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1 Introduction and main results

Solutions of Hamiltonian systems are very important in applications. In recent years, the
existence and multiplicity of solutions for Hamiltonian systems via critical point theory
have been studied by many authors (see [2, 5-10, 12-22]). In particular, by means of criti-
cal point theory, the least action principle, and the minimax method, the existence and
multiplicity of periodic solutions for second-order Hamiltonian systems with periodic
boundary conditions were extensively studied in the cases where the gradient of the non-
linearity is bounded sublinearly and linearly, and many interesting results are given in [5,
9, 10, 13-19, 22]. In this paper, we discuss the existence and multiplicity of solutions for
the following second-order Hamiltonian systems satisfying generalized periodic bound-
ary value conditions:

—x" —Bi(t)x =V, V(t,x), a.e.te0,1],
x(1) = Mx(0), x'(1) = Nx'(0),

(1.1)

where Bi(f) € L*([0,1], Ly(R")) = {B(t) = (Bj)uxnlbx(t) = byi(t),t € [0,1],by(t) €
L>([0,1])} with v3(B;) # 0, M,N € GL(n) = {A = (@jt)uxnlaix € Rand det(4) # 0}, and
MNT = I, where I, is the unit matrix of order 1, and V,V(t,x) denotes the gradient of
V (¢, %) for x € R”. We suppose that V : [0,1] x R” — R satisfies the following condition:
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(A) V(¢,x) is measurable in ¢ for every x € R” and continuously differentiable in x for
a.e. t € [0,1]. Moreover, there exist a(x) € C(R*,R*) and b(t) € L1([0, 1], R*) such
that

|V(t,x)| < a(|x|)b(t) and |VxV(t,x)| Sa(|x|)h(t)
for allx € R” and a.e. t € [0, 1], where R* = [0, +00).

Note thatif M = N = I,, and B, () = 0, then vj (0) # 0 via (2.5) in the next section. There-
fore the periodic solution problem

-x"=V,V(t,x) ae.tel0,1],
x(1) —x(0) =x'(1) —x'(0) =0,

(1.2)

is a particular case of (1.1).
Now we use the index (i5,(B), v3;(B)) € Z x N defined in [6, 7] (see the next section) for
all B € L*°([0,1], L;(R")) to reach our main results.
Theorem 1.1 Assume that V(t,x) is convex in x for a.e. t € [0, 1] and satisfies (A) and
(A1) i5,(B1) =0;
(Az)

1
/ V(t,x)dt — +00  as ||x|| = oo,x € Z°(B;) = ker(A - By);
0

(As) there exists By € L*([0,1], L(R")) such that By > By, v3(By) # 0, and i,(By) =
i5,(B1) + v3,(B1), and there exists y (t) € L'([0, 1], R*) such that

V(e < 5 (Bt~ Bi)x) + (0

forallx e R" and a.e. t € [0,1], and
1
meas{t e [o, 1]‘V(t,x) - 5((Bz(t) — By(8))x,x) —> —00 as [|X]| — oo} >0,

where x =% + % and % € Z°(Bs).
Then problem (1.1) has at least one solution in Z = {x € H'([0,1], R")|x(1) = Mx(0)}.

Theorem 1.2 Assume that V(t,x) satisfies (A), (A1), and
(Ag) thereexistf,g € L'([0,1], R") with vi,(By +f()I,) = 0 and i,(B1 +f(£)1,) = i5,(B1) +
vy (B1) such that

[V V(&,x)| <f(@)lx] +g(2)
forallx e R" and a.e. t € [0,1];

(As) there exists a function u(t) € L'([0,1],R*) with inf,efo17 n(2) > 0 such that V (t,x) —
%u(t)|x|2 is convex in x for a.e. t € [0,1].
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Then problem (1.1) has at least one solution with saddle character in Z (i.e., the solution is
a saddle point).
Assume in addition that
(Ag) there exist r >0, Boi, Bz € L*([0, 1], L(R")) such that By > Bor > By and v;;(By;) #
0 (i=1,2), &,(Bo) = &;(Bo1) + v3,(Bo1), and for all ||x|| <r,

(B~ Bi0)5) < Vie2) = 3 ((Bod)~ By (0)x,%)

fora.e.te€[0,1].
Then problem (1.1) has at least three distinct solutions in Z.

Theorem 1.3 Assume that V(t,x) satisfies (A), (A1), and
(A}) there exist a € [0,1), and f € L*([0,1],R"), and g € L'([0,1],R*) such that

’VxV(t,x)’ <f@)|x|* +g()

forallx e R" and a.e. t € [0,1];
(A7) there exists co > 0 large enough such that

1
lim inf ||| ~2* / V(t,x)dt > co (1.3)
[lf| =00 0
or
1
lim sup ||x||’2“/ V(t,x)dt < —cg (1.4)
llxl—o00 0

for x € Z°(B,) = ker(A - By).
Then problem (1.1) has at least one solution in Z.
Assume in addition that
(Ag) there exist € > 0, r > 0, Bo1,Bop € L™([0,1], L(R")) such that By, > Bo1 > By and
v (Boi) #0 (i = 1,2), 8,(Bo2) = &3,(Bo1) + vi;(Bo1), and for all ||x|| <r,

%((Gln + Bol(t) —Bl(t))x,x) < V(t,x)

fora.e. t € [0,1], whereas for all x € R",

V(t,x) < %((Boz(t) - By(t))%,x)

fora.e.t€[0,1].
Then problem (1.1) has at least two distinct solutions in Z.

Theorem 1.4 Assume that V (¢, x) satisfies (A), (A}), (A7), and
(A)) 5(B1) 70,

Then problem (1.1) has at least one solution in Z.
Assume in addition that
(Ag) V(t,x) is an even function in x for a.e. t € [0,1];
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(Ag) there exist € >0, r >0, By € L*([0, 1], L;(R")) such that By > By and vy (B,) # 0,
i5,(B2) > i5,,(B1) + vi,(B1), and for all ||x|| <,

V(t,x) - V(t0) > %((dn + By(t) - By (1)), %)

fora.e.t€[0,1].
Then problem (1.1) has at least i(By) — i3,(B1) — v3,(B1) pairs of solutions in Z.

We give the proofs in Sect. 3, and now we return to some discussions on problem (1.2).

Corollary 1.5 Assume that V(t,x) is convex in x for a.e. t € [0, 1] and satisfies (A) and the
following conditions:

(Hy)
1
/ V(t,x)dt — +00 as |x| - co,x € R";
0

(Hy) there exists y(t) € LY([0, 1], R*) such that

(2m)?
2

V(tx) < lx* + v (©)

forallx e R" and a.e. t € [0,1], and

(277)2 2
measi t € [0, 1]’V(t,x) - T|x| — —ocoas |x| > oo > 0.

Then problem (1.2) has at least one solution in H} = {x € H*([0, 1], R")|x(1) — x(0) = 0}.

Remark 1.6 For the interval [0, T] considered in second-order HS satisfying periodic
boundary value conditions, if 7' = 1, then Corollary 1.5 reduces to Theorem 3.2 in [17].
By Remark 1.4 and Remark 3.2 in [17] we can see that Corollary 1.5 generalizes Theo-
rem 3.5 in [10] and the corresponding theorem in [13] as T' = 1.

Corollary 1.7 Assume that V(t,x) satisfies (A), (As), and
(Hz) there exist f,g € L*([0,1],R*) with 0 < f(t) < 472 such that

VLV (t,0)]| <f(@)1x] +g(8) (1.5)
forallx e R" and a.e. t € [0,1].
Then problem (1.2) has at least one solution with saddle character in H.
Assume in addition that
(Ha) there exist § >0 and k € N\ {0} such that, for all |x| <8,

2k |xf? < Vit %) < 2((k + 1)) |2

fora.e.te[0,1].
Then problem (1.2) has at least three distinct solutions in H.
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Remark 1.8 As T =1, in Theorem 2.2 of [18], assume that V (¢, x) satisfies (A), (Hs), and

(Hz;) there exist f,g € L1([0,1],R*) with folf(t) dt < 12 such that (1.5) holds;

(As1) there exists a function u(¢) € L*([0,1],R*) with fol u(t)dt > 0 such that V(¢,-) is

(t)-monotone.
Then the conclusion of Corollary 1.7 is also true.

On one hand, by Remark 1.7 in [17] we know that the u(t)-monotonicity of V(¢,-) is
equivalent to the convexity of V(¢,-) — %M(t). Since inf;ejo ) u(t) >0 = fol wu(t)dt > 0, this
shows that (As) = (As).

On the other hand, for f € L!([0,1],R*), we have folf(t) dt <12 0 < f(t) < 472 and
0 < f() < 4> # [ f(£)dt < 12. Indeed, if £(£) = {:’2’ E‘ii; then [}f(t)dt = 1 and
(@) = 4n? for x € [0, 7515 if 12 < f(£) < 4%, then folf(t) dt>12. So Corollary 1.7 is a new
result and in a sense a development of Theorem 2.2 in [18].

Next, we give some examples of a potential function V'(¢,x) satisfying the assumptions
of Corollary 1.7. Let u(¢) = 22 for all £ € [0,1], and let

3wl + 272 x| - 72, fx] > 1,

V(tyx) =
22«2, lx] <1,

for all x € R". Clearly, assumptions (A), (Hs), (Ha) hold, and F(x) = V(¢,x) — % w(t)|x|? is

convex in x because

F(x) =g(h(x))

is convex, which follows from the facts that

is convex and increasing and
hix) = |x|, xeR"
is convex. Thus V satisfies the conditions of Corollary 1.7. Similarly, we can see that

Vit w2(1 +sint)|x)? + 2m2(1 + sint)|x| — w2(1 +sint), |x|>1,
yX) =
272(1 + sint)|x|?, x| <1,

also satisfies the conditions of Corollary 1.7.

Corollary 1.9 Assume that V(t,x) satisfies (A), (A}), and
(Hs) there exists ¢y > 0 large enough such that

1
llirln inf ||~ / V(t,x)dt > ¢ (1.6)
X|—> 00 0
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or
1
lim sup |x| 2 / V(t,x)dt < —co (1.7)
|x]— 00 0
forx e R".

Then problem (1.2) has at least one solution in Hy.
Assume in addition that
(Hy) there exist € >0, r >0, and k € N\ {0} such that

1
5(6 +(2km)?) x> < V(t,%)
forall |x| <randa.e.t€l0,1], and

V(t,x) < (2(k + 1)71)2|x|2

N =

forallx e R" and a.e. t € [0,1].
Then problem (1.2) has at least two distinct solutions in Hy.

Remark1.10 As T =1, in Theorems 1-3 of [14] assume that V'(¢, x) satisfies (A), (H}), and
(A}) there exist @ € [0,1) and f,g € L*([0, 1], R*) such that

|VxV(t,x)’ <f@®|x|* +g(t)

for allx € R" and a.e. t € [0, 1];
(Hs1)

1
|x|_2“/ V(t,x)dt — +00 as |x| — 00 (1.8)
0
or
1
le’zo‘/ V(t,x)dt — —oc0  as |x| — oo. (1.9)
0

Then the conclusion of Corollary 1.9 is also true. Clearly, condition (Hs ) is stronger than
condition (Hs), and condition (A}) is weaker than condition (A}). Moreover, we can see
that Examples 3.1-3.2 in [16] satisfy the conditions of Corollary 1.9 but do not satisfy
Theorems 1-3 in [14]. So Corollary 1.9 is a new result and in a sense a development of
Theorems 1-3 in [14].

In addition, if T =1 and ¢y = 8%2 folfz(t) dt or ¢y = —8%2 folfz(t) dt, then Corollary 1.9
reduces to Theorems 1.1-1.2 in [16]. In particular, we need to point out that condition
(A}) of Theorems 1.1-1.2 in [16] must be amended to condition (A}), because folfz(t) dt
was used in the proof of Theorems 1.1-1.2 in [16].

Remark 1.11 As T =1, in Theorem 1 of [22] assume that V(t,x) satisfies (A), (H}), (Hs,1),
and
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(Hs,)

1
|x|‘2/ V(t,x)dt — +00  as |x| = oo (1.10)
0
or
1
|x|_2/ V(t,x)dt — —o0 as x| — oo. (1.11)
0

Then the conclusion of Corollary 1.9 holds. Unfortunately, Tang and Meng [16] pointed
out that (1.5) of condition (Hz;) and (1.10) or (1.11) of condition (Hj ;) cannot hold to-
gether, so that Theorem 1 in [22] is also incorrect.

Corollary 1.12 Assume that V(t,x) satisfies (A), (A}), and
(Hy) there exists co > 0 large enough such that (1.3) or (1.4) hold for x € ker(A — (2k7)?).
Then problem

—x" — (2km)2x =V, V(t,x) a.e tel0,1],
x(1) —x(0) =x'(1) —x'(0) = 0,

(1.12)

has at least one periodic solution in H}. Further, assume that (Ag) is satisfied together with
(He) there exist € >0 and r > 0 such that, for all |x| <r,

€ + 4m(2k + m)m? 2
x

V(t,x) - V(¢,0) > 5

fora.e.t€[0,1] and k,m € N\ {0} with m > 1.
Then problem (1.12) has at least 2nm — 2n pairs of solutions in H}.

Remark 1.13 As T =1, in Theorems 1.1-1.2 of [19] assume that V (¢, x) satisfies (A), (A}),
(He), and
(Hs,)

1
||x||_2°‘/ V(t,x)dt — +00 as ||x] = oo (1.13)
0

or
1
||x||_2°‘/ V(t,x)dt — —00 as ||x]| = o0 (1.14)
0

for x € ker(A — (2km)?).
Then the conclusion of Corollary 1.12 is also true. Clearly, condition (Hj,) is stronger
than condition (Hy), and condition (A}) is weaker than condition (A}). So Corollary 1.12
is a new conclusion and in a sense a development of Theorems 1.1-1.2 in [19].

Corollary 1.14 Assume that V (¢, x) satisfies (A), (A}), and
(A7) ker(A-A()\ {0} #%;
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(Hg) there exists ¢y > 0 large enough such that (1.3) or (1.4) hold for x € ker(A — A(t)).
Then problem

X" —-A(t)x =V, V(t,x) ae tel0,1],
x(1) —x(0) =x'(1) —x'(0) =0,

(1.15)

has at least one periodic solution in Hy, where A(t) is a continuous symmetric matrix of
order n.

Remark 1.15 As T =1, in Theorems 2-3 in [15] assume that V(£ x) satisfies (A), (A}),
(A}), and
(Hj,) there exists y(¢) € L'([0, 1], R*) such that |x|2*V/(¢,x) > —y(t) for all x € R” and
a.e. t € [0, 1], and there exists a subset E of [0, 1] with meas(E) > 0 such that

|| 722V (¢, x) —> +00  as |x| = 0o

for a.e. t € E; or there exists y (t) € L*([0,1],R*) such that |x|2*V(t,x) < y (¢) for
all x € R” and a.e. t € [0, 1], and there exists a subset E of [0, 1] with meas(E) > 0
such that

|| 22V (¢, x) > —c0 as |x| — oo

forae teE.
Then the conclusion of Corollary 1.14 is also true. Clearly, from the proof of Theorems
2-3 in [15] we can see that (Hj;) = (Hj,). Moreover, we know that condition (Hj) is
weaker than condition (Hj,). So, although condition (Aj) is weaker than condition (A}),
Corollary 1.14 is also a new conclusion and in a sense a development of Theorems 2-3 in
[15].

The proof of Theorems 1.1-1.4 and these corollaries will be given in Sect. 3, and in
Sect. 2, we recall some useful results concerning the index theory for linear second-order
Hamiltonian systems satisfying generalized periodic boundary value conditions in [6, 7],
which will be used in other sections.

2 Brief introduction of the index theory
Let L°°([0,1], L,(R")) = {B(t) € GL(n)|bj(t) = by(t) for t € [0,1] and by (¢) € L*([0,1])}.
Index theory in [6, 7] deals with a classification of L>([0, 1], £;(R")) associated with the

following system:

—x" —B(t)x =0, (2.1)
x(1) = Mx(0), x'(1) = Nx'(0), (2.2)
where M,N € GL(n) and MNT =1,,.

Let L = L%([0,1],R”) and Z = {x € H'([0, 1], R")|«x satisfies (2.2)}. Define A : D(A) — L
by (Ax)(¢) = —x”(¢). From the Sect. 7.1 in [6] we can check that A is self-adjoint in L and
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o(A) = 04(A) C [0,+00). In particular, if M = N = I, then 6 (A) = 04(A) = {(2k)?n?|k € Z},
and if M = N = —I,,, then o (A) = 04(A) = {(2k — 1)?n2|k € Z).
For any B(t) € L*([0, 1], Ls(R")), we define

1
qsx,y) = /0 [(%.)) - (B(t)x,y)]dt, xyeZ, (2.3)

where (-,-) is the usual inner product in R”, and Z is a Hilbert space with norm |x||> =
fol |’ |2 dt + fol |x|2 dt for each x € Z. Clearly, the embeddings Z < L and Z < L™ are
compact.

Proposition 2.1 ([7], Proposition 7.2.1) For any B(t) € L*=([0, 1], L(R")), the space Z has
a qp-orthogonal decomposition

Z=7Z"B)®Z°B)® Z (B)

such that qp is positive definite, null, and negative definite on Z*(B), Z°(B), and Z~(B),

respectively. Moreover, Z°(B) and Z~(B) are finite-dimensional.

Definition 2.2 ([6], Definition 2.4.1; [7], Definition 7.1.3) Forany B(t) € L*°([0, 1], L,(R")),
we define

vy(B) =dimker(A - B),  i5,(B) =Y v, (B+AlL).
r<0

Definition 2.3 ([7], Definition 7.2.1) For any B(t) € L*°([0, 1], Ls(R")), we define
v, (B)=dimZ°(B),  iy(B) =dimZ (B).

We call v,(B) and i, (B) the nullity and index of B with respect to the bilinear form g(-, -),
respectively.

Proposition 2.4 ([7], Proposition 7.2.2) For any B(t) € L*°([0, 1], L;(R")), we have
VjSVI(B) = Vq(B), ij\/[(B) = iq(B)-

For any B;, B; € L*([0, 1], L;(R")), we write By < B, if By(t) < B(t) for a.e. ¢ € [0,1] and
define By < B, if By < B, and B (t) < B,(t) on a subset of (0, 1) of positive measure.

Proposition 2.5
(1) For any B € L*([0,1], Ls(R™)), we have that Z°(B) is the solution subspace of systems
(2.1)-(2.2), and v (B) € {0,1,2,...,2n} ([6], Proposition 2.4.2(1);
[7], Corollary 7.2.2(i)).
(2) For any By,B; € L*°([0,1], L;(R")), if By < By, then i},(B1) < i5,(By) and
i3, (B1) + v (B1) < 85,(Ba) + i, (Bu); if By < Ba, then i, (By) + vy (By) < i5(By)
([6], Proposition 2.4.2(2); [7], Corollary 7.2.2(ii)).
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(3) Forany By, B, € L*°([0,1], L(R")), if B1(t) < By(t) for a.e. t € [0,1], then

B54(By) = is(Br) = > viy(B1 + A(Ba - By)).
1€(0,1)

The summand denoted by I,(B1, By) is called the relative Morse index between B;
and By with respect to qg(-,-) ([7], Proposition 7.2.2(iii)).
(4) (Poincaré inequality) For any B € L*°([0,1], L(R")), if i5,(B) = 0, then

LIB(x, x) Z 0! X € Z:

and the equality holds if and only if x € Z°(B) ([7], Proposition 7.2.2(v)).

(5) For any By,By € L*°([0,1], L;(R")), if By < By and i5,(B,) = 3,(B1) + v3,(B1), then
Z=Z(B) @ Z°(B:) ® Z°(B,) ® Z*(B,), and (~q, (x1,51))? + (g, (x2,%2))? is an
equivalent norm on Z for x = x1 + xy with x1 € Z~(By) and x, € Z*(B,).

Proof We only prove (5). Let Z; = Z~(By) & Z°(By), Z, = Z°(By) ® Z*(B,). Noticing that
qs, (%, %) > g, (x,x) for all x € Z, gp, (x,x) <0 for all x € Z;, and g, (x,x) > 0 for all x € Z;,
if x € Z1 N Z,, we have gg,(x,x) = 0 = gp, (x,x). It follows that x € Z°(B,) N Z°(B;) and
x(t) = 0 on a subset of [0, 1] of positive measure, and hence x = 0 via (1). Thus Z; N Z, = {6}.
It remains to prove that Z = Z; + Z,. By Proposition 2.1 we have Z = Z, & Z (B,), and
for any x € Z, there exists a unique pair (x1,%2) € Zy x Z(By) such that x = x; + x,. Let
{ej}llf=1 be a basis of Z;,¢; = e}-2 +e with ej2 €2y € € Z7(By) forj=1,2,..., k = i,(By) +
v3(B1). By i,(B2) = i5,(B1) + vi;(B1) = k, to prove that {ej‘}ll.‘:1 is a basis of Z~(B,), we only
need to show that {e/‘ }]'le is linearly independent. In fact, otherwise there would exist not
all zero constants cy,..., ¢, such that Z}]le cie; = 0. This leads to leil cej € Z1 N2y a
contradiction. The linear independence shows that there exist constants {ot,'}]].‘:1 such that
Xy = Z]Ile aje;, and hencex = + Xy =x =1 + 21];1 aje; = 211'11 aje; + (%1 — Z]lle ajef).
Similarly to the proof of Proposition 7.2.2(iv) in [7], (-g3, (xl,xl))% +(gs, (xg,xg))% is an
equivalent norm on Z for x = x; + x, with x; € Z7(B1), xy € Z*(B,). O

Proposition 2.6 Forany B(t) € L*([0, 1], £,(R")) and Z = Z*(B) & Z(B) & Z~(B), we have
gs(x,9) =0, xyeZ°B).

Proof By (2.3) and Proposition 2.1, for any x,y € Z°(B), we have

1
0=gpx+y,x+y) =2 /0 [(,9) = (B(t)x,) ] dt = 2q5(x, ),

which shows that gg(x, ) = 0 for all x,y € Z°(B). O

Proposition 2.7 Forany B(t) € L*([0, 1], L;(R")), if v3,(B) # 0, then there exists &y > 0 such
that v5 (B + gol,) = 0 and i5,(B + eol,,) = i,(B) + vi,(B).

Proof Clearly, B(t) < B(t) + €I, for all £ € [0,1] and ¢ > 0. By (3) of Proposition 2.5 we have

By(B+el,) - i3,(B)= Y viy(B+rel,).
1€[0,1)
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Because i3,(B + ¢1,,) is finite, there are only finitely many A such that v3,(B + Ael,) # 0 via (2)
of Proposition 2.5. Thus, since v3,(B) # 0, we can choose € > 0 such that v}, (B + &ol,) =0
and #,(B + gol,) — i5,,(B) = v3,(B). O

Remark 2.8 ([6], Example 2.4.3; [7], Remark 7.1.3) Letw; <aj <--- < a, be the eigenval-

ues of a constant n x n symmetric matrix B. Then

&5 (B) ="{k:ay >0} +22n:#{je N:4(jr)* <o}, (2.4)
k=1
vfn(B)=#{k:ak=0}+2i#{jeN:4(jn)2=ak}, (2.5)
k=1
is,n(B):2an:#{jeN:((2j—1)n)2<ock}, (2.6)
=1
vfln(B)=2i#{jeN:((2j—1)n)2=ak}, (2.7)
k=1

where #A denotes the number of elements in a set A. For n € R\ {£1,0} with A =

arccos ——, we have
nLen

n

i, B)=> *jeN: (2 +1o)* <}
k=1

+Y HlieN:(2r - a0 +2m)” <,
k=1

vy, (B) = Z#{j eN: (2m + 1) = Olk}
k=1
+Y HieN: (2 — 2o+ 2im)? = ax ).
k=1

In particular, formulae (2.4) and (2.5) were given first by Mawhin and Willem in the book
[10].

3 Proof of the main results

In this section, we give proofs of the main results. To this end, we define

/ _/1 1, ,2 1
(x) = \ —§|x| +§(Bl(t)x,x)+\/(t,x) dt, xeZ. (3.1)

From assumption (A) it is easy to check that [ is continuously differentiable and weakly

upper semicontinuous on Z (see [6, 7, 10]), where

Z={xeH'([0,1],R")|x(1) = Mx(0) }

Page 11 of 29



Song Boundary Value Problems (2019) 2019:118 Page 12 of 29

is a Hilbert space with the norm

1 1
||x||2=f ’x/|2dt+/ |2 dt
0 0

for x € Z. Clearly, for x € Z, we have
@] = =@ = |=@]-

Moreover, we have

1
I'(x)y = /0 [-(x,y) + (Bi(®)x,y) + (Vi V(t,%),9) | dt, x,y€Z,

and I’ is weakly continuous. As in the proof of Proposition 2.4.2(1) in [6], we can find that
the critical points of I correspond to the solutions of (1.1) and omit the details.

3.1 Proof of Theorem 1.1
To prove Theorem 1.1, we need the following critical point theorem without the compact-

ness assumptions.

Lemma 3.1 ([17], Theorem 1.1) Let X; and X, be reflexive Banach spaces, and let ¢ €
CY (X, x X3, R) be such that ¢(xy,-) is weakly upper semicontinuous for all x; € X1, ¢(-,x2) :
X1 — Ris convex for all x, € Xy, and ¢’ is weakly continuous. Assume that

@(0,%2) — —00 (3.2)
as ||x;|| = +oo and, for every M > 0,

@(x1,%,) = +00 (3.3)
as ||x1|| = +0o uniformly for ||x,|| < M. Then ¢ has at least one critical point.
Proof of Theorem 1.1 By assumption (A;), Propositions 2.1-2.4, and Definition 2.3 we
have Z = Z°(B1) ® Z*(B;). Set X; = Z°(B1), X5 = Z*(B1), x € Z, x = x1 + %, with x; € X; and
x; € X,. Next, we divide the proof into three steps.

Step 1. It is obvious that V/(¢,x;(¢) + x,(¢)) is convex in x;(¢) € X3, so is fol V(t,x:1(2) +
x5(2)) dt. From (2.3) and Proposition 2.1 we can see that for every x,(¢f) € X,

1
I(x1 +x0) = / [—% |x/2(t)|2 + %(Bl(t)xz(t),xz(t)) + V(& %1 (2) +x2(t)):| dt
0
is convex in x; € Xj.

Step 2. We prove that (3.3) of Lemma 3.1 holds. By assumption (A) and the convexity of
V(¢,-) we can see that there exists ¢; > 0 such that

1
f V(t,%1(8) + x2(2)) dt
0

1 1
22/ V(t, %xl(t)) dt—/ V(t,—x(t)) dt
0 0
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v

1
> 2/ V(t,— 1(2) ) dt— | a(|x(8)])b(¢
0 2
1 1 1
22/ V(t,— 1(t)dt— max a(u)/ b(t)dt
0 2 0=<u=llx2llco 0
1 1 1
22/ V(t,— 1(t>dt— max a(u)/ b(t)dt
0 2 0<u<cy x|l 0
1.
2

1 1
2/0 V(t, (t)) dt_ogfgﬁM“(u)/o b(t)dt

for all x; € X; and x5 € X, with |lx2|| < M. Note that ||x|* =
L>([0,1],

l€'l12, + llxl|?, and By(2) €
Ls(R")). By (2.3) and Proposition 2.1 we know that there exists ¢; > 0 such that

I(x1 + %)
1, ;2 1 5 ! 1 !
§||x2||L2—§cz||x2||L2+2 A vz, Exl(t) dt_ongéMu(u) X b(t) dt

1+cy 1 1 1
> — M2+ 2/ V<t, —xl(t)) dt — max a(u)/ b(t)dt
2 0 2 0<u<ciM 0

for all x; € X; and x, € X, with ||x; || < M. By assumption (A;) it is easy to see that (3.3) of
Lemma 3.1 holds.

Step 3. We check (3.2) of Lemma 3.1. If not, there exist a constant ¢3 and a sequence x5 ,,
in X, such that ||xy,|| = +00 as n — 0o and

I(%9,) > c3 (3.4)

for all n. Notice that vj,(B;) # 0 and #3,(B;) = i3,(B1) + v5,(B1) in (A3). By (A;) and (5)
of Proposition 2.5 we have Z = Z%(B,) @ Z°(B,) ® Z*(B,) and X, = Z°(B,) © Z*(B,). Let
Xou = Uy + Vy, ty € Z°(By), v, € Z*(By). Then by (A3), (3.4), (2.3), and Proposition 2.1, we
have

1 1
Caff(xz,n)f/o I:——‘ 2,1‘ + = (Bz( )x2,n:x2,n)]dt+/0 y(t)dt
1
= - n Vn d¢
4,7 v>+/0 y(6)de

which shows that {v,} is bounded since (—g3, (xl,xl))% + (gs, (xz,xz))% is an equivalent
norm on Z for x = x1 + x, with x; € Z7(By)and x, € Z*(B,), where Z~(B;) = {0}. Since

%21l < llunll + |vull, we have ||u,|| — co as n — +00. Set
1
E= {te [0,1]‘V(t,x)—§((B2( ) - B1(t))x, %) = —o0 as [|x]| > oo}

% and ¥ € Z°(B,). Noting that x,, € X, = Z°(B,) ® Z*(B,), we have

where x = X +
) > 0 for all n via Proposition 2.1. From the Lebesgue—Fatou lemma we have

qB, (xz,m X2,n

limsup I(xy,)
n—0oQ

1
<lim sup/ [V(t, Xou) — %((Bz(t) - Bl(t))xz,n,xg,n):| dt
0

n—00

Page 13 of 29
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1
<lim sup/E[V(t,xgy,,) - %((Bz(t) —Bl(t))xz,,,,xz,n):| dt + / y(t)dt
0

n—00

— —00

via (A3), which contradicts (3.4). Hence (3.2) of Lemma 3.1 holds.
By Lemma 3.1 I has at least one critical point. Hence problem (1.1) has at least one

solution in Z. The proof is complete. g

3.2 Proof of Theorem 1.2
To prove Theorem 1.2, we need the following saddle point reduction theorem under rather

general assumptions.

Lemma 3.2 ([1], Theorem 2.3) Let Y, X, X, be Hilbert spaces, and let € C*(Y x X1 x
X5, R). Suppose that \r satisfies the following conditions:
(1) D1yr(-,x1,%0) : Y — Y is u-monotone for all (x1,x2) € X1 X Xy, that is, there exists
w > 0 such that

(D1y (y1,21,%2) = D1y (2, %1, %2), 01 = ) = llyr =320 Y132 € Y5
(2) =Dayr(y,-,%2) : X1 — X1 is p-monotone for all (y,x,) € Y X Xo.

Then there exists a map ¢ € C(Xy,Y x X1) such that ¢(x;) = (¥(x2),x1(x2)) is the unique
saddle point of Y (-, -, x,) for every x, € X,. Moreover, the map ¢ : X — R defined by

@(x2) = ¥ (y(x2), %1 (x2), %2) = min sup ¥ (y,x1, %) (3.5)

yey x1€X]

is continuously differentiable, and its derivative is given by

@' (%2) = D3yr (y(x2), %1 (x2), %2)  for every x; € Xo. (3.6)
Proof of Theorem 1.2 By assumption (A;), Propositions 2.1-2.4, and Definition 2.3 we
have Z = Z°(B1) @ Z*(B,). Set Y = {6}, X; = Z°(B1), Xo = Z*(B;). We define the functional

¢ as follows:

@(x2) = sup Y(xy +x2) = sup —I(x1 +x2), %2 € Xy,
x1€X1 x1€X1

By assumption (A) and the convexity of V(¢,x) — %,u(t)|x|2 in x for a.e. t € [0, 1] we have
(VuV(t,x) = ViV y),x —y) = u@)lx - 91>, xy€eZ
Thus for each fixed x; € X, and any x1,1,%12 € X;, we have
1
/ (Vx\/(t,xl,l + XQ) - VxV(t,xm + x2),x1,1 —x1_2) dt
0

1
> u / o — a2t (3.7)
0
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forallx,y € Z, where p = inf;co1) () > 0. Since Z = X; @ X, = Z%(B;) ® Z*(B;), from (2.3)
and Propositions 2.1, and 2.6 we know that

(=¥ (v11 +x2) = (¥ (%12 +%2)), %11 — X12)

= <I,(x1,1 +x) = I'(X12 + %), %11 — x1,2>

1
= f (VxV(t,xM + JCQ) — VxV(t,xl_z + xz),xl,l —xl,z) dt
0
1
> M/ le11 = x12]* dt.
0

Noticing that X; = Z°(B,) is finite-dimensional, we can see that there exists ¢4 > 0 such
that

(=9 (11 +22) = (=¥ (12 +%2)), %11 — X12) = captllvr,n —x12]1

By Lemma 3.2 there exists a continuous mapping ¢ : X5 — Xj such that ¢(x3) = ¥ (¢(x2) +
x7) for all x5 € X5, ¢ : X5 — Ris continuously differentiable, and ¢’ (x2) = ¥'(¢(x2) + x2)|x,
for x, € X,. Hence x; € Xj is a critical point of ¢, which shows that ¢(x;) + x5 is a critical
point of ¢ and I.

Further, for every x; € X5, by assumption (A4) we have

/I(V(t,xQ) - V(t,9)) dt‘ =
0

1 p1
f / (Vx V(t, sxg),xz) ds dt‘
o Jo
1 1 1
< —/ f(t)llezdn/ &)l dt.
2 Jo 0
Thus,

@(x2) = () = —I(x2)

1

1
> 5 /0 [|x’2|2 - (Bl(t)xZ:x2) —f(t)|x2|2] dt

1 1
- / g(t)|xa| dt — f V(t,0)dt.
0 0
Since v3,(By +f(8)I,) = 0and &,(B1 + £ (t)1,,) = £5,(B1) + v,(B1), by (5) of Proposition 2.5 we

know that (g3, .41, (xz,xz))% is an equivalent norm on Z for x = x, with x, € X, = Z*(B;) =
Z*(By +f1,,). Hence there exist cs, ¢g, c7 > 0 such that

c 1 1
o) = Ll - Il / @) di - / V(t,0) dt
0 0
C
> §||x2||2—c6||xz|| — ¢

— +00

as |lwz || = +oo. Consequently, there exists %, € X, such that ¢(x20) = miny,ex, ¢(¥2), and
hence x5 + ¢(x2,) is a solution with saddle point character of problem (1.1) in Z.

Page 15 of 29
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If condition (Ag) holds, then Z = Z~(Bo1) ® Z°(Bo1) ® Z°(Bo2) ® Z* (Bos) via (5) of Propo-
sition 2.5. Since By, > By, there exists E C [0, 1] with meas E > 0 such that By, (¢) > B;(¢) for
all ¢ € E. Hence from (2.3) we have

1
g, (%, %) = / |x’|2dt—/(31(t)x,x) dt—/ (Bl(t)x,x) dt
0 E

[0.INE

1
> /0 || dt - /E (Boi (£)x, %) dt - / (Bor ()%, %) dt

[0,1\E
= qBy, (%, %)
forallx € Z\ {0}, which implies that gp, (x,x) > gp,, (%, ) for allx € Z\ {6} and g, (x,x) >0
for all x € Z%(Bop) \ {#} with Z°(By;) C Z*(B1). Let X1 = (Z~(Bo1) @ Z°(Bo1)) N Z*(By).
Then we can suppose that X, is the orthogonal complement of X;; in X;. We claim

that ¢(0) = 6. Indeed, (Ag) implies V(¢,0) =0 and V,V(t,0) = 0 for a.e. ¢ € [0,1]. From
condition (As) and (3.7) we have

0 = (¥ (¢(0)),—9(0)) = (-I'(¢(0)), —p(6))
1
=/0 (VL V(t,9(0)),-¢(0)) dt

1
=A(%vmm—wv@wmy¢w»m
1
=i [ o) ar
Zor

which shows that ¢(0) = 0. From the continuity of ¢, we know that there exists 0 <8 < r
such that ||¢(x2)]| < 7 as [|x2]| < 8. Consequently, from (Ag) and (2.3) we obtain

@(x21) = V(%21 + p(21)) = —1 (%21 + P(x21))

IA

1
% /o [[a5, + (¢(x2,1))/‘2 — (Bo1(8) (%21 + d(x2,0)), %21 + Plx2,1)) | dt

1
= qum (x2,1 +P(x,1), %01 + ¢(x2,1))

<0

for all X2,1 € X2,1 with ||XQ,1|| < § via By; > By and X1 + ¢(x2,1) € (27(301) D ZO(B()l)) U
ZO(BI): and

@(X2,0) = W (w00) = —I(%22)

1 1
Z 5/ [[%h2]" = (Boa ()220 %22) | dt
0

1
= 561302 (xz,zyxz,z)

>0

Page 16 of 29
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for all x,5 € Xp5 with |xps]] < 8 via Xp5 = Z*(Bo1) N Z*(B;1) and Z*(Bo1) = Z*(By) @
Z°(Bga).

Since I is weakly upper semicontinuous on Z, ¢ id weakly lower semicontinuous on
X,. By the coerciveness and weak lower semicontinuity of ¢ we see that satisfies (PS)-
condition and is bounded below.

If inf{p(xy) : xp € X} = 0, then all xy; € X51 with ||xp,1] < § are minima of ¢, which
shows that ¢ has infinitely many critical points. If inf{p(x;) : %3 € X} <0, then ¢ has at
least two nonzero critical points via Theorem 4 in [2]. Thus problem (1.1) has at least
two nontrivial solutions in Z. In addition, since V(¢,0) = 0 for a.e. t € [0, 1], we know that
problem (1.1) has trivial solution 6. Hence problem (1.1) has three distinct solutions in Z.

The proof is complete. d

3.3 Proof of Theorem 1.3
In the section, we use the saddle point theorem (see Theorem 4.6, [12] or [10]) and a
generalization of the mountain pass theorem (see Theorem 5.29 and Example 5.26 in [12])

to prove Theorem 1.3.

Proof of Theorem 1.3 First, we verify that I satisfies the (PS)-condition. Suppose that
I'(x,) = 0 as n — +00 and I(x,) is bounded. From condition (A;) we have Z = Z°(B;) &
Z*(By). Set x, = X, + %, and x,, € Z°(B1), X, € Z*(B;). By assumption (A);) we have

1
/ (Ve V (&t ), %) dt‘
0

1 1
< / POV + ol Rl dt + / a(0)[f, de
0 0
1 1
< / FOE + 7)ol + / (Ol dt
0 0
1 3 1 1 1
§2< / fz(t)dt) ( / |5cn|2|5cn|2“dt) +2 / F@©)1%," dt
0 0 0
1
+ f o0\ dt
0
1 3 1 1
szﬁmmnuzo( / |5cn|2dr) 2 / PO dt + / (Ol d
0 0 0
! ~ 12 IBO = 2 ~ 1+ !
58/30/ o2t + P2 1,12 2012 /f(t)dt
0 & 0
1
+ lnloo / g0)dt (3.9)
0

for all 1, where By = (folfz(t) dt)s and ¢ > 0. Thus, from %, € Z°(By), &, € Z*(B1), (2.3),

and Proposition 2.1 we have

1%, I > <_1/(xn),5cn)

1
> /o [(8,,) ~ (Bu(Oben ) — ol ) e — 20 2
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1 1
NI /0 PO dt - il /0 a(0)dt
b

1
% 112
A ~ Fullse

- f [&,1" - (B1 ()3, %) — eBoldl*] dt -

1 1
2 / POt - il / a0y dt
0 0

for n large enough. By Proposition 2.7 we can choose ¢y > 0 such that v}, (B; + g9Bol,) =
0 and #,(B; + 801,301,,,) = i5,(B1) + v3;(B1). From (5) of Proposition 2.5 we know that
(9B, +s0Bo1, (X2,%2))2 is an equivalent norm on Z for x = %y with %y € Z*(B;) = Z*(B; +
£0Pol,). Hence there exist cg, 9, c10, ¢11 > 0 such that

P = 2 = 1 p = 2
1% 1| + collull™ + crollXa ™ + 1 ll®nll = csllxall”,

which implies that there are k; > 0 and k; > 0 such that
kil 1% + ko > 1|%4]1%. (3.9)

In a way similar to (3.8), for all n, we obtain

/I(V(t,xn) - V(t, %)) dt‘
0

1 1
f / (VaV(t, % + S%n), %) dsdt‘
o Jo

1 p1 1 pl
5/ ‘/f(t)la_cn+sfcn|alfcn|dsdt+/ / g)|x,| dsdt
0o Jo 0o Jo

1 _ 1 _ _ 1 _
< f 2f(t>(|xn|“+ - |xn|“)|xn|dt+ f 2(0) 7 dt
0 t+o 0

1 1 1 1 1
2 =~ 1215 2 ~ l+a
52</0f(t)dt) (/0 o 2 dt) +2/0f(t)|xn| dt

1
+/ g(®)|%| dt
0

1 1 1 1
< 2ﬁo||5cn||zo( f |5cn|2dt) +2 f S @))%, dt + / 2(6)1%, | dt
0 0 0
gobo [ 2B0 - 12w e [
< 0 e L 2 20 [ fode
0 &o 0
1
+ ||7~Cn||oo/ g(t)dt. (3.10)
0
Notice that by the boundedness of {I(x,)} and « € [0,1), the equivalence of the norm
(gBy+20p01, (xz,xz))% on Z for x = xy with xy € Z*(B1) = Z*(B1 + €0Bol,), and (3.9) we can

see that there exist ¢15 € R and ¢13, ¢14, 15, €16 > 0 such that

ci2 < —1(xy)

1
:/ l[|’C;|2—(1-‘31(t)xmxn)]a«’t
o 2
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1 1
—/ (V(t,x0) = V(t, %)) dt—/ V(t,%,) dt
0 0

1 1 . o . 1 .
< / §[|xn|2 = (B1(£)&n, n) — €0Pol%nl*] dt + 80,30/ % |* dt
0 0

2[30 _ _ 1 _ 1
2P0 e g e / FOde+ 1l [ gt
[20) 0 0
1
—/ V(t,x,)dt
0
~ 112 ~ 112 v 20 ~ l+a ~
< el + crallFull® + 20050 + crollFull ™ + 1 1
1
—/ V(t,x,) dt
0
1
< crslFnll? + c16 + 209 % [2* = / Vit R dt
0

1
< (c1sky +2¢9) 1%, [1** + c15kz + 16 —/ V(t, x,)dt
0

1
< [|®al* ((C15k1 +2¢9) — ||5Cn||_2a/ V(t, %u) df) +ci5ky + Ci6
0

for n large enough. Taking ¢g > ¢15k; + 2¢9, by this inequality and (1.3) of condition (A7) we
obtain that {||x,||} is bounded. If (1.4) of condition (A7) holds, similarly to this inequality,
by (3.9) and (3.10) we have

1
() = ~260[Eall” = crollFall ™ = i1l - / Ve, %) dt
0

1
> —2¢o 1% ]1** — (c10 + c11) 1% ]|* = f V(t,%,) dt — (10 + c11)
0

1
> [|% | [—(kl(clo +c11) +209) — ||9_Cn||_2a/ V(t,a_cn)dt]
0

— (ka + 1)(c10 + c11)-

Taking co > k1(c10 + €11) + 2¢9, by this inequality and (1.4) of condition (A7) we also obtain
that {||x,||} is bounded. Hence {||x,||} is bounded by (3.9). Arguing then as in Proposi-
tion 4.1 of [10], we easily conclude that the (PS)-condition is satisfied.

Next, we will check that
—I(x) —> +00 (3.11)

as ||x|| — +o0 in Z*(By). In fact, by the proof of (3.10) we have

/I(V(t,x)— V(£,0)) dt‘
0

1 1 1
<— f F@)lx|" dt + f g(t)|x| dt
l+a 0 0
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1 3 1 1 1
2 2(1+a)
52( fo f(t)dt> ( fo " dt) + /0 O dt

1 2 1
< [P 2o sl [ gtorde
0 €o 0

for all x € Z*(By). It follows that

-I(x)

v

—

1
/0 %[|x/|2 - (Bi(t)x,x) ] dt
1 1
- [[ven-veoya- [ veoa
0 0
1
/ %[W ~ (Ba(n,x) — eofiolal?] de — 222 )22
0 £o
1 1
- dt — V(t,0)d
Il /0 oL /0 (t,0)dt

2 2Bo 2a ! !
cgllxll” = — Il —IIxII/ g(t)dt—/ V(¢,0)dt
€0 0 0
+00

as ||x|| — +o0 in Z*(B1), which shows (3.11).
On the other hand, if (1.3) of condition (A7) holds, then we clearly have

—I(x) - —o0 (3.12)

as |x|| — +oo in Z°(By). Thus by (3.11), (3.12), and the saddle point theorem (see Theo-
rem 4.6 in [12] or [10]) we obtain that problem (1.1) has at least one solution in Z. If (1.4)
of condition (A7) holds, then we have

—I(x) »> +o00

as |x|| = +oo in Z°(By). Thus by (3.11) we can see that —I(x) — +00 as ||x|| — +00 in Z.

From Theorem 1.1 and Corollary 1.1 in [10] we know that problem (1.1) also has at least

one solution in Z.

Further, if condition (A}) holds, then Z = Z~(Bo1) & Z°(Bo1) ® Z°(Boz) © Z* (Boy) via (5) of
Proposition 2.5. Let X; = Z~(Bo1) ®Z°(Bo1) and X, = Z~(By1). Then Xi- = Z°(Bo2) ® Z* (Boz)
and X3 = Z°(Bo1) ® Z°(Boz) ® Z*(Bya). Note that I € C}(Z, R) satisfies the (PS)-condition.
By Theorem 5.29 and Example 5.26 in [12] we only need to verify that

(1) liminf x| ~2I(x) > 0 as ||x|| — 0 in X,

(I) I(x) <0 forallx € Xi-, and

(I3) I(x) — —o0 as ||x|| — +00 in X5

By condition (Ag) we can see that V/(¢,0) = 0. Since

V(t,x) - V(t,0) = /I(VxV(t,sx),x) ds
0

for allx € R” and a.e. t € [0, 1], from condition (A}) we obtain

V)] = @ + g0
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for all x € R” and a.e. ¢ € [0, 1], and there exist ¢17, c1g > 0 such that

1
/ V(t,x) dt‘
0

IA

1 1 1
Tra / F@)lx1" dt + f g(®)|x| dt
+ O 0 0

1
l+a

IA

1 1
2 /0 F@O)dt+ [#ll /0 oty dt

l+a

3
< crllxll + casllxll < ksllx|

for all ||x|| > r and k3 > O given by k3 = c177*72 + c137~%. Now it follows from condition (A})
that

1 1
/ V(t,x)dt > / %((d,, + Bo1 () - Bl(t))x,x) dt — ks||x|?
0 0

for all x € Z. Hence by (3.1) we have

1 1 1 1
I(x) > —/ —[|x/|2 — (Bo1(t)x,x) ] dt + —e/ |x|% dt — ks||x||®
0 2 2 Jo
1 1
= ~5 9 (%,%) + §e||x||%2 = ksllx])®.

Noting that X; = Z~(Bo;) ® Z°(By,) is finite-dimensional, we can see that there exists ky > 0
such that

1
I(x) > 5‘5"4”’6”2 — k3l

for all x € X7, from which (1;) follows.
For x € X{', again by condition (Ag) we have

1
(%) S—/ %[|x’|2— (Bo2(t)x, %) | dt <0
0

via Xi- = Z°(Bg) ® Z*(By) and Proposition 2.1, which shows that (I,) holds.
Since By, > Bo1 > Bi, by (2.3) we have

g, (%,%) > gy, (%, %) > gpy, (%, %), x€Z\{0}.

Noticing that X3- = Z°(By;) ® Z°(Bo2) ® Z*(Boa), we have X3- C Z*(By). Finally, (I3) follows
from (3.11). Hence the proof is completed. O

3.4 Proof of Theorem 1.4

In the section, we first use the saddle point theorem (see Theorem 4.6, [12] or [10]) to
prove that problem (1.1) has at least one solution. Then, to prove that problem (1.1) has
multiple periodic solutions, we need the following abstract critical point theorem devel-
oped recently in [3].

Lemma 3.3 ([3], Theorem 5.2.23) Let X be a Banach space, and let ¢ € C*(X,R) be an even
function satisfying the (PS)-condition. Assume that a < b and ¢(0) > b. Further, suppose
that
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(1) there are an m-dimensional linear subspace G and p > 0 such that

sup  ¢(x) < b,
x€GNAB,(0)

where 0B, (0) = {x € X||x| = p};

(2) there is a j-dimensional linear subspace F such that

inf p(x) > a,
xeFL

where F* is the orthogonal complementary space of F;
(3) m>j.
Then ¢ has at least m — j pairs of distinct critical points.

Proofof Theorem 1.4 By assumption (A} ), Propositions 2.1-2.4 and Definition 2.3 we have
Z=Z(B1)®Z°B;) ® Z*(B;). Set Xo = Z~(B1), X1 = Z°(B1), X2 = Z*(B1), x € Z, x = %0 +
x1 + xo with xg € Xo, x1 € X3, 27 € X5. Next, we divide the proof into four steps.

Step 1. We verify that I satisfies the (PS)-condition. Suppose that I’(x,,) — 0 as n — o0
and I(x,) is bounded. Let x,, = x,,0 + %1 + X2 With x,0 € Z~(B1), %1 € Z°(B;) and x5 €

Z*(B1). In a way similar to (3.8), by assumption (A}) we have

1
/ (Ve V(t, %1), %z — %n0) dt‘
0

1 1
5/ JAGIE™ +xn1+xno|"|xnz—xno|dt+/ g uo — ol dt
0 0
1 1
S/ 2 (&) (%2 + %n0l* + |xn1|a)|xn2_xn0|dt+/ 8()xua — xn0 dt
0 0
1 1
< f 2 (Ot it + / 2 (Ot o] dt
0 0
1+a ! !
+ 2 talloo + [%n0l10) / F@O)dt + (Ixmlloe + 10lloo) / a(t)dt
0 0
1 - :
52(‘/ f2(t)dt) (/ |xn1|2a|xn2|2dt)
0 0
1
& 2t 1% (I2alloe + [120llc) f Fode
0
1+a 1 1
+ 2 talloo + [%n0l10) / F@O)dt + (Ixmlloe + m0lloo) / oL
0 0
1 ) 1
S2ﬁ0||xn1||go< f |xn2|2dt) e 2t 1% (In2loo + T0lloc) f Fode
0 0
1+a ! !
+ 21%alloe + 0lloc) / F@O)dt + (%o + [500]lo0) / a(t)dt
0 0

1
2 Po 2
< Sﬂo/ [%2|” dt + ?lenlllog + 20121 12 (%2 Ml oo + 1m0l oo )
0
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1 1 1
: f F@Odt +2([%mlloc + I5n0llsc) f f@)at
0 0
1
+ (||xn2||oo + ”an”oo)/(; g(t) dt (3.13)

for all n, where B, = (folfz(t) dt)7 and & > 0. Thus from x,0 € Z~(By), %1 € Z°(B1), %, €
Z*(By), (3.13), (2.3), and Proposition 2.1 we have

”xl’lZ” + ”anH > ”xn2 _xVIO” = <_1/(xn)¢xn2 _xn0>
1
= / [(x:l’x;lZ _x:’l()) - (Bl(t)xman _xno)] dt
0
1
_/ (va(t;xn):xrﬂ _an) dt
0
! 2
Z/ [|x;,2| - (Bl(t)xrﬂ’an) _8/30|xn2|2] dt
0
! /12 ﬂO 20
- / [1%,0l” = (B0, 00)] - 22 i 2
0
1
= 2021 1% (2]l oo + ”an”oo)/ f()dt
0
1+a ! !
~2(malle + )™ [ FOde= (ol + Inalls) [ et01ds
0 0
_ :30 2a o
= g, +spoly (Xn20 %n2) — qB, (X405 %no) — = llenillse = 2l%m 113
1 1+a !
(I lloo + ||xn0||oo)/ F@) dt = 2(I1%n2lloo + %001l 00) / f()dt
0 0
1
(Il Il [ gto)c
0

for n large enough. By Proposition 2.7 we can choose & > 0 such that v}, (B; + &9Bol,) =
0 and #,(B1 + €oPol,) = i3;,(B1) + v3;(B1). From (5) of Proposition 2.5 we know that
(-g3, (xo,xo))% + (gBy+s0Boln (xz,xz))% is an equivalent norm on Z for x = xy + %y with
x9 € Z~(B1) and xy € Z*(B;y) = Z*(B1 + €0Bol,). Hence there exist 19, ¢, €21, €22 > 0 such
that

(I%n2ll + l1%011)*

2 l+a
< croll%u 11 + caoll%ut 1 (%2l + ol + ca1 (1162l + 1%noll)

+ e (1%l + 1%uoll).- (3.14)

From (3.14) we claim that there exist # large enough and ks, k¢ > O such that

2 2
ksl 1% + ke = (l%n2ll + llxnoll)” (3.15)
In fact, we only need to consider two cases: ||x,2|| + [[X40] is bounded, or [[x,2 || + [[xn0|l is

unbounded.
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(i) If fley2 || + ll%no|l is bounded, then ||x,2]| + ||%40ll < c23. By (3.14) we have

2 1
(c10 + €20 + €23) 1% > + €21633% + 2¢20¢23 = (%2l + %m0 l)

2
Thus (3.15) follows.

(ii) If |l%m2 || + llxn0ll is unbounded, then there is # large enough such that

% |1

19
(2l + llxn0l1)?

[l
[%n2 [l + %ol
1 1

— €2
2]l + %m0 1)1 %2l + %0l

€20 |

>1 >1
_C —,
> 21( =5

which implies that there is cy4 > 0 such that % > ¢y4. From (i) and (ii) we get that
(3.15) holds.

To prove the boundedness of {x,}, by (3.15) it suffices to prove that {x,;} is bounded. In
a way similar to (3.8), for all #, we have

1
’/ (V(tnxn) - V(t>xnl)) dt‘
0

1,1
/ / (Ve V(& %1 + S(Xn0 + %2))> X0 + X2 dls dt'
o Jo

1 1
< / / SO |xnr + 80 + xm2) | im0 + X2| ds dt
0 0

1 1
+ / / gO)|xp0 + 22| ds dt
o Jo

1 1 .
< /0 2f(t)(|xn1|"+ —— (ol + Ixal) )(|xno|+|xnz|)dt

1
+/0 @) (Ixnol + n2l) dt

1 >
2 1
< 2ﬁ0||xn1||go</ (1%l + 1221 ) dt) +2(1%n0lloo + 2 lloo)
0

1 1
- / F@O)dt + (Ixnolloe + 1zlloo) / )t
0 0

1 4 1
- bobo f (ool + 1al)” e+ 220 12 4 2 / Fde
4 0 &0 0

1
(%0 lloo + % llo) ™ + (I1n0loo + 1%n2lloo) / g(t)dt
0

1
€0Bo 9 2 4B 9
<2 / fenl? e + eofo(Iolls + i loe)” + =22 i 12
0 0

1
+2(I%nolloo + %2 lloo) / f@)dt
0

1
+ (”an”oo + ”»’%2”00)_/0 g(t) dt. (3.16)
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Notice that by the boundedness of {I(x,)} and « € [0,1), the equivalence of the norm
(9B, +20poln (%2, %2))2 on Z for x = x, with x, € Z*(By) = Z*(By + £0oly), qp, (¥1,%1) <0on Z
and for x = xg with xg € Z7(B1), (3.15), and (3.16) we obtain that there exist c;5 € R and

€26, €7 > 0 such that
o5 < —1(xy)

1 1 9 1
= f 5[|x;{ — (Bi(&)xn, %) | dt - / (V&) = V(t, %)) dt
0 0
1
—/ V(t,xn)dt
0
! ro? 2
E/O §[|xn2| = (B1(®)%n2,%2) — 0oz || dt

1
1
+ / 5[|x;1|2 — (Bi(®%1,%m) ] dt + £0B0 (%0 llos + % l00)*
0

4B
4 0
€0

1
122 + 250l oo + Nnzlloc) / o
0
1 1
+ (1m0lloo + 2 l10) f a(0)di - / Ve, 31) dt
0 0

2 2 2
< e llwnall® + a6 (1%noll + lxnzll)” + co6 [l 1>

1
1+a
+ a6 (1m0l + 1u2ll) ™ + cas (I1%noll + 1%zl —/ V(t, %n1) dt
0
) 1
< 4cas (ol + 1%u2ll) ™ + ca6ll2n1 1> + co7 —/ V(t,xm)dt
0
1
< (4eagks + C26) %1 1> + deagks + C27 —/ V(t, %) dt
0
1
< lml* ((4026/(5 +26) — [1%m1 ”72(1/ V(t,x,,ﬂdt) +4coeks + Co7
0

for n large enough. Taking cy > 4cpeks + co6 in this inequality, by (1.3) of condition (A7)
we get that {||x,;1 |} is bounded. If (1.4) of condition (A7) holds, then similarly to the proof
of Theorem 1.3, by this inequality, (3.15), and (3.16) we also get that {||x,1]/} is bounded.
Hence {||x,|} is bounded by (3.15). Arguing then as in Proposition 4.1 in [10], we easily
conclude that the (PS)-condition is satisfied.

Step 2. We prove that —I(x;) — +00 as ||, || = +oo with x; € X, = Z*(B;) and —1(xo) —
—00 as ||xg|| = +00 with xg € X, = Z7(By).

For x, € Z*(By), from condition (A}) we have

/I(V(t,xz) - V(t,9)) dt‘
0

1 1 1
<1 / POVl dt + / O)lxs) dt
1+CU 0 0

1 1 1
52ﬁ0< f |x2|2“+“>dt) + / a(0)dt
0 0

& ! 2 1
< _02/90 / oo | dlt + ﬂlllelm + ||x2||/ g()dt.
o 0

=0}
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It follows that

1 1
—I(x,) :/ %[|x/2|2—(Bl(t)xz,x2)]dt—/ (V(t,x2) = V(8,0)) dt
0 0
1
—/ V(t,6)dt
0

1
1
2/ §[|x/2|2_(31(t)x2;x2)—80,30|x2|2]dt
0

280 . 1 1
- — [l%2ll —||x2||/ g(t)dt—/ V(t,0)dt
0 0

&0

v

2 1 1
casllxal|® — 2h0 a2 || = ||x2||/ gt)dt —/ V(¢,0)dt
€0 0 0

— +00 (3.17)

as ||lx|| = +o0 in Z*(B;), where cyg > 0.

Similarly, for xy € Z~(B;), from condition (A}) we have

1
/ (V(t,%0) - V(£,0)) dt‘
0

1 1 1
= 1—/ f(t)|x0|1+°‘dt+/ g(t)|xo| dt
+d Jo 0

1

l+a

=

1 1
flaco ||+ /0 F@)dt + ||xoll fo g(t)dt.

It follows that

11

o) = [ Ll - B0 ) de 1

l+a

1
ol /0 fodt

1 1
+||on|/0 g(t)dt—/0 V(t,0)dt

1 1 +a !
- 5 CamGom) + bl [ fodr
1 1
+ %ol / a(0)di - / V(e 60)dt
0 0
c 1 1
< =Ll + ol / Fde
+ 0
1 1
+ %ol / a(0)di - / V(e 60)dt
0 0
% (3.18)

as ||xg|| = +00 in Z7(B;), where ¢y > 0.
Step 3. Next, we prove that problem (1.1) has at least one solution in Z. If (1.3) of con-
dition (A7) holds, then we let X~ = Z~(B;) ® Z°(B;) and X* = Z*(B,;). For x = xo + % € X~
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with xy € Z7(B) and x; € Z°(B;), by condition (A}) we have

1
‘/ (V(t,%) - V(t,%1)) dt‘
0

11
/ / (Ve V (8, 5% + %1), %) dis dt‘
o Jo

1 pl 1 p1
5/ /f(t)lsxo +x1|“|xo|dsdt+/ / g(t)|xo| dsdt
o Jo o Jo

1 1 1
<2 / FO | o] dt + 2o f F®)dt + ol / a(t)dt.
0 0 0

Thus, there is & > 0 with 2¢ folf(t) dt < ¢y9 such that

1 1 1
I < /o 4l - (B o)t +2 /0 FOl [ ol dt
1 1 1
1+a
+ 20l /0 F)dt + o] /0 g0 di - /0 Vit %1) de
1 1
<Ll s eliol? [ f@des Ztmi [ s dr

1 1 1
+ 2ol / F)de + o] / (o) di - / o
0 0 0

C29 ! 2 1+a ! !
<[-(2 - [ rode )i 2 [ roder i [ el

1 1
. ||x1||2“<§ /0 £ dt - x> /0 vmxl)dt).

Taking ¢ > %folf(t) dt, by (1.3) of condition (A7) we see that —I(x) — —oo as ||x|| — +00
in X",

If (1.4) of condition (A7) holds, then we let X~ = Z~(B;) and X* = Z°(B;) ® Z*(B,). As
before, we easily get that —I(x) — +o0 as ||x|| = +00 in X*. Together, from (3.17) and
(3.18) we have —I(x) — +00 as ||x|| = +o00 in X* and —I(x) — —o0 as ||x|| - +o0 in X~. By
the saddle point theorem (see Theorem 4.6 in [12] or [10]) we see that problem (1.1) has
at least one solution in Z.

Step 4. Finally, we prove that problem (1.1) has at least i,(By) — i},(B1) — v3,(B1) pairs
of solutions in Z. Since B, > By and v},(B,) # 0, we have Z = Z~(B;) ® Z°(B;) &® Z*(B;) =
Z7(By) ®Z°(By) ® Z*(By) and Z*(B,) C Z*(By).Set G = Z~(B,), F = Z~(B1) ®Z°(B,), b = 0.
We define ¢(x) = —I(x) + fol V(t,0)dt for all x € Z. Then ¢(#) = 0 > b. Noting that F* =
Z*(B1), we get that (2) of Lemma 3.3 holds. By condition (Ag) and the proof of Step 1 it
suffices to show that (1) of Lemma 3.3 holds.

By condition (Ay), for any x € G N B,(#), we have

1 1 1
o(x) =f0 %Ux/V—(Bl(t)x,x)]dt—/o V(t,x)dt+v/0 V(t,0)dt

</11[|x/|2—(B ()% x)]dt—ifllxlzdtzlq (x x)—illxll2
= o ) 2 ) 2 o 2 By \WAy B 2°
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Noticing that E = Z~(B,) is finite-dimensional, we get that there exists k7 > 0 such that

k7€
px) < —TIIxIIZ,

which implies that, for allx € G N dB,(0),

k
px) < —% <0.

Thus ¢ has at least i,,(B>) — i5,(B1) — v3,(B1) pairs of distinct critical points, which implies
that problem (1.1) has at least i,(B,) — i5,(B1) — v5,(B1) pairs of solutions in Z. O

3.5 Proof of the corollaries
In the section, we use Theorems 1.1-1.4 to prove that the corollaries.

Proof of Corollary 1.5 Letting M = N = I,, and B;(t) = 0, from the index theory of Sect. 2
we easily see that Z = H{, v; (0) #0, ker(A) = R”, and #; (0) = 0, that is, (A1) holds. By
ker(A) = R” we know that |x| = ||| for all x € ker(A). Again setting B,(f) = (27)?, from
(2.4) and (2.5) of Remark 2.8 we have v} ((277)%) #0 and & ((27)%) = # (0) + v} (0). Thus
(A;) and (A3) follow from (H;) and (H;). The proof is complete. O

Proof of Corollary 1.7 Letting M = N = I, and B;(f) = 0, we have Z = H}, v; (0) # 0,
ker(A) = R”, and #; (0) = 0, that is, (A1) holds. We need only to show that (A4) follows
from (H3) and (Ag) follows from (Hy). In fact, from (2.4) and (2.5) of Remark 2.8 we ob-
tain that v; (f(¢)I,) = 0 and & (f(¢),,) = ij (0) + v; (0), which shows that (A4) holds.
Moreover, setting By (£) = (2km)? and By, (¢) = (2(k + 1)7r)?, from (2.4) and (2.5) of Re-
mark 2.8 we see that v; (By;) # 0 (i = 1,2) and ij (Boz) = ij (Bo1) + vj (Bo1). Noting that
x| < llxlloo < [l%]| for x € H}, we have |x| < § as |x|| < 8, which implies that (As) holds.

The proof is complete. O

Proof of Corollary 1.9 Letting M = N = I, and B;(¢) = 0, we have Z = H}, v; (0) # 0,
ker(A) =R", and 7} (0) = 0, that is, (A;) holds. Similarly to the proof of Corollary 1.7, (Ay)
follows from (H}). Since ker(A) = R”, we have that |x| = ||x| for all x € ker(A). So (A7)
follows from (Hs). The proof is complete. a

Proofof Corollary 1.12 Letting M = N = I,,, B1(£) = (2km)?, and B (¢) = (2(k + m)m)?, from
(2.4) and (2.5) of Remark 2.8 we obtain Z = H}, v (Bi) #0 (i =1,2), v} (B1 + f(£)I,) = 0,
iy (B1 +f(O)1,) = 1} (B1) + v; (B1), and #; (By) — #; (B1) — vj (B1) = 2nm — 2n > 0 via some
simple calculation. Similarly to the proof of Corollary 1.7, we see that the conditions of
Theorem 1.4 hold. The proof is complete. d

Proof of Corollary 1.14 Letting M = N = I,, and B;(t) = A(t), from (2.4) and (2.5) of Re-
mark 2.8 we obtain that Z = Hj, vy (B1) #0, and #; (A(?)) is at most finite-dimensional. If
i; (A(#)) = 0, then we see that the conditions of Theorem 1.3 hold, and if 7} (A(¢)) # 0, then
we also see that the conditions of Theorem 1.4 hold. The proof is complete. O

Acknowledgements
The author thanks the referees for the valuable comments and suggestions.



Song Boundary Value Problems (2019) 2019:118 Page 29 of 29

Funding
This research was supported by the Natural Science Foundation of the Jiangsu Higher Education Institutions of China
(No. 18KJB110006).

Availability of data and materials
Not applicable.

Competing interests
The author declares that she has no competing interests.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 11 February 2019 Accepted: 24 June 2019 Published online: 05 July 2019

References
1. Amann, H.: Saddle points and multiple solutions of differential equations. Math. Z. 169, 127-166 (1979)
2. Brezis, H., Nirenberg, L.: Remarks on finding critical points. Commun. Pure Appl. Math. 44, 939-963 (1991)
. Chang, K.C: Methods in Nonlinear Analysis. Springer, New York (2005)
. Chang, K.C, Guo, M.: Lecture Notes on Functional Analysis (Il). Peking University Press, Beijing (1990) (in Chinese)
. Clarke, FH., Ekeland, I.: Nonlinear oscillations and boundary value problems for Hamiltonian systems. Arch. Ration.
Mech. Anal. 78(4), 315-333 (1982)
. Dong, Y.J.: Index theory for linear self-adjoint operator equations and nontrivial solutions for asymptotically linear
operator equations. Calc. Var. 38, 75-109 (2010)
7. Dong, Y.J.: Index Theory for Hamiltonian Systems and Multiple Solution Problems. Science Press, Beijing (2014)
8. Fonda, A, Garrione, M., Gidoni, P: Periodic perturbations of Hamiltonian systems. Adv. Nonlinear Anal. 5(4), 367-382
(2016)
9. Long, YM.: Nonlinear oscillations for classical Hamiltonian systems with bi-even subquadratic potentials. Nonlinear
Anal. 24, 1665-1671 (1995)
10. Mawhin, J., Willem, M.: Critical Point Theory and Hamiltonian Systems. Springer, Berlin (1989)
11. Papageorgiou, N, Radulescu, V., Repovs, D.: Nonlinear Analysis—Theory. Springer Monographs in Mathematics.
Springer, Cham (2019)
12. Rabinowitz, PH.: Minimax Methods in Critical Point Theory with Application to Differential Equations. CBMS Regional
Conference Series in Mathematics, vol. 65. Am. Math. Soc., Providence (1986)
13. Tang, C.L.: An existence theorem of solutions of semilinear equations in reflexive Banach spaces and its applications.
Acad. R. Belg. Bull. Cl. Sci. (6) 4(7-12), 317-330 (1993)
14. Tang, C.L.: Periodic solutions for non-autonomous second-order systems with sublinear nonlinearity. Proc. Am. Math.
Soc. 126(11),3263-3270 (1998)
15. Tang, C.L, Wu, X.P: Periodic solutions for a class of nonautonomous subquadratic second order Hamiltonian systems.
J. Math. Anal. Appl. 275, 870-882 (2002)
16. Tang, X.H., Meng, Q: Solutions of a second-order Hamiltonian system with periodic boundary conditions. Nonlinear
Anal,, Real World Appl. 11,3722-3733 (2010)
17. Tang, C.L,, Wu, X.P: Some critical point theorems and their applications to periodic solution for second order
Hamiltonian systems. J. Differ. Equ. 248, 660-692 (2010)
18. Wu, X.: Saddle point characterization and multiplicity of periodic solutions of non-autonomous second-order
systems. Nonlinear Anal. 58, 899-907 (2004)
19. Wang, J,, Zhang, F.B., Wei, J.C.: Existence and multiplicity of periodic solutions for second-order systems at resonance.
Nonlinear Anal., Real World Appl. 11, 3782-3790 (2010)
20. Wang, H., Wu, Z.: Eigenvalues of stochastic Hamiltonian systems driven by Poisson process with boundary conditions.
Bound. Value Probl. 2017, Paper No. 164 (2017)
21. Ye, Y. Homoclinic solutions for second-order Hamiltonian systems with periodic potential. Bound. Value Probl. 2018,
Paper No. 186 (2018)
22. Zhao, F, Wu, X.: Existence and multiplicity of periodic solution for non-autonomous second-order systems with linear
nonlinearity. Nonlinear Anal. 60(2), 325-335 (2005)

v~ W

(o)}



	Existence and multiplicity of solutions for second-order Hamiltonian systems satisfying generalized periodic boundary value conditions at resonance
	Abstract
	Keywords

	Introduction and main results
	Brief introduction of the index theory
	Proof of the main results
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	Proof of Theorem 1.4
	Proof of the corollaries

	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


