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1 Introduction

In the studies of electrorheological fluids, nonlinear elasticity, and image restoration in
practical applications, the classical Lebesgue and Sobolev spaces are inapplicable; see [1—
3]. Such problems are inhomogeneous and nonlinear with variable exponential growth
conditions. So we need to study the problems based on the theory of variable exponent
Lebesgue and Sobolev spaces.

Since Kovacik and Rékosnik first studied the L”® spaces and W*?™®) spaces in [4], a lot of
research has been done concerning these kinds of variable exponent spaces. The existence
of solutions for p(x)-Laplacian Dirichlet problems on bounded domains has been widely
discussed. For example, in [5] and [6], some results as regards the existence of solutions
under some conditions are obtained.

The nonlinear elliptic boundary value problems appear when we study the conformal
deformations on Riemannian manifolds with boundary. The study of nonlinear elliptic
boundary value problems with p-Laplacian has become an interesting topic in recent
years. Many results have been obtained on this kind of problems; see [7-9]. In the frac-
tional Laplacian setting, the existence of solutions for the problem has been obtained; see
[10-14].

But at present there are few papers on the study of nonlinear elliptic boundary value
problems with p(x)-Laplacian. So this topic is worth further discussing.

In this paper, we consider the problem

div(a(x), Vi) + [ulPD2u = f(x, u) + h(@x) P @2u, xe 2,

alx,Vu) - v(x) = b(x,u), x€0s2,

(1.1)
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where £2 C RY is a bounded domain with smooth boundary, p(x) is Lipschitz continuous

and satisfies 1 < p; < p(x) < ps <N, p*(x) = AI,Vf’ISX). We assume that a: 2 x RN — R is

a Carathéodory function and we have the continuous derivative with respect to 1 of a

function A : 2 x R¥ — R. Suppose that 2 and A satisfy the following hypotheses:
(A1) For Vx € £2, the equality A(x,0) = 0 holds.
(A2) There exists a positive constant cg such that

|a(x,n)| < co(1 + [nP@)

for all x € 2 and n e RN,
(A3) Forallx € 22 and 1y, 1, € RY, the following inequality holds:

0 < [a(x,m) — a(xn2)] - (m1 — ma),

where equality holds if and only if n; = 3.
(A4) Forall x € £2 and n € RV, the inequalities

InP® < a(x,n) - n < p(x)Ax,n)

hold true.
(A5) Forall x € £2 and n € RV, the equality A(x, —1) = A(x, n) holds true.
The above type of assumptions can be found in other papers too; for example, see [15,
16]. But in [16], the authors establish the existence of a solution for an elliptic problem
with Dirichlet boundary conditions, and in [15], the authors consider the subcritical case.
In the present paper, the problem involves not only the critical Sobolev exponents, but also
the nonlinear boundary conditions. Because of the critical exponents, the compactness of
the embedding fails, so to recover the loss of the compactness, we use the concentration
compactness principle in [17].
Throughout this paper, we assume that the following conditions hold:
(F1) f € C(2 x R), f(x,0) =0 and |[f(x,2)| < Ci(1 + |t|*@1), a; € C(2) with p(x) «
a1(x) K p*(x),and F(x,£) > 0 in £29 X R for some nonempty open set §2p C §2, where
C, is a positive constant.

(F1) feC xR), |f(x,1)] < Ci(1 + [(]1W1), oy € C(R2) with 1 < a;(x) < p(x) and
F(x,2) >0in £2p x R for some nonempty open set £2op C £2.

(F2) f(x,t) = —f(x,—t) for any (x,£) € 2 x R.

(F3) For any (x,t) € 22 x R, there exists a function j;(x) € C!(x) such that 1, (x) > p(x)

and 0 < u; (x)F(x,t) <f(x,t)t, where F(x,t) = fotf(x,s) ds.

(F4) f(x,t) = o(|t[?*®1) hold uniformly for any x € £2, as t — 0.

(B1) b e C(£2xR),b(x,0)=0and |b(x,t)| < Ca|t|2W-1, oy € C(2) with p(x) < aa(x) K

p«(x), and B(x, £) > 0in 92 x R, where C, is a positive constant and p,(x) = (1;[\['_113{;()’6 ).

(B1) b e C(2 x R), |b(x,t)] < Co(1 + [£]2®1), ay € C(2) with p(x) < ez () < p (%)

and B(x,#) >0in 082 x R.

(B2) b(x,t) = —b(x,—t) for any (x,t) € 2 x R.

(B3) Forany (x,t) € 32 x R, there exists a function p,(x) € C'(x) such that wy(x) > p(x)

and 0 < uy(x)B(x, t) < b(x, t)t, where B(x, t) = fot b(x,s)ds.

(H1) For any x € £2, there exists /11 > 0 such that /(x) > /; and h(x) € L>(£2).
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2 Preliminaries
We first recall some facts on spaces L7 and W*»®), For details see [4, 18, 19].
Let P(£2) be the set of all Lebesgue measurable functions p : 2 — [1, 00], we denote

’

Pp(x) (14) =/ |u|p(") dx + sup |u(x)
2\ 200

X€Rx0

where 24 = {x € 2 : p(x) = 00}.
The variable exponent Lebesgue space L7 (£2) is the class of all functions « such that

Ppix) (1) < 00, for some ¢ > 0. LP¥(£2) is a Banach space equipped with the norm

. u
llll oy = 1nf{k > O:pp(x)<x> < 1},

For any p € P(£2), we define the conjugate function p’(x) as

0, xe€f2,={xe2:pkx)=1},
) =11, X € oo,

F e 2\ (21U 200).

Theorem 2.1 Let p € P(2). For any u € I’(2) and v € [P @ (),

f vl de < 20l 0 V] -
2
For any p € P(£2), we denote
p1 = inf p(x), p2 = supp(x),
xe xe

and we denote by p(x) < g(x) the fact that inf,c o (g(x) — p(x)) > 0.

Theorem 2.2 Let p € P(£2) with p, < 0c. For any u € L’™($2), we have

; 4 12
1) if Nl oo = 1, then ullly < [o 1™ dx < [Jull}3;

(2) if llull e < 1, then ||u||’£f,(x) </ |ulP® dx < ||”||i;(x)'

The variable exponent Sobolev space W' (£2) is the class of all functions u € LP™)(£2)
such that |Vu| € LW (). W™ (£2) is a Banach space equipped with the norm

el wrpe = Nl e + 11Vl o

For u € W®W(2), if we define
ulP® 4 |V y|p®)
el = inf t>0:/ [l IVl e <1,
o tpx)
then || - [l and || - || 1t are equivalent norms on W™ (£2). In fact, we have

1
Ellullwl,pm < Mzl < 202l yape -

Page 3 of 21
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Theorem 2.3 For any u € W*®(2), we have
Q) if lull > 1, then |ullP* < [o(IVulP® + |uP®) dx < |[lu]]|?2;
() if llull < 1, then ||ul”> < f9(|VU|p(x) + [u]P®) dix < [|lu||Pr.

Theorem 2.4 Let §2 be a bounded domain with the cone property. If p € C(82) satisfying
1< p1 £ px) < py <N and q is a measurable function defined on 2 with

px) < qx) K p*(x), aexes,
then the embedding W™ (2) — L1%)(82) is compact.

Theorem 2.5 Let §2 be a domain with the cone property. If p is Lipschitz continuous and
satisfies 1 < p1 < p(x) < pa <N, q is a measurable function defined on $2 with

px) <qlx) <p*(x), aexef,
then the embedding W' (82) < L1%(82) is continuous.

Theorem 2.6 Let 2 C RN be an open bounded domain with Lipschitz boundary. Suppose
that p € C(22) and 1 < p1 < p(x) < p» < N. If g € C(dR2) satisfies the condition

1 <qx) <p.(x), VYxe€df,
then the boundary trace embedding W'*™W(2) — L1%)(382) is compact.

In the proof of the main results, we will use the following principle of concentration
compactness in W'#®)(§2), established in [17].

Theorem 2.7 Assume that p is Lipschitz continuous on 2 and satisfies 1 < p; < p(x) <
p2 <N, and 2 is a bounded domain in RN. Let {u,} C W"P®(Q2) with | Vu,| pw < 1 such
that

u, — u weakly in WP (),

Vi, PY — . weak-* in M($2),

lu " > v weak-x in M(2),
as n — 0. Denote

C, = sup{/ [l @ dx: | V|| pw < 1,u € Wl'p(")(Q)}.
2

Then the limit measures are of the form

= |VulP® e s+ 1, w(2) <1,
el

v=|ulf® 4 Z Vjby;s v(R)<C,,
jeJ
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where ] is a countable set, {j1;}, {v;} C [0,00), {x;} C 2,71 € M(R2) is a non-atomic nonneg-

ative measure. The atoms and the regular part satisfy the generalized Sobolev inequality

V() <C, max{M(S_Z)P’E/Pl, w(Q2)yPi'r },
2/ 1 (2.1)
= Comauf ), e,

where p} = infieo p* (%), p5 = sup, o p*(x).

3 Existence of solutions for the problems
Set

Au) = /QA(x, Vu)dx,
K(u) = /QF(x, u)dx,
L(u) = /asz B(x, u) dx,

I(u) = A(u) +/

L P oy M P gy — _
Qp(x)|u| x /Qp*(x)|u| x — K(u) — L(u).

We say that u € W?¥(£2) is a weak solution of p(x)-Laplacian problem (1.1), if, for any
ve Wi (),

(F(u),v):f a(x,Vu)Vvdx+f |u|1"(")’2uvdx—/ h(x)|ul” 92 uy dx
2 2 2
—/f(x,u)vdx—/ b(x,u)vdS =0.
2 a2

So next we need only to consider the existence of nontrivial critical points of I(u).

Lemma 3.1 ([16], Lemma 1) The functional A is well-defined on W'?%)(82), and for all
u,ve Whre,

(A/(u),v>=f a(x, Vu)Vvdx.
2

Lemma 3.2 ([5], Lemma 2.9) Suppose that f satisfies (F1) or (151). Then K (u) is weakly
continuous.

Lemma 3.3 ([5], Theorem 2.10) Suppose that f satisfies (F1) or (F1). Then K(u) is differ-
entiable on W%, and, for all u,v € W»®,

(K’(u),v):/f(x,u)vdx.
f?)

In the same way, the function L leads to a conclusion similar to Lemma 3.2 and
Lemma 3.3.
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Lemma 3.4 ([20], Theorem 4.1) The mapping a is an operator of type S, that is, if u, — u
weakly in W'*W(2) and

lim sup/ a(x, Vu) - (Vu, — Vu)dx <0, (3.1)
n— o0 Q

then u,, — u strongly in W*¥(Q2).

Theorem 3.1 Assume hypotheses (F1), (F3), (F4), (B1), (B3) and (H1) are fulfilled. Then
there exists M > 0 such that, whenever h(x) < M, the problem has a nontrivial solution.

Proof (1) There exists r > 0 such that inf{I(x) : ||u|| = r,u € W"*®(2)} > ¢
From (F1), (F4) and (B1) we have

|F(x,u)| < elufP™ + Cle) ul”®

|Bx, u)| < Cp—— |u|*2®@

1
o (x)

Next, from (A4),

1 h(x) ¥
= | A(x, d P g @ g
I(u) /Q (x, V) x+/gp(x)|u| x+/gp*(x) u

_Lp(x,u)dx—/mB(x,u)dx

1 p(x) L px) _ h(x) p(x
>/p<x>' M e

/(£|u|” + C(e)|ulP" ™) dx - f C2 | 2@ gg

9062

>—/ |VuP® dx+—/ |u|1”>dx——f |ul?"

* C
_/ 8|u|l’(x) +C(e)|ul? (x)dx_/ _2|u|012(x) ds.
2 202 a(x)

Lete < ; , we get

1) > /(' ul™ +|”' —Cluf? (x)dx—/ 22|y gs. (3.2)
a5 2(x)

As a(x), p(x) are continuous on £2, there exists 8, > 0 such that |a;(x) — as(y)| < & and
|p(x) —p(y)| < e forany & € (0,1) whenever |x—y| < §;. Take x € £2, for any y € Bs, () (x) N 2,

we have
pO) <px)+e
and

as(y) > aa(x) —e.

Page 6 of 21
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As p(x) < ay(x), take ¢ = i inf, (a2 (x) — p(x)), we have

a(x) — & — (p(x) + 5) > % inj(ag(x) —p(x)) >0,

xef2

then
pW) <px) + & < ax(x) — e <aa(y),
and further

pr= sup p(y)<ay = inf (aa()).
y€Bs, (x) y€Bs; (%)

In the same manner, we get

a;. = sup ox(x)<pr = inf p*(x).
yeBs, (%) y€Bs; (%)

{Bs, (x),x € 22} is an open covering of £2. Since £2 is compact, we can pick a finite sub-
covering {B,gi(x,v)}f:1 for 22 from the covering {Bs, (x),x € £} such that Ule B, (x;) D £2.

Denote §; = min{§;,i = 1,2,...,k}, we can use all the hypercubes whose length of the side

is % to divide the entire space RV, then Uf;l Bs;(x;) N £2 is divided by finite open regions

{£2;}, which mutually have no common points, and 2 = [ J", £2;. Then

p; = inf <p] =supp(x) <ay; = inf ay(x) < p™ = inf p*(x). (3.3)
xe2;

xe2; xeﬁi x€2;
By Theorems 2.5 and 2.6, we know that there exist c4,¢5 > 1 such that
letll o ;) < callulle; llotll o2 92y < eslllell 2,

wherei=1,2,...,m.
Take |[|u]l| < [max(cs,cs)] 7}, then [|u]lo, < [max(cs, c5)]™! and

Nl oy <1 etz <1,

then we have

Vi [P®) p(x) . C
/(—' i ("))dx—/ 2|2 ds
2 2ps 952 ()

m m
VulP® 4 [P®) . C
:Z/ (M—CWVU (x)dx_Z/ —2|u|°‘2(x)dS
' Ja 2p> = Jog, a2(x)
m 1 + o —
N i (o 2%
> (2— laellies, — Cllzeli, — C|||u|||:§;).
i1 NP2
Let
1 + *— _
= — i P — 2, .
140 i - Ci - Ct* (34)

- 2p>

By (3.3), there exists 0 < ¢; < 1 such that g(¢) is positive and increasing for any ¢ € (0, £;].
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Take # = min{¢;,i = 1,2,...,m}. Since [|ul| < >, llullg,, when ||u]| = r < &, there ex-

ists j such that ;- < llulle, <r<t, then

Vu|P® p(x) . C,
I(u) > / (M —Clul? (x)> dx — f lu |<¥2 %) S
I?) 2p a2 oa(x)
2

|||u||| = Cllu |||Q —Clllulll
r p; 1 r p;fi_plfr ai}'_p;
>\ — —-C| — -C
m 2ps m
r v} 1 r a5 r P
— —-C| — -Cl— .
m 2po m m

S

v

_ 1 ry\
we have I(x) > ¢, where ¢ = 4p2 )T

(2) There exists e € W?®(£2) such that |||e|| > r, then we have I(e) < 0.
From (F1) and (F3), we have

F(x,u) > Clu["1®)

for any (x,£) € £20 x R.
Next from (A1) and (A2), for any x € £2,

! 1
A(x,Vu) = /0 a(x, tVu)dt < c0<|Vu| + ﬁWulp )

and

I(M)S/CO|Vu|dx+/ ﬁw ulP® +_|u|p ) dac / (96)| P
2

—/ C|u|’”(")dx—/ B(x, u) dx.
fo) FYe)

Pick xy € £29. As 1, p is continuous on 2, there exists 0 < 2R < 1 such that

Pro = Sup plx) < pup, = xeg;f( p1(x) < iy = sup (3.5)

x€Bap(x0) o) x€Bap(x0)

for Byr(xo) C £2¢. Let ¢ € C3°(Bar(xp)) such that ¢ = 1 for any x € Byg(xp), 0 < ¢ < 1 and
V| < % Then, for s > 1,

1(s¢>)5/ COSIV¢>|dx+/ 0 \vs 1P +—|s¢|P dx — /Clsqﬁl’“(")dx
7 2 px) p(x)

‘o € k) i P9

= sdx+/ — s’
R JByr(x0) Bop(xo) P1RI*0 p1

Page 8 of 21
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/ Cspanny (D161 dix
Bor(xo)

C 1
/ sdx+/ ( 22 )spx)dx
Bag(x0) Byrlxg) \P1R#0 191
f CSMIx0|¢|M(x)
Bar(x0)
Co

5/ SP(x)(C_OSI—p(x) + - 1 CSMle —p(x) dx,
Bar(xo) R P1RP>0 Pl

IA
%|o

— Cfy [p|41®) gy
_ 2R (%0)
where C = Bor(x0)]

As ¢ =1 for any x € Bygr(xo), fBzR(xo) |6]"1® dx > 0, thus C > 0.
As p(x) > 1, if s is sufficiently large, then s'”®) < 1. Thus

I(s¢)§/ s"’()(c0 i i— P fx
Bar(x0) R piR Pl

- f #9(C - 0P gy,
Bar(xo)

Because 1, — P2y, > 0, when s is sufficiently large, we have [[s¢|| > r and I(s¢) < 0.

(3) The functional I satisfies the (PS) condition (i.e. any sequence {u,,} C W'?¥(£2) with
I(u,) < cand I'(u,) — O as i — oo in W17/ possesses a convergent subsequence).

(i) First, we show that the (PS) sequence {u,} C W'"® is bounded.

Note that p(x) is Lipschitz continuous, then there exists a Lipschitz continuous function
v(x) such that p(x) < v(x) < p*(x) and

V1= lnf v(x) < supv(x) = vy. (3.6)
xef2

Take
v(x) = p(x) + min{ inf (111(%) - p()), inf (12(%) - p()), inf (p" (%) - p(x)) }
we obtain

() - <1’<un), %>

/(—a(x, Vu,)Vu, — 1 —a(x, Vu,)Vu, + a(x,
v(x) ( )

" - . P dx — < ! ) ()
+/.q<p(x> V(x>)'””' a- . S v @ dx
Fls ) o f ) d B, 1) — —— b )ity ) S
/Q( X, Uy (x)f X, Uy un) x—/39< X, Uy (x) X, Uy btn>

1 1 X €3 Uy
z L(@ - @)(Wuﬂp( D+ g P )) dx+/gu(x,Vu,,)WVv(x) dx

1
_ P
+/Q<v(x> P ))h(x)'””'

Page 9 of 21
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3
= [ (9, 1) /| P

Vapa

cM
i / |u,,| 1+ |V 1,y [P~ l)dx,

where [} = infye {v(x) — p(x)}, b = infreo p*(x) — v(x)|, M = sup,.o | VV(x)].
By the Young inequality, we have

p(x)—l oW
Iunlde/s — |, |P™) e; 7 dx
/9 ) plx) !

<4 |u,,| )+ Clen). (3.7)

p1

2
. vipih M
Take &1 = min{1, =221} such that <ML < 4
2¢coMvap3 vip1 2vop2

By the Young inequality, we have

1-p2

£
/|Vu,,|”(x)_1|u,,|dx§82/ |Vu,,|1’(")dx+ 2 /|un|p(x)dx.
Q 2 P Je

Take &> = min{1 } such that ©@Me2 < L
1

7 2¢ Mvzpz — 2wpy”

By the Young inequality again, we have

p(x) P -px) 5%
/ |un|p = *( )| nlp W(‘)g dx

& *
< P25 / 4l dx + Cles).
P Je

. hilpv? coMpae, P2
Take &3 = min{1, %} such that ”;2* < 5. Then
2c0Mvaplpae; T2 vip1p} V2P2

() - <1’(un>, %>

l bh "
> /(|Vun|P<">+|un|P<x>)dx+ 2 1*/ | dx - C
2vop2 Jo 2vaps Jo

I
> [ (1T ¢ ) -
2vapr Jo
As
p(x) p(x)
U,V u
LLC DN A / U <1,
2 V(x)”un”bn(x) 2 ||un||Lp(7C)
b oy <wlpe o
we have || 22w < —, - Since
1 u, Vv(x) M
wV—| =12 < Dl
V() || ot V(%) ppw vy
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we have
U 1 Vu
HV . = ‘ U,V——+ .
V() || o) vix) V() || pw
1
< Sl ppw + —5— et ll i,
Vi Vi
SO
Uy, Uy, H Uy
<|— +
V() || s V|| V() || pw

||”n||u¢(x) M+ vy
< + ——— ltunllwrres < Cllatallyrpe,

151 141
. ||’4VIHW1,p(x)
where C is constant. Moreover, —— = lulll = 2llunllyrpe, we have
u u 4C
- ’ <2|—= <—,
v(x) Vv lwiew el

when 7 is sufficiently large, we obtain

11 ll
C+ Clluyl| > —— f IV @ + |14, [P™)) dx > lzg, 1171
2vapr Jo 2vyp,

By the Young inequality, we have

e
zenlll < — Mz 1Pt + C(e).
P1

Take & = ~22L guch that

4vopa C
L L
C+ (e 7 = o 1P,
4<V2p2 2V2p2

then {u,} ¢ W@ (£2) is bounded.

(i) Next, we show that the (PS) sequence {u,} C W™ (£2) possesses a convergent sub-
sequence.

We know that {u,,} is bounded. As W™ (£2) is reflexive, passing to a subsequence (still
denoted by {u,}), we may assume that there exists u € W?®(£2) such that u,, — u weakly
in WY@ and u,, — u a.e. on £2.

From the definition of (PS) sequence, we obtain lim,,_, oo (I'(&1,,), u,, — ut) = 0, i.e.

n—00

i _ p(x)-2 _
lim |:/;2 a(x,Vu,)(Vu, Vu)dx+/;2|u,,| u,(u, — u)dx
~ [ s~ [ Ho 2, -

I?) I?)

- b(x, u,) (1, — u) dx] =0.
a0

Page 11 of 21
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As p(x) < p*(x), the embedding W*® — [7®)(£2) is compact, so u, — u strongly in
LP%(§2). Hence when n — oo,

/ |t 10 (1 — ) | < || PO7 |y Nty — ll i) — O
2 LP-1(2)
From Theorems 2.1 and 2.4,
‘/ f(x’ un)(un - Lt) dax < “f(x: un)” aj (%) ”un - u”LOtl(x) — 0.
R Lo1@)-1 ()

From Theorems 2.1 and 2.6,

|f b(x, u,)(u, —u)dx
2

<2/b@un)| ww Nty — sl g = O.
Lotz(x)—l )

@

If we could verify that u, — u strongly in L”"®(£2), we can obtain

/ h(x)|uy |p*(x)—2(un —u)dx| < ZHh(x)”Loo(_Q) || |22, |p*(x)—1 || p* &) |2z, — u”Lp*(x) — 0.
2 LPFW-1 ()

Therefore, lim,,_, o, fQ a(x, Vu,)dx = 0,by Lemma 3.4, a isa S, type operator, then u,, — u
strongly in L") (£2). O

Next, in order to complete Theorem 3.1, we prove the following lemma.

Lemma 3.5 Let the assumptions of Theorem 3.1 be satisfied. If the (PS) sequence {u,} C
Wlr&)(2) is bounded, then there exists M > 0 such that whenever h(x) < M, u, — u
strongly in LV (£2).

Proof As u, — u strongly in L7¥(£2), there exists subsequence (still denoted by {u,}),
u, — u a.e. on £2. Note that {u,} C W'?W(£2) is bounded, by Borel measure theory, we
may assume that

Vi, P — . weak-* in M(£2),
|u,,|1’*(") — v weak-* in M(£2).

M(£2) is the space of finite nonnegative Borel measures on £2.

From the principle of concentration compactness,
w=Vul® + 3 sy +
jel
v=|uf® Z Vibs;»

jel

where J is a countable set, {x;,j € J} C 2, {vj} C [0, +00), 8x; is a measure concentrating

upon x;, wisa nonnegative non-atomic measure.
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a. First, we show that u({x;}) = v({x;}) =0 foranyj e /.

As £2 is compact, so we only need to verify, for any x € £2, there exists ry > 0 such that
n(fx}) = v({w;}) = 0 for x; € 2N B, (x).

Note that p(x) is Lipschitz continuous and p(x) < p*(x), there exists ry > 0 such that

pr= sup p@)<py; = _inf p*@).
yERNBy (x) YEQNBy, (x)

For any ¢ > 0, let ¢, € C5°(B2.(x;)) such that ¢ =1 for any x € By.(%j), 0 < ¢, < 1 and
|Vée| < 2. Note that

/ 4 PP i < / 4, P dix,
2 2

/ |V () [Pl = / Vit - + Ve - 1" dx
2 2

< [ 27097+ 196 P .
2

Since u,, € W% (2), {u,, ¢, } is bounded on W*®)(2), we have (I’ (), unpe) — 0 as n —
o¢0. Note that

(It 1) = / ax, Vity)V(ttncpe) i+ f 4P, dl — / H@) il O, dix
2 2 2
—/f(x,un)unqbsdx—/ b(x, u,)u, ¢ dx

2 982
> / a, Vi, )V -t dx + / |V, [P e dic + / |24, [P N b, dx
2 2 2

_ / ) il i~ / £ th)itnhe e — f b, 0n)itnss dx.
2 2 082

Since |f(x, u,)| < C1(1 + 24, |"@71), |f (%, ) 1t,] < C1(1 + |14,|1@). So there exists § > 0

such that, for mE < §,

/f(x; Up) e dx < C”l + |un|a1(x) ” rr®)
E L91®) (F) L 1™ (E)

From the Vitali theorem, [, f(x, u)unpe dx — [, f(x, u)ue, dx. In the same way, [, , b(x,
Un)Ubne dx — [ o b(x, u)ug, dx. Then

lim / a(x,Vu,) - u, - Vo, dx
I?)

n— 00

< f be dpt / P, dpu + / H()s dv
22 2 2

—/f(x, u)udp, dx—/ b(x, u)ugp, dx,
17 a0
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lim
n—00

/ alx,Vu,) - u, - Vo, dx
2

n—00

< lim '] co(L+ |Vun|1"(")’1) Uy - Ve dx
2

< lim CO/ u, Vo dx + lim Co/ Vit P9 10,V | dix.
n— o0 0 n— 00 0

Note that u,, — u strongly in LP® (B, (x;)), thus, as 1 — 00, | V@ -ty || jpwy —> | Ve - el i -
Then

lim / Vit P9 14, Vepe | dx < lim sup / Vi, [P 14,V e | dx
n— o0 Q n—o0 0
. -1
<2 lim sup [Vt "7 | o e Vel oo

= ClllueV el o -

Note that

fg (V@eul™ die < 2 1V6e P2 | 2y g ) |14 |29, 005, 0

and

(.

Py
/ (1Y) 5 i = / VeI dx < 2N oy,
B2s(~x/') BZs(xj)

From absolute continuity of the integral, we have | B

*

JC)
xj)ng(|”|p(x)) @ dx — 0, then |||u -

Vel pe — 0 as & — 0. Therefore

/ Ve - uy,
By (xj)ﬂ.Q

Similarly, we can also obtain

dx — 0.

/ flx, u)up, dx
17}

5/ [f(x,u)u|dx—> 0,
Bzg(xj)ﬂﬂ

/ b(x, u)ug, dx
FYe)

f lulP® ¢, dx
2

< / |b(x, u)u| dx — 0,
Boe (xj)NS2

5/ ||u|p(")’dx—>0.
Bae ()82

Thus
0 < —u({x}) + M) v (x)).

Similarly, by the principle of concentration compactness

Px

v < C, max{u] ,/L].p; }
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Denote & = sup,. o, i(x). For any j € J, we have u; < ,v;. Suppose there exists j, € J such

Pt
that uj, = iy > 0.1If uj, = 1, then vj, < C, (k1)) P , and further

e+ _
Py

_Px
—1 Px *+_—
o =[G R

If ujy < 1, then

+

1 o
. - x| px-P.
UJOE[C*hZ ]xx'

Note that [, [u,[""* dx is bounded and [, |, [P dx — [ 1dv =v(2) as n— o0, s0

vy = V({xj}) < () < co. Since p; < pi < pi~ < pi*, there exists M > 0 such that, for
hZ =< M;

B g

v(2) < [Cly 7 |7,

H+ _
Py

_Px
(@) <[ty ]

which is a contradiction. So there exists M > 0 such that, for (x) < M, v; = 0, u; = 0, where
anyje/.

b. Next, we show that u#,, — u strongly in Lp*(x) (£2) as n — o0. From the discussion above,
we know if i(x) <M, then v = [u?"®@. Thus

/|un|p*(x)dx—>/ ldv:/ |u”" %) .
fo) 2 fo)

As |u, — u|P*(") < 273 (|uy, |17("> + |u|1’*(")), by the Fatou lemma, we have

f 25 " dy = / fim inf (275 24, 7" + 27, [P0 — [1g, — u?™) e
2

0 n—00

n—00

. . * * * * (.
< lim 1nf/ (2P2|un|p (x) + 202 |u, P (%) _ |ty — ul? x))
Q
521’3“/ |u?”*® dx — lim sup/ |ty — ul? @ dx,
Q n—0o0 0

then 1im,_, o sup [, [, — ul?”" ¥ dx = 0, and further [, [u, — ul”"® dx — 0. So u, — u
strongly in LZ"¥(£2) as n — oc. O

4 Multiple solutions for the problems

First, let us introduce some notation. Let O(N) be the group of orthogonal linear trans-
formations in RV, and G be a subgroup of O(N). For x # 0, we denote the cardinality
of G, = {gx: g € G} by |G,| and set |G| = inf,.q ;o |Gx|- An open subset £2 of RN is G-
invariant if g§2 = 2 forany g € G.

Definition 4.1 Let £2 be a G-invariant open subset of RN, The action of G on W?®(2)
is defined gu(x) = u(g~'x) for any u € W?®(£2). The subspace of invariant functions is
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defined by
Wé’p(x)(.Q) = {u e W@ () :gu=u,foranyg e G}.
A functional ¢ : W™ (£2) — R is G-invariant if p o g = ¢ forany g € G.

If the space X is a separable and reflexive Banach space, there exist {e,}5°; C X and
°° } C X* such that

1 ifn=m,

0 ifn#m,

fn(em) = 8n,m =

and
X =spanfe,:n=1,2,...}, X* =3spanff,:n=1,2,...}.

For k=1,2,... we denote
k 00
Xy = span{er}, Y= @X'; Zy = @XJ'
j=1 j=1

In order to obtain the multiple solutions for the equation, we need the following hy-
potheses.

Let £2 be a G-invariant subset of RV, p(x) is Lipschitz continuous and G-invariant, and
it satisfies 1 < p; < p(x) < ps < N. We have:

(E5) f(gx,t) =f(x,t) foranyge G,x € 2,t e R.

(B5) b(gx,t) =b(x,t)foranyge G,x e 2, t e R.

(A6) A(x,Vgu) =A(x,Vu) forany g€ G, x € £2.

In the following, denote G = O(N). It is immediate that I(x) € C}(X,R) is G-invariant.
Then, by the principle of symmetric criticality, we know that u is a critical point of I if
and only if u is a critical point of | Wt Therefore, it suffices to prove the existence of a

sequence of critical points for I on Wg” ),
In the following, we prove the existence of a sequence of critical points for I by the
fountain theorem, and we take X = Wé’p (x)(.Q).

Lemma 4.1 ([21], Lemma 3.3) Foranyx € $2, denote yr; = SUP,ez, ljull=1 f_Q |ul?”® dx, then
limg_s 00 Yi = 0.

Lemma 4.2 If a(x) € C(2), a(x) > 1 and a(x) < p.(x) for any x € 2, denote y; =
SUP,cz, tlull=1 Joo ||*®) dx, then limy_ o0 yi = 0.

Proof Because 0 < yxi1 < ¥k, ¥k — ¥ > 0, there exists u; € Z; such that [||u ||| = 1 and
*(x) 1
0<wyx— [ |lml’ ™ dx<-.
Q k

As Wé’p (x)(.Q) is reflexive, passing to a subsequence (still denoted by {u}), we may assume
that there exists u € We"® (£2) such that u; — u weakly in W™ (82). For any f;, € {fy, n =
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2,...}, we have f,,(ux) = 0 when m < k, then limg_, o f;,,(ttx) = f,n (1) = 0. So for any m € N,
fiu(u) = 0, which implies that u# = 0, and further u; — 0 weakly in Wé’p (x)(ﬂ). According to
Theorem 2.6, the embedding W'?W(2) — L*¥(d§2) is compact, so u; — 0 strongly in
LY@ (342), that is, k|l Lo (5. 2) = 0. Thus yx — 0 as k — oo. O

Theorem 4.1 Assume hypotheses (F1), (F2), (F3) and (F5) or (F1), (F2), (F5), (B1), (B2),
(B3), (B5) and (H1) are fulfilled, p(x) is a Lipschitz continuous function on 2 and G-
invariant. Then there exists M > 0 such that, whenever h(x) < M, the problem has a se-
quence of weak solutions {u,} such that I(u,) — 00, as n — 00.

The theorem will be verified by the fountain theorem in three steps.

Proof (1) For every k € N, there exists yx > 0, such that infy,c 7, jjuj =y, [(#) = 00 as k — oo.
From (Fl) and (El)

1
|Hmwsc(w+ vmm>
ai(x)

1
B@Mﬂf@<w+ w”@)
(%)

then

1 1
Im)z——/|vmﬂ@+mwwdx—/iq<myf |mmw>dx
P2 le Q o (%)
1 h «
—/ Cz(lu|+ |u|°‘2(x)) dx—/ i |ul”"® d
22 (%) o P*)
By the Young inequalities
1 @, p*(x) -1 1 ()
|u|dx< ——|u |” dx < [ul? ¥dx+ C,
r(x) ) e p*x)
f a1 / 0@ e  PE) () dxf/ a@® W gt C,
*(%) p*x) gwm

1 -1
/|mm§/ ——WWW+@EL—M§/ [ Wdx+C,
a0 2952 2(x) as(x) 2 a2(x)

then

1
Iwnr—/|wmw+mm@m_c/
p2Je

2

Iulp*(")dx—C/ |24]%2%) g —
a0
Denote

= sup / |M|p dx, Wi = sup / |u|012(x) dx.
2

ueZpollufl=1 ueZp|lull=1J9

As (%) < pi(x), so by Lemma 4.2 and Lemma 4.1, we obtain w; — 0 and S — 0 as
k — oo. Take

o, = sup as(x), P> =supp*(x).
xef2 xes2
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Then, for ||| > 1, we have
1 pl p* a+
1) = —lull”* = Clllwlli”> B = Cllll|*> wox = C.
P2
From the Young inequality

al Ol; V2
lzell®2 < = Nuell”2 + C,
2

then

1 %
I(u) = —[lull”* = C(Br + wi)llull”> - C.
P2
Next, we consider the following equation:
1 p
— P — C(Br + wi)t2 = 0. (4.2)
2]72

Let # be the solution of (4.2),

1
; |: 1 i|p’2“—p1
k=l )
2p2C(Br + wy)
tr — 00 as k — 00. We choose yi = ty, thus, for |||u||| = yx, kK — o0, we have
I(u) > Ly,fl - C— oo.
2]]2
(2) For all k € N, there exists px > yx such that max,ey;,jjujj=p, {(#) < 0 as k — oo, where

Vi is given by (1).
From (4.1), we have

1 h *
I(u) 5/ co|Vu|dx+/ C—O|Vu|p(") + ——[uf® dx—/ =) lul?” ™ dx
2 2 p(x) p(x) o P*(%)

_Lp(x,u)dx—/mB(x,u)dS

C 1 h *
5/ co|Vu|dx+/ —0|Vu|p(x)+—|u|p(x)dx—/ —i|u|p ®) dx
2 o P b1 QP

2
1
+/ C1(|u|+
Q a1 X

By the Young inequality

)|u|°‘1(")) dx.

" ) =1 =k "
/ Iuldxff il |u|? (")+&sfﬂ” ® dx 581/ [ul”" W dx + C(ey),
7] 2 p*(x) p*x) 2
1

* - T 0% ()
/Wlal(x)dxs‘/ gzal(x)|u|p*(x)+p (%) al(x)glaq(x)—p ® dx
Q e P pr(x)

582/ |u|1’*(x)dx+C(82).
2
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— i h1 o C182 s
We choose &1 = min{1, m}, &y = mln{l, 4c ik L1, then Cie; < W o < a5 Thus

max{co, 1
I(u)f/ co|Vu|dx+¥/ |V 2P 4| 1P @) @ dx + C.
2 P 2

2 JR2

As p(x), p*(x) are continuous on £2, and p(x) < p*(x). Similarly to Theorem 3.1 we can
get hypercubes {£2;}””, which mutually have no common points and 2 = | J!", ;. On £2;,

pi = sup p(x) <p;” = inf p*(x), (4-3)
xe2; xe;

then

m m
max{co, 1
I(u) < E co|Vuldx + max{co, 1} E | Vi@ 4 |y
2; pP1 2;
i=1 i i-1 i

dx + C.

2P211

Since p(x) > 1, from the continuous embedding L’™¥(£2) — L(£2), there exists C > 0
such that

IVallr ey = ClIVull e o) = 2C|Iull2;-

Because Y is a finite dimensional space, |[|«||| and | u||,, are equivalent. Thus, for any
i€ {1:27---:”'1}1 ”|M”|.Ql >1,

m
max{co,l} h -
I(u) < E <2c0C|||u|||9L. " —lu ||| D u [;zl- ) +C
92)

i=1
Let

max{cg, 1} o ﬂt -

g,'(t) = 2COCt — -
ph 2p;

Due to (4.3), there exist M; > 0, g;(t) negative and monotone decreasing for any ¢ €
[M;, +00), and g;(£) — —o0 as t — oo. Denote ty = max{1,M;,i =1,2,...,m}, when ¢ > £,
we have gi(t) <Oforje{i=1,2,...,m}.

Foranyie{1,2,...,m}, llulle, = to when ||u|| o, sufficiently large. It is easy to check that
I(u) < 0. So when |||u|| is large enough, we can find that |||«|| o, is sufficiently large for any
i€{1,2,...,m}. Thus I(u) < 0 when ||u||l = px > V«.

(3) The functional I satisfies the (PS) condition.

If the function f(x) satisfies (F1), (F2), (F3) and (F5), the proof is similar to (3) of Theo-
rem 3.1. We only need to change the space W2 to W™

If the function f(x) satisfies (Fl), (F2) and (F5), we choose

V@) = p) + min{ inf (u2() - p@), inf (5" (@) - p() }
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in the proof of (3) of Theorem 3.1. Then
Hut) = (1' (),
v(x)

Z/ (La(x,Vun)Vun— 1 —a(x, Vu,)Vu, +alx,Vu,) —— Vv(x)) x
2 \p) v(x) ()

1 1 p(x) < 1 1 )
+/_Q<p(x) v(x))'unl dx — / P @ (o) |1 |2
- ./ <F(x, Un) = Lf(x’ ul’l)”n) dx

2 v(x)
>

[ 1
> lfwmmﬂmmmi/@mm——ﬂmmawc.
2vapy Jo @ v(x)

From (4.1) and (?1), we obtain

Immeh%>

1
/IVunlp + 1P dx — /Cl<|un|+—|un|“1("))dx
2V2P2 o1 (%)
G 1
- — |y | )dx—
/<(x) v(x)
nC +C
- lfwwmﬂmmwﬂLLJ/mm
2vap2 " o
oy +V1/| o) g
oV

where o] = sup,., a1(x), o] =infyep o1 (x).

Since o (x) < p(x), by the Young inequality, we have

— aq(x)
/ |14, dlx </ 8051_(x)|un|p(x) + Mgul(a})—p(x) dx
e o p&) plx)

N
< —18/ |y @ dx + C(e). (4.4)
pP1 Jae
n (3.7) and (4.4), we choose
&1 = min{ 1

11V1P1 }

) { hipiviay }
- -2 4 ¢ =min{1
4v,pr(v1Cy + C1)

4vaprai (o +v1) |
Then

/
I(u,) - <I (1), e )>> 4vlp / V14, [P 4 |, P9 e —
202

Similarly to (3) of Theorem 3.1, we find that {u,} is bounded. By Lemma 3.5, we find that
the functional I satisfies the (PS) condition.

From the fountain theorem, the proof of Theorem 4.1 follows immediately from (1), (2)
and (3). O

Page 20 of 21
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