 Hl(frf)(fcfo+€)(||(u,v,w)||y)l’ 171) ds

S

1
=A(fgo+e)1ﬁ/ G1(e,s)(f Hl(r,r)i—T)w%H(u,v,w)”Y
1 1

=< L1 || (M, v, W) H Y’

50 ||Qi(wt, v, W)|| < p1ll(ut, v, W)|ly, (6, v,w) € P N 3824. In a similar manner, we deduce

1Qa(u, v, W < p2l(2t, v, W)y, |Q3(ut, v, W)l < p3ll (e, v, W)l y. Therefore,

Qe v W, = [[(Qutat v, w), Qatat v, ), Qs v w) |,
= [Quw v, w)| + [ Qale, v, w)|| + [|Qs(u, v, w) |
< @ vy + o2 v W), + ps]| v W),
~ (o + o+ 9w,

- Jwwwl,

Hence, ||Q(u, v, w)|ly < ||(&, v,w)]||y. Define the set

Q= {w,v,w) €Y :|(w,v,W)|, <R},
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then

[QUav. )y =[Gy w)]

- for (u,v,w) € PN 082,. (15)

Therefore, by (14), (15) and Theorem 3.5, we conclude that Q has at least one fixed point
(u,v,w) € PN (24 \ £23) with Rz < ||[(,v,w)|ly < Rs. The proofs of the cases (b)—(d) are
similar to that of (a) and we shall omit them. O

5 Example

Let us consider an example to illustrate the above result.
Heren:m:l:g;a1=a2=a3=%¢ﬂ1=ﬂ2=ﬂ3=%yp1:q1=r1=%;p2=q2=r2=%,

n1 = %, A1 = %, &= % Let p = 2, we consider the Hadamard fractional differential equations

HD32(, (T DYPu(t)) = AL (6, ule), v(E), w(t),  te(le),
D32, (T DY*u(2)) = w1 (t, u(t), v(e), w(t)), te(le), (16)
HD32(¢, (T D3P w(t))) = vP L h(t, u(e), v(t), w(t)), te(le),

with the three-point boundary conditions

u(l)=u'(1) =0, (1/2)u®*(e) = (1/3)u®"*(3/2),
¢p("DY2u(1)) = 0 = ("D12 (¢, (DT ule))),
v(1)=v(1) =0, (1/2)v°"*(e) = (1/3)v°'4(3/2),
¢p('D}?v(1)) = 0 = ('D}*(¢, (' D}*v(e)))),
w(l)=w/(1) =0, 1/2)w"(e) = (1/3)w>4(3/2),
¢p("DY2w(1)) = 0 = ("D (¢, ( D P wle)))),

(17)

where

(Inz +1)[800(zz + v+ w) + 1](u + v + w)(4 + sinv)

ftu,v,w) = ,
u+v+w+1l

(vInt + 1)[400(x + v + w) + 1](u + v + w)(3 + cos w)

gt u,v,w) = ,
Uu+v+w+1l

(Int +2)[200(u + v+ w) + 1](x + v + w)(2 + sin )

h(t,u,v,w) = .

u+v+w+1

After simple calculations, we get

fS=8,  fi=5 f5=8000,  fL =3000,

g =56569,  gi=44722, g =37085 g =894.43,

Wy=6,  hy=45 K =1800, kK. =450, m=0.125,

L; = 0.0590355691907, L, = 0.128282875601, L3 = 0.084463165820>,

L, =0.119567288507, L5 =0.094532722073, L¢ =0.107689245303,

where 01,05, 03 > 0 are three positive real numbers such that oy + 0y + 03 = 1.
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Employing Theorem 4.2 of (a), for each A € (Ly,L3), n € (L3, Ls) and v € (Ls, Lg), there
exists a positive solution (u(t), v(¢), w(¢)) of the Hadamard fractional differential equation
(16)—-(17).
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