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1 Introduction

In 1695, L'Hopital asked what was ZTHZ ifn= % in his letter to Leibniz. This year is gener-
ally regarded as the birthday of fractional calculus. Hereafter, Leibniz, J. Bernoulli, Euler,
Lagrange, Laplace, Lacroix, Fourier, Abel, Cantor, De Morgen, Ya Sonin, Riemann, Liou-
ville, Caputo, et al. have made important contributions to the definition of fractional cal-
culus. In 1830s, Riemann and Liouville defined the integral and derivative which is now
called Riemann-Liouville (R-L) fractional calculus by the Cauchy integral formula. Sub-
sequently, many famous and important fractional integrals and derivatives have been pro-
posed, for example, Griitnwald-Letnikov fractional derivative, Caputo fractional deriva-
tive, Weyl fractional calculus, Hadamard fractional calculus, and so on. As for the history
of fractional calculus, the readers can refer to the literature [1, 2].

The fractional-order calculus as a good tool is used to establish the mathematical model
describing many actual phenomena and processes. For example, the fractional differential
equations can describe the diffusion processes (see [3, 4]), the mechanical properties of
materials (see [5—-8]), the signal processing (see [9]), the image processing (see [10]), the
behavior of viscoelastic and visco-plastic materials under external influences (see [11, 12]),
the pharmacokinetics (see [13—15]), the bioengineering (see [16, 17]), the control theory
(see [18, 19]), and so on. In addition there are some applications of fractional calculus
within various fields of mathematics itself, e.g., in the analytical investigation of various
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types of special functions (see [20]). Therefore, the fractional differential equation has
been widely focused and studied in depth. There have been some monographs and text-
books for the readers to learn use fractional calculus theories and methods (see [2, 21-25]).
In the last few decades, there have been many papers dealing with fractional differential
equation involving Riemann-Liouville and Caputo fractional derivatives (see [26—43]). In
fact, the Hadamard fractional derivative is one of the most famous fractional calculi which
was put forward by Hadamard in 1892. This type of fractional derivative differs from other
types of derivatives. Its main feature is that the integral kernel contains a logarithmic func-
tion of arbitrary exponent in definition. Recently, there have been several papers dealing
with Hadamard fractional differential equation (see [44—67]). However, these papers rarely
considered the Hadamard fractional differential coupled equations. Therefore, it is inter-
esting and challenging to study the Hadamard nonlinear fractional differential coupled
system with impulses. So, in this paper we mainly study the following impulsive fractional

differential coupled system with Hadamard fractional calculus:

R Dy [u(t) — ulj e(t, u(t), v(0)] = (6, u(e),v(t)), te]=la, Tt b

renDl [V(E) — il f (& u(®), v(e)] = h(t u@®),v(D), te) =[a,T),t#t,

run DY u(t)) — DS ut) = L(u(t)), k=1,2,...,m, (1.1)
RLHDZ_IV(t;{) - RLHDZ_IV(Q) =LW@)), k=1,2,...,m,

¢ mnDd @) =w(T),  d-pnDi 'v(a@) =w(T),

where a >0, 1 <a,8 <2, c,deR, It,Jy € CR,R). RLHD‘;(, RLHD}’;< denote the left-sided
Riemann-Liouville type Hadamard fractional derivatives of order « and 8. H]f]‘(, H]g( de-
note the left-sided Hadamard fractional integrals of order @ and B. e,f,g,h:] x R? - R
are some given continuous functions and impulsive points, {f;}}, satisfiesa = £y < £; < £3 <
co<ty <ty =T. RLHD‘;‘k‘lu(t,j), RLHDZ{‘lu(t,;), RLHDﬁ_lv(tI’(’), and RLHDZ_IV(t,:) represent
the right and left limits and satisfy the left continuity at t = ¢, k =1,2,...,m.

In addition, some other inspiration for studying system (1.1) comes from the literature
[48, 49]. In [48], the authors considered the existence and finite-time stability results of

Hadamard type impulsive fractional differential equations as follows:

HD?u(t) :f(t’ u(t)’maxée[ﬂt,t] M(g)), [CAS (O) I)Jt € [1,6‘]\@,/3 € (01 1);
H]ll_au(t:) _Hjll_au(tl’_) = alu(tl_) + bi: ai, bi > 01 i= 11 2) ceeym,

Wi u(l) =ug, 1o >0,

with initial condition u(t) = ¢(¢), t € [B,1], where D} denotes the left-sided Riemann—
Liouville type Hadamard fractional derivative of order «, ;/1~* denotes the left-sided
Hadamard fractional integral of order 1 — «, and & = {¢1,6,...,¢,)} satisfying 1 = £ <
< o <ty <twi=e f:]xRxR-—>Risa Carathéodory function, and u(t]) =
lime_ o+ u(t; + €), u(t7) = lime_, o~ u(t; + €).

In [49], the author discussed the existence and uniqueness results of solutions for the

Hadamard and Riemann-Liouville fractional neutral functional integro-differential equa-
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tions with finite delay described by

HD[u(t) = 37 IPihi(t,u)] = f(t,ue), te]=[1T],
u(t) =), tell-r1],r>0,

where yD* denotes the left-sided Riemann-Liouville type Hadamard fractional derivative
of order @, 0 < a < 1, I is the Riemann—Liouville fractional integral of order 8; >0, i =
1,2,...,m,f,h;: ] x C([-r,0],R) — R are given continuous functions, ¢ € C([1 —r,1],R)
with ¢(1) = 0. For any function u# defined on [1 — r,T] and any ¢ € J, u;(0) = u(¢ + 6),
0 € [-r,0] denotes the element of C([-r,0],R). The author derived the existence of so-
lutions by the Leray—Schauder alternative and established the uniqueness of solutions by
the Banach contraction principle.

The rest of this paper is organized as follows. In Sect. 2, we recall some useful prelimi-
naries. In Sect. 3, we shall prove the existence and uniqueness of solutions for system (1.1).
In Sect. 4, some examples are also provided to illustrate the effectiveness of our main re-
sults. Finally, the conclusion is given to simply recall our studied contents and obtained

results in Sect. 5.

2 Preliminaries
In this section, we introduce some notations and definitions of Hadamard fractional cal-

culus and present preliminary results needed in our proofs later.

Definition 2.1 ([22]) For a > 0, the left-sided Hadamard fractional integral of order & > 0

for a function u : (@, 00) — R is defined as

t a-1 d
WP u(E) - % / (m Z) )<,

where I'(-) is the gamma function.

Definition 2.2 ([22]) For a > 0, the left-sided Riemann-Liouville type Hadamard frac-

tional derivative of order « > 0 for a function u : (4, 00) — R is defined by

D%u(t) = 1 td nft lnt n_a“u(s)ds n-l<a<mn=[a]+1
RLH T T'(n-a)\ dt y s s’ Fsmm=ia ’

where [«] denotes the integer part of the real number « > 0, and I'(-) is the gamma func-

tion.

Lemma 2.1 ([22]) Fora >0, assume that u € C(a, T)NLY(a, T) with a left-sided Riemann—

Liouville type Hadamard fractional derivative of order o > 0. Then

. ) ¢ a-1 t a-2 t a-n
Wy renDou(t) = u(t) + 1| In — +cylIn— 4+ +¢,lIn—
a a a

forsomec;eR,i=1,2,...,n—1,n=[a] +1.
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Lemma 2.2 ([44]) Leta >0, 8 >0, and 0 < a < 0o. Then the following properties hold:

o\ re) (="
wi(ng) 0o (03)

. t p-1 F(ﬁ) x Bra-1
v (ng) @ rag(ms)

rRuHDG HJ u(t) = u(t).

Lemma 2.3 ([68]) IfE is a real Banach space and F : E — E is a contraction mapping, then
F has a unique fixed point in E.

Lemma 2.4 (Leray—Schauder alternative theorem [61]) Let U be a normed linear space
and F : U — U be a completely continuous operator (i.e., a map that restricted to any

bounded set in U is compact). Let
&(F) = {x celU:x=kF(x),0<k< 1},
then either the set ¢(F) is unbounded, or F has at least one fixed point.

For the convenient statements, we introduce the notation as follows: ¢y = a, t,,,1 = T,
Iy(t) = Jo(t) = 0. Let C[a, T] be the Banach space of all continuous functions from [a, T] —

R with the norm [||| = sup,¢(, 7} |0(?)]. For 1 < y <2, we define

PCy[a,T] = {w: o(t) € C(t, tk+1],RLHDZ:1w(t,;),RLHDtyk_lw(t,ﬁ) all exist

and satify RLHDZ(_Iw(t,:) = RLHDZ](_Iw(tk),k =0,1,2,...,m}.

Obviously, PC, [a, T] is a Banach space equipped with the norm [w|lpc, = [@(¢)]c. The
space X = PCyla, T'] x PCgla, T] equipped with the norm ||(, v)|| = max{||u|lpc,, [vIlec, }

is also a Banach space.

Definition 2.3 A pair of functions (u(t), v(t)) € X = PCqy[a, T] x PCgla, T] is called to be
a solution of (1.1) if (u(z), v(2)) satisfy all the equations and boundary value conditions of

system (1.1).

Lemma 2.5 Assume that the functions e,g € Cla, T)) and Iy € C(R,R). If § = cI'(a) —
(In %)“‘1 # 0, then, for given v(t) € PCgla, T1, a function u(t) € PCyla, T] is a solution of

the impulsive Hadamard fractional differential equation

renDg [u(t) — wlj (6 u(@), v(t)] = gt u(6), v(8), 1<a<2,
RLHDg(ilu(t/:) - RLHDz(ilu(t/;) = Ik(u(tk)), k=1,2,...,m, (21)

¢ renD ' ula) = u(T),
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if and only if u(t) € Cla, TN PCyla, T] is a solution of the integral equation

a-1 k
u(t) =H]f]‘(g(t, u(t), v(t)) + H]f]‘(e(t, u(t), v(t)) +c* <ln —) + F?a) [Ii(u(ti))
=1

L

a-1
+ 1l &t u(t), V(&) + 1}, e(ti u(t:), V()] (111 i) y e (total, (2.2)

where k=0,1,2,...,m, A = {?iigflt}]] and

(ln %)a—l m

1
o = 5 (H]gng(T,u(T), W(T)) + uJg., e(T,u(T), v(T)) + T ;[Ii(u(ti))

+ 1l g (to u(t), V() + ul,,_ e(ti u(t), V(ti))]>.

Proof When ¢ € [a,t1] = [to, t1], applying the Hadamard fractional integral operator on
both sides of the first equation in (2.1), that is,

g run D [1(8) — T e(t, u(®),v(0) ] = g (¢ u(t), v(r)),

we have

a-1 o2
u(t) = uJ; g (&, u(t), v(6)) + ulf et u(e), v(t)) + 1 (ln ;) +d; <ln ti) , (2.3)
0

0

where ¢; and d; are some constants. In the light of the existence of u(a), we have d; = 0.

In view of Lemmas 2.1-2.2, we obtain

renDy u(t) = renDfy g (6 u(®), V(D)) + runD5 g e(t u(t), v(2))

¢ a-1
+ clHD‘t’;‘l (ln t_)
0

= 1) & (&, u(t), v(2)) + 1l et u(®), v(t)) + e1 T (). (2.4)
(2.4) gives that
renDf tulto) = e I (@). (2.5)

According to (2.3) and (2.4), we get
renDy u(87) = uly g (b, u(tr), v(tr)) + ul e(t, u(t), v(t)) + i T () (2.6)

and

a—1
u(t) = i g (&, ut), v(6) + ulge(t, u®), v(t)) + a1 <ln %) ,  te[tot]. (2.7)
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When ¢ € (£1, t,], there are similar to have

a-1 o2
u(t) = W g (£ (), V(D) + % et u(t), V(D) + ¢ (m f) +dy <ln ti) . @8)

1 1

where ¢; and d, are some constants. In the light of the existence of RLHD‘;‘I’lu(tl+ ), we have
d> =0, and

RLHD‘;llilu(tIr) = CzF(O{). (29)
It follows from (2.6), (2.9), and the second equation of (2.1) that

(11 (w(t1)) + ] g (11, u(tr), v(t1)) + wjs e(ta, u(tr), v(tr)) ] (2.10)

C—C =

1
I'(a)
and

¢ a—1
u(t) = uJ} g (8, u(t), v(8)) + 1} et u(t), v(t)) + ¢ (ln t—) , te(tybl] (2.11)
1
Repeating the above calculation process, for t € (, tk1], k = 1,2,..., m, we obtain

Cro1 = &k = —— [ (w(t)) + uly_ & (b utn), V&) + uyy_ e(t u(ta), vitr))] (2.12)

F()

and

a-1
u(t) = H];‘;g(t,u(t),v(t)) + H];‘;e(t,u(t),v(t)) + Ca1 (ln i) , te(tob].  (213)

From (2.12) and (2.13), we have

Cme1 = €1 = Z u(t)) + nly,_ 8t ulte), v(te))
k:
+ 1l e(ti u(t), vt))] (2.14)

and

M(T) = u(tm+1) = H]an(T; M(T)r V(T)) + H]tof,ne(T1 M(T): V(T)>

T a-1
+ Cpsl lnt— . (2.15)

m

In the light of (2.5), (2.14), (2.15), and the third equation of (2.1), we have

(ln T )a—l m

= %(z{];‘;g(T,u(T),V(T)) +ulg e(T,u(T),(T)) + ﬁ ;[Ii(u(ti))

+ 1l &t wlt), V() + u)), e(t u(t), V(ti))]> : (2.16)
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Thus, for k=1,2,...,m, we have

a-1
u(t) =uli g (t,u(®),v(0)) + uf e(t, ult), v(t)) + &1 (m é)

1 k

+ m ;[Ii(lfi(ti)) + H/tll.flg(ti, M(ti)rV(ti))
a-1
" H]tlf-le(ti’ u(ti), V(ti))] (hl ;) , e (o bl (2.17)
73

Conversely, if u(t) satisfies (2.2), it is easy to verify u(t) satisfying (2.1). The proof is
complete. g

Similarly, we obtain the following lemma.
Lemma 2.6 Assume that the functions f,h € Cla, T] and Jy € CR,R). If p £ dI"(B) —

(In %)ﬁ‘l #0, then, for given u(t) € PC,la, T1, a function v(t) € PCgla, T] is a solution of
the impulsive Hadamard fractional differential equation

RLHDY, [V(E) = il f (6 u(®), V(£)] = h(t, u(e), v(®)), 1<p<2,
renDly V(g — Dy V) = k), k=1,2,...,m, (2.18)
d - nDi 'v(@) =(T)

ifand only if v(t) € Cla, T N PCgla, T] is a solution of the integral equation

p-1
W(t) = Tl h(t, (), V() + L (6 u(0), V(D) + d* (m i)
Lk

k
' F(Aﬁ) > i)+l e e vie)
£\
* H]tli_lf(ti’ u(ti), V(tl))] (hl g) ’ te (tk; tk+1]’ (2.19)
wherek =0,1,2,...,m, A = {?iZE?IHT]] and
1 B 8 (In tl)ﬂ—l m
a=2 wlo (T, u(T), (D)) + wJl f (T, u(T),v(T)) + e 3 [i(vie)
i=1

+ H]tll;1 h(ti, u(t:), v(t)) + H]tl,.flf(fi, u(t;), V(fi))]>-

3 Main results

In this section, we shall employ Lemmas 2.3 and 2.4 to prove the existence of solutions
to system (1.1). In the light of Lemmas 2.5 and 2.6, we define the operator S: X = PC, x
PCg — X by

S, v)(2) = (S1(u, v)(8), S2(u, v)(2)) L Y(u,v)e X,tela,T], (3.1)

Page 7 of 18
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where

S1(u,v)(t) = H]f/‘(g(t, u(t), v(t)) + g(e(t, u(t), v(t))

it (mi)a_l + A i[[»(u(t')) +ul} g(t u(t), v(t:))
F(C() — i i H. tHg i i) i

tx y

a-1
t
+ H]tliile(th u(ti)’ V(tl))] (ln t_> ) te (tk’ tk+1]’0 < k <m,
k
and

S2(6,9)(®) = 1t ule), v(t)) + T f (& u(®), v(©))

A .
d* — i i t h i i)s i
R (mt) * g V) + e )

k i

B-1
+ H]tli_lf(ti: l/l(ti), V(tl))] (ln ;) , L€ (tkr tk+1]r 0= k =m.
k

Solving system (1.1) is equivalent to finding the fixed point of the operator S defined by

(3.1). Now we present and prove our main results.

Theorem 3.1 If the following conditions (Hy)—(Hs) hold, then the Hadamard impulsive
fractional differential coupled system (1.1) has a pair of unique solutions (u*(t),v*(t)) €
PC, x PCg.
(Hy) Letef,g,heCla,T), Itr, s € CR,R), k=1,2,...,m. For u;,v; € R (i = 1,2), there
exist some positive constants M;, M;,N;,Ni(i =1,2), Pr,and Qy (k = 1,2,...,m) such
that

|g(t, uy,v1) —elt, U, vz)| < M;iluy — us| + Malvy — va,
le(t, u1,v1) — g(t, 2, v2)| < Ni|uy — tz| + Navy = v,
f (&, u1,v1) = f (£, 12, v2) | < Miuy — uz| + My vy —val,
|h(t, u1,v1) — (£, 2, v2)| < Nilug — uz| + Naofvy — v,
[Ix(u1) = Ie(v1)| < Prluy —vil,

Ui@1) = k()| < Qelwa —vil, k=1,2...,m.

(Hy) 8§ 2clM(a) - (In %)0“1 >0,p2dIr(B)-(In %)’3‘1 > 0.
(H3)

KAM1+M2+N1+N2( T)a

I'(@) -

a

[1500%) i (00) i)
X|1+={In— + In— +—
s\ a L)\ a I ()

m a-1 a-1
+ Zi:l P <1n z) |:1 + <ln z) ] <1,
I (c) a a

Page 8 of 18
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QAM1+M2+N1+N2( T)ﬂ

l _
r'(p) !

a
[0 rm(nd) i)
X|1+—{In— +——(In— +—
o\ a pl'(B)\ a rp)
m oA B-1 B-1
+ZilQl<an) |:1+(an) ]<1.
rp) a a

Proof Now, we apply the Banach contraction principle to prove that S : X — X defined by

(3.1) has a unique fixed point. We shall show that S is a contraction. In fact, from (3.1) and
conditions (H,)—(H,), for t € J = [a, T], (u1,v1), (42, v2) € X, we have

|S1 (1, v1)(8) = S1 (142, v2) (B)]

= | [g(tm (), v1(8) — (& ua(0), va (D) ] + wT; [e(t, w1 (), v1 (D)) — e(t, ua(£), 2 (2)) ]

+ §|:H]gn [g(T: MI(T)’VI(T)) _g(T; MZ(T))VZ(T))] +H]gn [e(T;ul(T))Vl(T))

(1n T )ot—l m

—e(T, uz(T),Vz(T))] + I't'rga) Z([ (w1 (8)) = I (ua (i ))]

i=1

+ 1y, [8(t ua (8), vi(8)) — g (8, ua (), va(8:)) ]

a-1
+ 1l [e(t ur (), v1(8)) — e(ti ua (&), va(t: ))])} (1n i)

173

k

* @ > ([E:(wr @) = Li(wa(@)) ] + 1L [g (8 w1 (&), va (@) — g (8 w1 (&), v (82)) ]
i=1

a—1
v ) [eltn (6,1 (8) — et ws(e), valt ))])(m 5)

< g |g(6ua(6), vi(®)) — g (&, ua(8), va(®) | + T e(t, ur (), v1 (0)) — (8, ua(2), va(2)) |

- % [H/;fﬂ lg(T, ur(T),vi(T)) = (T, ua(T), va(T)) | + ., |e(T> ur (T), v1(T))

( T)a 1 m
—e(T, (1), va(D) |+ =105 Z |2 (11 (@)

=1

—Li(ua(t)| +H]t g (i ur(8), vi(8)) — g (i ua(8), va()) |

173

o-1
+uly |e(t ua(8),vi(8:)) — e(ti ua(8:), va(t; ))])} (m i)

1k
' I () Z(Ui(ul(m) —Ii(ua(8))] + H]tli_l

i=1

g (8, ur(t:), va(t)) — (i ur (8), va () |

a-1
+ul) | |e(t ur(8),vi(8)) — e(ti ua(t:), va(8)) ) (ln é) |

< g [My|ua(8) = ua(0)| + M [v1 (2) = ma(8) ]
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+y Z([N1|M1(t) = ()] + No[vi(6) = v2(0)|]

+ % |:H]Z” [M1]ur(T) = us(T)| + Ma|vi(T) = va(T)|] + wJg,, [N1|ua(T) — ua(T)|

o—-1

)

+ H]tli_l [ My |1 (8) = ua(8)] + Ma|vi (&) — va(8)|]

(nL)
(o

+N2’V1(T) —Vz(T)H +

(Pi|ur (8) — ua (&)
- ; |1 2(8)]

a-1
+ H]tli_l [N1|u1(8) — ua(8:)| + Na|ni(8:) - V2(ti)|]):| (111 5)

K

k
F(la) Z(H‘!M(h) —u(6)] + H]t];vil [M1 ] (8) = ua(8)| + Ma|vi(8) = va(2)] ]
i-1

+

t a-1
+ H]tlH (N1 |1 (8:) — ua(8)| + No[[va(8:) — va(8)]]) (ln t_>
k
< Wi [Millu - uallpc, + Mallvi = vallpc, ]
+ 1l [N lluy — uallec, + Nallvi = vallpcy |
1 o o
*3 L [Mylluy = uallpc, + Mallvi = vallee, | + 17 [N llur = uallpc,

(lnl)a—l m
—2— " (Pillws - wallvc, + w),, [Millun — o

o« ti1 1 1 21[PCqy
F((X) i=1

+Na[lvi —vallec, | +

t a-1
+ My||v1 = vallecy | + 1l [N1llr = ualpc, + Nallv — V2||Pc,g]):| <1H t_>
k

1
I'(a)

+

K
1
(Pillur = uallec, + iy, [Malluy — uallec, + Mallvi = vallpcy ]
i=1

) t a-1
+ 1, N1 lluy — uallpc, + Na[llvi = vallec, ]) | In .

t a-1
1 t ds
E(M1+M2+N1+N2)||(M1—u2,V1—V2)||m 111; "
Ik

1 1 [T/ T\“‘ds
+ = (M1+M2+N1+N2)||(u1—u2,v1—vz)||— In — —
8 I'«) J,, s s

(ln % )a—l m

a3 (P - -

i=1

+ (My + My + Ny + No) || (w1 — 1z, v1 = vo)|

1 ti . £\*! 1 k
“T@ f)} (n5) + F (Pl - -

i=1

1 L ds £\*!
+(M1+M2+N1+N2)||(u1—u2,vl—vz)||m . lna
t

i-1
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M + My +N; + N T\”
<— ;(a)l 2<1H;> |1 = g, vy = vs) |

MMy N N (TN )
5 (@) p 1— U V1=V

(In Lyo-1 /7 My +My+Ny+Ny T T\
—a P; In — — Uy, Vi — In—
+ @) Z + @) n p H (1 — tg, vy V2)|| (n a)

i=1

k a-1
1 Ml +M2 +N1 +N2 T T
+ m( E P+ @) In ;) <ln ;) H (U1 — ug, vy — V2)||

i=1

{M1+M2+N1+N2( T)"‘[ 1( T)‘H 1 < T)"“l 1 }
< In — 1+—-(In— + In — + —
I'(x) a 8 a 8T () a I'(x)

mop T\ \*"!
) o) o

=K ||(u1 — Up, V1 — vz)”. (3.2)

Similarly, we derive

|2 (01, v1)(8) = S2(t42, v2) (1) |
{M1+A_42+N1+ﬁ2< T)ﬂ[ 1( T)ﬁ-l 1 < T)ﬂ-l 1 ]
< In — 1+—(In— + In — + —
rp) a p\ a pI'(B)\  a rp)

m ) B-1 A1
D) o) T

= 0|(u1 =z, v1 =) |. (3.3)

According to (H3), (3.2), and (3.3), we get

”S(Mh v1) = S(uz,v2) H = max{ “51(M1» v1) = S1(ua, v2) H

PC,’ So(u1,v1) - 52(”2’V2)||Pcﬂ}

< max{, o} (u1,v1) | < || (1, 11)|. (3.4)

Therefore, (3.4) means that S : X — X defined by (3.1) is a contraction. According to
Lemma 2.3, S has a unique fixed point (z*(£), v*(£)) € X, which is a pair of unique solu-
tions of system (1.1). The proof of Theorem 3.1 is completed. O

Theorem 3.2 Let e,f,g,h € Cla, T]), I, Jr € C(R,R), k = 1,2,...,m. Assume that there
exist some positive constants Ly, Ly, Ly, Ly, Ok, and Oy (k = 1,2,...,m) such that
(Ha) le(t,u,v)| < L, |g(t,u,v)| < Lo, [f(t,u,v)| < Ly, |h(t,u,v)| < Ly, k()| < Ok and
Ji()| <Ok (k=1,2,...,m) forall t € (a, T), u,v € R.
If (H,) and (Hy) hold, then the Hadamard impulsive fractional differential coupled system
(1.1) has at least a pair of solutions (u*(t), v*(t)).

Proof Define the operator S: X — X as (3.1). In order to apply the Leray—Schauder alter-
native theorem, we need first to prove that S is completely continuous. Indeed, in view of

the continuities of e, g, f, &, It, and Ji, it is easy to know that T is continuous.
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Now we show that the operator S is uniformly bounded. Let r > 0, B, = {(4,v) €
X, |(u,v)|| < r} be any bounded subset of X. For all (u,v) € B,, t € [a, T], it follows from
(H,4) that

|51, v)(2)|

= | /i g(t,u(0), v(2)) + uiie(t, u(t), v(2)) + % (Hlf‘mg(T,u(T),v(T))

(ln T )ot—l m

+ ) e(T,u(T),(T)) + I?Za) Z[L‘(M(ti)) + 1l &t ults), v(t))

i=1

A k

t a—1
+ H],fli_le(ti: u(t;), V(ti))]) <1ﬂ a) + @ Z[Ii(u(ti))

i=1

a-1
+ 1l &t ult), V(&) + 1), e(ti u(t), V()] <ln i)

<y |g(6u(e), v(©)| + w5 |e(t, u(®), v(e)) | + % (Hff; |g(T, u(T),W(T))|

(11‘1 l)a—l m

Z[|Ii(u(fi)) |+ ml) | |g(t u(t), v(s)]

i=1

+ e |e(T,u(T),W(T))| + @

1 k

a-1
L e{tu(e), v(e) |]) (n5) g 2ttt

alds ln_alm

@ Z[O"

i=1

+ 1y, |g (8 u(ts), v(e) | + uly,_ |e(t u(t), v(t:)) (ln—)
SL1+L2 t<lnf)“‘1§+1 L1+L2 <ln )
I(e) Jy s s I'(o) s
L1 +L2 L ds t a-l 1 k L1 +L2 L ds t a-l
Sl ?D(l“ﬁ) @ 21O T . Sl 3)
L1+L2/T< T)“"l ds 1<L1+L2/T( T)“‘l ds
< In — —+ = In — —
r'a) J, a s 8\ ') J, a S
(In Lyt [ Li+Ly (T ds 7\
) [;Oi* rar |5 (%)
1 | & Li+Ly, [T ds T\*!
+W{;O"+ r@ J, ?}(1“2)
L1+L2( T)“[ 1( T)“1 1 ( T)"‘l 1 }
=——|In— 1+—-{In— + In— +
I'(x) a 8 a 8T () a I'(x)
m a-1 a-1
y ZinPi (1n Z) [1 + (ln Z) ] LA, (3.5)
I'(x) a a
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Similarly, we have

Z1+Z2 T B 1 T p-1 1 T B-1
sou B Y [ 2(e) o)
Zl IO

1
5
B-1 T B-1
r' ) (n2> [“(ln_) }éB'

a

From (3.5) and (3.6), we know that S is uniformly bounded

Next, we show that the operator S is equicontinuous. In fact, for any 11,7, € [2, T], 71 <
Ty, To — 71 is small enough such that 71, 75 € [, tki1], K =0,1,2

,...,m, we have

|1(, v)(12) = S1 (s, v)(71) |

H/tkg(fzf u(t2), V(1)) — H]Z(g(fl, u(ty), (1))

+ nlge(ta, u(t2), V(w2)) — g et u(n), v(n))

T a-1 T a-1 k
+c*|:<ln—2) - <ln—1) ]
tr L

) M(t) + H]t lg(tu M(t) V(t ))
l=1

a-1 a-1
i) et ult), (t))][(ln%) _(1n E) ]
k

1

w2 a-1 d 1 7] a-1 d
= ‘Ta) /tk (ln %) g(s,u(s), v(s)) ?S T /;k <ln%> g(s,u(s), v(s)) ?S

1 2 Ty a-l ds 1 a 71
+m 5 <ln?> e(s, u(s), v(s)) (

ol ds
In ?> e(s, u(s), v(s)) .
i 7 a-1 7 a1 A k
+cC [(lng) —<lna> ]+ ZI,»

a-1 a-1
+H],:1iile(ti: u(ti),v(ti))][(ln %) - (ln E) ]
k
- 1 Tl 11'2 ot 1T1 ot (), v(6) ds Tzl‘rz ot
ratl, [(02) -(03) Jetuonon e [7(n)
7] a-1 a-1
X |g(s, u(s),v(s))| ? + /tk [<ln TS—Z) - (ln %) ]\e(s, u(s),v(s))| ?
+ /12 (ln 2>a1|e(s u(s) V(s))i é} + |c*| |:<1n E)al - (ln E)al]
u S ’ ’ s tr tr
- 1

_ |g(ti7 u(t;), V(fi)) | + H][Ii_l |€(fn u(t;), v(t;)) |]
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o 5 \* 7 \*' ds ©/ o\ ds
+L2/ In— —({In— —+L2/ In—= .
% s s s o s s
a-1 a-1 m t
" Ty 1 1 Ly m s
dellm) -(3) g [Z o) S

i=1

L tm s n\*! o\
F(i) /; ?] |:(ln t_Z) - (lnt—;) i| — 0, ast— 1. (3.7)

We similarly get

+

’Sz(u, v)(12) — Sa(u, v)(r1)| —-0, ast — T (3.8)

(3.7) and (3.8) mean that S is equicontinuous. By the Ascoli—Arzeld theorem, we know
that S is completely continuous.

Finally, we prove that the set &(S) = {(&,v) € X|(u,v) = AS(,v),0 < A < 1} is bounded. Let
(u,v) € &(S), then (i, v) = AS(u,v), for any ¢ € [a, T], we have

u®) = AS1 (w,v)(E),  v(t) = ASa(u,v)(®).
For t € (tx, k1], k = 0,1,2,...,m, it follows from (3.5) and (3.6) that

|u(t)| = |AS1(w,v)(8)] = A[S1(w, V)()| < AA (3.9)
and

[v(®)| = [AS2(, v)(8)] = A|S2(, v)(£)| < AB. (3.10)

(3.9) and (3.10) implicate that £(S) is bounded for any ¢ € [, T]. In view of Lemma 2.4, the
operator S defined by (3.1) has at least one fixed point. Hence, the Hadamard impulsive
fractional differential coupled system (1.1) has at least a pair of solutions (x*(£), v*(¢)). The
proof is completed. 0

4 lllustrative examples
Consider the nonlinear Hadamard fractional integro-differential coupled system with im-
pulses as follows:

wuiDR [0) = ] elt, uld) VO] = g6, u® D), te=[Lelt#n =1,
RLHDL%([V(t) - H]if(t; u(@®), v(t)] = h(t, u(t),v()), te]=[lel,t#t1=73,

wnDE u(t) - D) = I (ulty)), (1)
RLHD{%‘1 v(t]) - RLHD[%‘1 v(ty) =1 (v(t1)),

3HD1% u(1) = u(e), 4HD{l* v(1) = v(e).

2.3 s —t( 3 5
Case 1 Take g(¢,u,v) = %, e(t,u,v) = %,f(t, u,v) = W, h(t,u,v) =

sinucosvaresint , (yy) = ’f—;,]l(v) = ’;—;. Obviously, e,g,f, € C[1,el, I1,/1 € C(R,R). By the sim-

ple calculation, we have

\g(t,u1,v1) — g(t, 1z, vo)| < i|bl1 —up| + i|V1 - 1l,
~ 90 60

Page 14 0of 18
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|e(tu V1) —e(t,u v)|<1|u M|+1|V v
y U1, V1 y U2, V2 _501 2 50 1 21

1 1
f (&, u1,v1) = f (£, w2, v2) | < %Vﬁ —Up| + %Wl - Val,

1 1
(6 u1,v1) = h(t, uz, vo)| < —luy — up| + 1—0|V1 -val,

— 10
1 1
|11 (1) — e(ur)| < §|M1 - Usl, VACAEIACIIES g|V1 - Val,
thatlS Ml—%,Mz—é,Nl—Nz—SiM SLM %N N :%O,Pl—Ql—%.Thus,
we obtain

T a-1 T B-1
d=cl(a)- <ln t_) ~1.8147 > 0, p=dl(B)- <ln t_> ~2.7069 > 0,
1 1

M1+M2+N1+N2( T)"‘[ 1( T)‘“ 1 ( T)‘“ 1 ]
= In— 1+—-{In— + In — + —
I'(a) 1) a 8T () a I'(a)
El”( ) [ <1n_) ] 07038 <1,
I'(x)

M1+M2+N1+N2< Z)ﬁ[“_( ) 1 (lnz>’“+ 1 }
- I'(B) a re\" a I(B)
-1
+Z“Q’( T> [ 1n> }~0.7379<1.

r)

Therefore, conditions (H;)—(H3) of Theorem 3.1 hold. Then (4.1) has a pair of unique
solutions (u*(¢), v*(t)) € PC% [1,e] x PCg [1,e].

Case 2 Take e(t,u,v) = g(t,u,v) = f(t,u,v) = h(t,u,v) = sin /3t + e arctan(tuv),
I (1) = arccosu?, 1(v) = ﬁ Obviously, e,g,f,h € C[l,e], I,/ € C(R,R). Ie(t u,v)| =
lg(t,u,v)| = |f(t, u,v)| = |h(t, u,v)| = | sin/3¢ + e’ arctan(tuv)| < T+ 1+ 5 =m + 1,
|I1 ()| = |arccos u?| <7, |Ji(v)| = | +V2| < 1. Thus, conditions (H;) and (H4) hold Accord-
ing to Theorem 3.2, we know that (4.1) has at least a pair of solutions (u*(¢), v*(¢)).

5 Conclusions

In describing some phenomena and processes of many fields such as physics, chemistry,
aerodynamics, electrodynamics of a complex medium, polymer rheology, capacitor the-
ory, electrical circuits, biology, control theory, fitting of experimental data, and so on, the
fractional differential equation is better and more accurate than the integer-order differ-
ential equations. Therefore, the study of fractional differential equations has attracted the
eyes of many scholars. Good papers involving the dynamics of the fractional differential
equation are emerging in large numbers. However, it was noticed that most of these works
are based on Riemann-Liouville and Caputo fractional derivatives. In fact, another kind of
fractional derivatives was introduced by Hadamard in 1892. It differs from the aforemen-
tioned derivatives in the sense that the kernel of the integral in the definition contains a
logarithmic function of arbitrary exponent. Relatively speaking, this fractional differential
equation with Hadamard derivatives is still studied less than that of Riemann-Liouville
and Caputo. So it is worth studying the Hadamard fractional differential equations. In this
paper, we consider the boundary value problem for a class of fractional integro-differential
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coupled systems with Hadamard fractional calculus and impulses. By means of the Banach
contraction principle and Leray—Schauder alternative theorem, some new sufficient cri-
teria are established to guarantee the existence and uniqueness of solutions.
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