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1 Introduction
In this paper, we study the following fractional Kirchhoff type equation with Hardy-
Littlewood—Sobolev critical exponent:

(@+bfg o ’;,;‘f%a' dxdy)(-A)*u
=(/, BEGly)+u) dy) x (Bf (u) + 2:‘L|u|2/ﬁ_2u) +y|ul?%u  in £, (1.1)

[x—y[H

u € H§ (£2),

where 2 ¢ RMN(N > 3) is a smooth bounded domain, 4, b > 0 are constants, « € (0,1),

(=A)* is the fractional Laplace operator, i € (0,N), 2, = 2N S

is the critical exponent of
the Hardy-Littlewood—Sobolev inequality, F is the pr1m1t1ve functlon of f,q€(1,2), 8,
y > 0 are parameters.

The investigation of (1.1) is motivated by the following fractional Kirchhoff type equa-

tion:

2
(@a+bfq f_(z I ﬂmj;(l dxdy)(-A)*u=h(u) in$2,
MEHO(Q))

(1.2)

where / is a nonlinearity with subcritical growth, or involving the critical exponent. When
b =0, problem (1.2) reduces to the standard fractional equation. The fractional equation
appears in various areas such as plasma physics, optimization, finance, free boundary ob-
stacle problems, population dynamics, and minimal surfaces. For more background, we
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refer to [4] and the references therein. In recent years, many papers have focused on frac-
tional problems on bounded or unbounded domains.

The Kirchhoff equation occurs in various branches of mathematical physics. For exam-
ple, it can be used to model suspension bridges. Also, it appears in other fields like biolog-
ical systems, such as population density. Because of the presence of the nonlocal term, the
problem is not a pointwise identity, which causes additional mathematical difficulties. In
[12], the authors established a stationary Dirichlet problem of Kirchhoff type and proved
the existence and asymptotic behavior to solutions. In [3], the authors extended the re-
sults in [12] to a more general case. In [11], the author obtained infinitely many solutions
to a critical Kirchhoff type fractional problem. There are also papers on problems in the
whole space. In [22], the authors obtained the existence and multiplicity of solutions to a
fractional Kirchhoff type eigenvalue problem. In [23], the authors studied a nonhomoge-
neous fractional p-Laplacian equation of Schrédinger—Kirchhoff type. In [17], the authors
considered ground states to a fractional Kirchhoff type problem with Sobolev critical ex-

ponent:
(a +b / [(-A)5ul® dx)(—A)”‘u +V@u=f(u) inRY, (1.3)
RN
where N = 3 with o € (%, 1). In [29], we continued the studies in [17] and considered the
equation
2
(1 + b/ / Iutx) ~ u)I" dy> (“A)u+u=Bf(w) + %! inR?, (1.4)
w Jrs - g3
where 2% = 6 is the Sobolev critical exponent. Under some conditions on b, 8, f, we

obtained the ex1stence of ground state solutions when & = 3 and the non-existence of non-
trivial solutions when « € (0, %]. All the critical problems mentioned above contain only
the Sobolev critical exponent. Also, when we consider the problem on a bounded domain,
we infer from [6] that the results may be quite different. Thus, it is natural to ask what
happens when we study the fractional Kirchhoff type equation with Hardy—-Littlewood-
Sobolev critical exponent on a bounded domain?

The problem involving Hardy—Littlewood—Sobolev critical exponent is closely related
to the Choquard type equation, which has been well studied recently. The Choquard equa-
tion can be used to describe the quantum mechanics of a polaron at rest. Also, it is known
as the stationary Hartree equation, or the Schrodinger—Newton equation. In [15], Lieb
first proved the existence and uniqueness of radial ground state solutions to the following

equation:

12
—Au+u=(/ Mdy)|u|1’2u in R3, (1.5)
RS [ —y[*

Later, Lions [16] obtained the existence of infinitely many radial solutions. The authors
in [18, 19] studied the existence, qualitative properties, and decay asymptotics of ground
state solutions to a more general Choquard equation. For other related results, we refer the
readers to [1, 7, 20, 21] for the subcritical case. There are also papers studying Choquard
equations involving the Hardy-Littlewood—Sobolev critical exponent. In [13], the authors
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proved the existence and non-existence of solutions to a Brezis—Nirenberg type Choquard
equation. In [27], the authors studied multiple solutions for a nonhomogeneous Choquard
equation with Dirichlet boundary condition. In [30], we obtained multiplicity and concen-
tration behavior of positive solutions to a singularly perturbed Choquard problem with
critical growth.

In this paper, we study multiplicity of solutions to the fractional Dirichlet problem (1.1).
By using the Ekeland variational principle and the mountain pass theorem, we obtain non-
trivial solutions to (1.1) with positive or negative energy in a certain range of parameters.
Moreover, we show some further properties of the set of solutions. Our results are new
even in the case y = 0. Recall that in [25], Servadei and Valdinoci first used the mountain
pass theorem to solve the fractional problem. In this paper, since problem (1.1) includes
the Kirchhoff type nonlocal term and the nonlocal critical term, it is not easy to check the
geometric structure of the functional associated with the equation, the boundedness and
convergence of the corresponding Palais—Smale sequence. Also, we have to distinguish be-
tween different solutions. Now we state the results. We first consider the case u € (0, 4).
For this purpose, we assume f satisfies the following conditions:

(1) f € C(R,R) and lim,, .o -5 = Tim,, .o ‘ ‘fzi"_z = 0, where 2} = T34
N

(f2) F(u) = fo f(s)ds >0 for u € R. Moreover, there exists & > 0 such that F(§) =

fo f(s)ds > 0.
(f3) %f(u)u — F(u) > 0 for u € R, where F(u) = fouf(s) ds.

Theorem 1.1 Let u € (0,4x),a, b, 8 >0. When N > 4, or N = 3 with a € (0, %], we assume
(f1)—(f3); when N =3 with o € (%, 1), we assume (f1)—(f3) and lim,_, ;o0 % = +00. Then

m
u 3-2a

there exists y1 > 0 such that, for y € (0,y1), problem (1.1) has a negative energy solution

u1,, and a mountain-pass type solution u,,, with positive energy. Moreover,
(i) w1,y = 0in H{(2) as y — 0;

(i) wo,, — uo in H5(82) as y — 0, where uy is the nontrivial solution of (1.1) with y = 0.

Remark 1.1 A typical example satisfying (f;)—(f3) is the function f(u) = |u|9~2u, where q €
(2, 2;’1), uelR.

Now we consider the case i > 4. Define the best fractional Sobolev constant:

2
S o i dedy
Sapi= 21n1\§ Rl — (1.6)
D*4(RN)\{0 z i oF
! S MO g )
where 2 = ?VN 5 is the critical exponent for the Hardy-Littlewood—Sobolev inequality.

Theorem 1.2 Let N > 3, u=4a,a >0, b> 5—, f > 0. Assume that (f))=(f2). Then there
exist By, ya > 0 such that, for > By and y € (O )/2) problem (1.1) has a mountain-pass type
solution vy, with positive energy and two negative energy solutions vy,,, va,,,. Moreover,
(i) vo, — vo in Hy(82) and vy, — v1 in H§(2) as y — 0, where vy # v1 are nontrivial
solutions of (1.1) with y = 0;
(ii) vy — 0in H{($2) as y — 0.
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Let
L4 +2

2%\ o 2% — 1\ ks
X )H“ <—“_ ) o (17)
Sk, b

Theorem 1.3 Let N >3, u>4a,b>0,a>a(b), B >0. Assume that (f1). Moreover, F(u) =
fouf(s) ds > 0 for u € R. Then there exist by, ys > 0 such that, for b € (0,by) and y € (0, y3),
problem (1.1) has a mountain-pass type solution wy, with positive energy and two negative

n—4o
a(b)_N—2a<

energy solutions wi,,, wy,, . Moreover,
(i) wo,, — wo in Hy($2) and wy,, — wy in H;(§2) as y — 0, where wo # wy are
nontrivial solutions of (1.1) with y = 0;
(ii) wo, — 0in H§(2) asy — 0.

2 Preliminary lemmas

In this section, we give some definitions and lemmas. Let o € (0,1). Define H§(£2)
{u € H*(RN) : u(x) = 0Oae.x € RN \ £2}. For u € HY($2), define the norm ||u|y
(fan [ 'T;x)ylf,%l dxdy)%. By [10], we get [lulle = (fgs (- 2u|2dx) Then (H§($2),
Il - Il,) is the fractional Hilbert space. Define ||u|; = fQ lu|t dx) ¢, where t > 1. Let 2% =
% be the fractional Sobolev critical exponent. By [10, 24], the embedding H* (RY) <

LY(RN) is continuous for ¢ € [2,2%], and is locally compact for ¢ € [2,2}). So the embed-

ding H*(RN) < L% (RN) is not compact. In this case, we define the best fractional Sobolev

constant:
2
foN i M% dxdy
Sw=inf Gk e (2.1)
ueD®*(RY)\{0} (fRN |u(x)| 2 dx) 23;
By [8, 26], we know that S,, can be attained by
Ux)=e"7" o (2.2)
(12 +|
8520{
where ¢ > 0, kg € R\ {0}, i > 0. Moreover,
X N
Il = [ i a - (23)
RN

Choose ry > 0 such that By, (0) C £2. Define u,(x) = ¥ (x)U,(x), where ¥ € C{°(B2y,(0))
such that ¥ (x) = 1 for |x| <9, 0 < ¥ <1and |Vy| <2. By [26], we get

N
llue |12 < S&* + O(e"7>). (2.4)

We introduce the following Hardy-Littlewood—Sobolev inequality, which leads to a new
type of critical problem.

Lemma 2.1 (Hardy-Littlewood—Sobolev inequality [14]) Lets, ¢t > 1 and jn € (0,N) with
L4148 =2 Let f € L(RN) and h € L'(RN). Then there exists a constant C(N, s, t, 1)
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independent of f, h such that

h
/R T0) v dy < CNs, a0 I

N JrN X =y

r&g-5,r&hH,-
Ifs-t— thenC(Ns,t w)=C(N,u) = nh )
2
By Lemma 2.1, we get, for all u € D**(RN),
)2 Ju(y) % i
r3 JR3 |x y* “

Here 2} = N 5= is called the critical exponent for the Hardy—thtlewood —Sobolev inequal-
ity. In order to deal with the term (/,, 'ﬁglt dy)|u| ~2u, we define the constant S, o in

(1.6). Since (2.5) holds, by the definitions of S, and S, we have the following result. The
proof can be found in [9].

%. Moreover, the constant S, ,, is achieved if and only if

[C(N,w) 2N-1

Lemma2.2 S, , =

N-2a
C 2
-c(——)
u(x) (02+|x—d|2>

where C>0,d € RN, and ¢ > 0.

We establish the following Lemmas 2.3-2.5, which is crucial for estimating upper
boundedness for the functional of (1.1).

(N-2a)
Lemma 2.3 Let ¢ € (0, ). Then there exists o > 0 such that f_Q |u|7dx > o™ 2 :
wSe”
Proof By ¢ € (0, —1-), we get u?¢*> < -$. Then
llsaza Sa
qu(Nfzm)q
/ |us|qu2/ |ue|qu:/ ° (N—2a)q 2a
Q By, 0) Bry(0) (262
s
q (N-2a)q
Ko 2
> dx.
- 2 o
()" S0
Sat
So Lemma 2.3 holds. O

The relationship between S, and S, is crucial for proving the following estimate.

Lemma 2.4

/ M dxdy > [C(N, M)]%Sz\zgu m%“
2702

) 2.6
x — y|* ) (26)
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Proof By a direct calculation,

/ ot ()2 g () [ dxdy
2 JR2

o — y|#

U, (y)) % | U (x) |
2/ / [U: ()7 | U ()| drdy
By (0) J By, (0) o = y|*

Ug 2% ug 2% L[‘9 2% U£ 2%
=/ / [U:(y)| | (x)|ﬂdxdy—2/ / |U:(y) | | (x)l“dxdy
RN JRN o = y|* RN\B,( (0) J By, (0) o — y|*

LL O 12 1L () 25
) / / [PACIRAACOTRI 07
RN\B, (0) JRN\B,, (0) e —yl*
N
By Lemma 2.2, we know that S, ,, is attained by U,. Together with ||U, |2 = SZ* and S, , =
%, we get
[CN,p)) N1
U, (y) % | U (x) | N WN-p
/ / | s(y)| [Us ()] dxdy _ [C(N, ,u,)] 2a SO(,%I?‘ . (2.8)
RN JRN lx -yl

By Lemma 2.1,

f / | UL (y) |5 | UL () | dxdy
RN\B,,,(0) /B, (0) lx —yl"

Ce2N-1
S / / 2N-p 2N-p dx dy
RN\By, (0) /By (0) (2 + [x]2) 72 (2 +|y|2) "2 |w—yl#

W Wp

<C2N—M</ 1 d)zN (/ 1 d)zN

<Ce S — —  _dx
RN\B,, (0) (62 + [y[*)N i’ 8, (0) (€2 + [x]2)N

70

—0(e" ). 2.9)
Also,
U, ()% | U, (x)| %
/ / |Ue ()7 | U ()] dxdy
RN\B,( (0) J RN\B,, (0) lx — y|*
CegN-n
E/ / 2N—p 2N—un dxdy
RN\By(0) JRN\Br (0) (£2 + |%|2) "2 (€2 + |y|2) "2 |x—y|*
Wop Wop
C2N—u(/ 1 d)zN </ 1 dx)zzv
<Ce S dy S
RN\B, (0) (6% + [y[P)N RN\B, (0) (6% + [N
=0(e*NH). (2.10)
By (2.7)—(2.10), we get (2.6). O

Lemma 2.5 Let 8 >0, u € (0,4«), and t >0. When N > 4, or N = 3 with a € (0, %], we

assume (f1)—(f3); when N = 3 with a € (%,1), we assume (f1)—(f2) and lim,_, , % =

u 3-2a
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+00. Then there exists Co > 0 such that, for all L > 0, there exists €(t,L) > 0 such that, for
e €(0,8(t,L)),

/ / ﬂF(tus(y))|tus(x)| dx dy>Cot N ga“ LSN 201.
o — y|#

Proof When N > 4, or N = 3 with « € (0, ] by (f3), we get £ 2 is increasing for u > 0.
Since 22 N " <2when N >4, or N =3 with @ € (0, 4], by (f2), we get lim,,_, oo i(x,)ﬂ = +00.
uN-2a

So, for all L > 0, there exists R; > 0 such that F(u) > L|u|N Y for u>R;. Let s(t L)=

min{1, - ,2”2(“‘0)1\/ 2} and ¢ € (0,&(¢,L)). Since u,(x) > LNZ_ZQ for |x| < ;/,SO%"S we
2

1S3* (2u) 2
obtain that

do—
Lo s .
F(tuy) > W, x| < /JLSo%a .
2

Then, by (f3), we derive that there exist Cj, Cy > 0 such that

2
/ BE (tu, (y))|tue ()] ded
o — y|#

CoF(tue () |t (x) %
dxd

|l + [y|#

;LSO%TI € p.SD?Tx €

( | / / F(tue(y))|tu. x)| i dxdy
2 ,uSz"s H SZO‘

(N+2a—p) _
> Cot 2™ [eN-2e

So Lemma 2.5 holds. O
Let H(u) = BE(u) + |u|%* and h(u) = 1@ ¢(£2) by
a b H(u(y))H (u(x
1) = Sl + - 5/ HuONHu@) / Wide.  (211)
o2Je o — y|#

Then I, : H§($2) — R is of class C! and critical points of I, are solutions of (1.1).
Similar to the well-known Brezis—Lieb lemma in [28], we have the following Brezis—Lieb

splitting.

Lemma 2.6 Assume that (fi). If u, — u weakly in H§ ($2), let v, = u,, — u, we have

f HunONH un()) dy - f HuO)H () dy
lx — y1# ele lx =yl
- / dedywnu), (2.12)
2Je % —y1#
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and

/ el CA AN dy— / Hu()hwx)ux) dy
| — y[# 2Je lx =yl
2 2
/ f Va7 va () +0,(1). (2.13)
e =yl
Proof By Lemmas 2.2 and 2.4 in [5], we can prove that
f HunONH un () dy— f HuO)H () dy
% — y[* 2Je -yl
[ M) 4 g, 10
e~y "' ’

Also,

dxdy + 0,(1)

/ H@,()h(v,(x))v,(x)

e — y|*

[ M) g, [ [ D) g, 15
=1 ala ool |
By Lemma 2.1,
/ |F(Vn(y))||F(Vn(x))| dxdy < CON, 1) | F(v,) H o
Q e —y|#
F(v, n
// |F(v (V)HV dxdy<CN M)”F(Vn)” 2N |||Vn| ”” 2N ’
| — yl“
/ |F(vn(y>:g v;l(f G )|dxdyiC(N,M)”F(Vn)H%|Lf("n)"n“%’
2*
/‘ [V, (y) 3 b V;I(;))V”(xﬂdxdyiC(N’M)|||Vn|2’t“%|V(V”)V”H%' (2.16)

Since lim,, oo [|[Vall; = 0 for all £ € (2, 2:,); by (f1), we get ”F(Vn)”% = ”f(vn)vrt“% =
—H -
0,(1). Together with (2.14)—(2.16), we get the results. a

3 The case L < 4a
In this section, we study (1.1) for the case u < 4« and prove Theorem 1.1. Since u < 4,
we get 27 = 2N ¥ >2.5022% > 4. Let

6152A°i sy . [CIN )]2%5%
2y 2o 4 » b oL tzz,j’

) = 4 2

where ¢ > 0. By the structure of /4, there exists T € (0, +00) such that 4(T) = sup;., h(t)
and %' (T) = 0. Moreover, #'(t) > 0 for t € (0,T) and #'(¢t) < 0 for t € (T, +00). Let A1 =
. llullZ

lnfueHg(Q)\[o} Ta |L:4|2 o Then

Al/ lul*dx < ||lul2, Vue H($2). (3.1)
2
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By the Sobolev embedding theorem, there exists S; > 0 such that

2
R L 32
Q|M| X _S—q; ue 0( ). (3.2)

2
Let ngy = “(i;q)(%q)ﬂ — We establish the following local compactness result for 7,
s
which plays an important role in applying the critical point theorems.

Lemma 3.1 Let >0, y > 0. Assume that (i) and (f3). If {u,} C H§(£2) is a sequence such
2

that I, (u,) — c € (0,sup,» h(t) — noy *7) and I, (u,) — O, then {u,} converges strongly in

H§ (82) up to a subsequence.

Proof By I, (u,) = ¢, I;(u,,) — 0, (f3), and (3.2),

Cy + On(l) + On(l)”un”a

—I (Mn) - _(] (un) un)

Ix yI“
11 luald
—y(———)/|un|qu>—||un||2 ( ——) T (3:3)
q9 4/ g2
q

So ||ty is bounded. Assume that u,, — u weakly in Hg (£2). Let A = lim,,, ||, ||2. Define
the functionals j},, jy, 7, J on H{($2) by

1w =2 ju ||2+—|| 12— de f HuODHE) o 4y,

a
2
= Z””n”a

2 |x_ |~
jy(“)=g||u||§ || ||2——f |u|? dx — f g%ﬁl:m) xdy,

A a bA u u(x
J = Sl + Zu - 5 [ dedy,
2 lx—yl*

Foy Gy PAL //W()’ e
/(M)—2||M||a+ 2 llaell, — P yl" dxdy.

By I, (u,) = ¢, IJ’/ (¢4,) = 0, we get j], (4,) — ¢, 7;,(14,,) — 0. Then j; () =0.Let v, = u,, — u.
By Lemma 2.6,

c—1,(u) = 1, (uy) = I, () + 0,(1) = J(v,,) + 0, (1). (3.4)
Also,

0,(1) = (j;(un): un) - (j; (), u) = (7/(Vn)r Vn) +0,(1). (3.5)

Page9of 17
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By (2.1), (2.5), and (3.5),

. . 2,C(N, i) 2%
a lim [[v,[[5 +b lim [|v,]l3 < F—=— lim [[v,]la " (3.6)
n— o0 n—00 Sm n—>00
o

Assume that lim,,_, « [|v,]|2 = . If [ > 0, by (3.6), we get

25C(N, 1) .
al + bl* < %ﬂmz%. (3.7)

N-2a
o

1 1
By (3.7) and Lemma 2.2, we have /#'(<%-) < 0. Then 55~ > T. So, by (3.4)—(3.5) and

54 Sc,g
Lemma 2.2,
. - 1 /
c=lim (J(vy) - 2 ')y vu) ) + 1, (w)

a(N +2a - pu) . o  blda—p) . PRN
1 1 L
2N - ) lim {|v,l; 20N )nggo villy + 1y ()
- a(N + 20 — 1) 3 72 b(4a — 1) ST, }y(u)
2(2N — 1) 4(2N - 1)
1 A A
=nh(T) - e (H(T), T) +1,(u) = sup h(t) + I, (). (3.8)
H >0

Since j; (1) = 0, by (f3),

1 a o, (1 1Yull
Iy(u)zly(u)_i(ly(u):u)zZ“u”a_y<;_1> S%
q

. a, 1 1\ 1 2
> e ) | = 2=
_gght V(q 4)Sgt noy *4. (3.9)
q

By (3.8)-(3.9), we get a contradiction. So [/ = 0. By (2.1) and (2.5), we have

1) 1) 21

lim,—oo [o [0 P i — dxdy = 0. Then, by (3.5), we get u, — u,, in H§($2). O

From Lemma 3.1, we know that it is crucial to prove the estimate of upper boundedness
for I,,. Now we obtain the following result.

Lemma 3.2 Let B > 0. Assume that (fi)—(f3). Then there exists y| > 0 such that
2
SUp;-.o 1y (Eute) < SUpys A(t) — noy 4 for y € [0, ).

N

2
Proof By (2.4) and Lemma 2.4, there exists &; € (0,1) such that [u.|? < % and
Jola 7‘%@)‘”{5&(@' " dxdy > 7[C(N’M)];a Sait’_ for & € (0,¢,). Let & € (0,&;). Then, by (),

there exist small ¢ € (0,1) and large £ > 1 independent of ¢ and y such that

SUP,c[0,11]Ulta,+00) Iy (tu,) < % SUp=o h(t). Let

at* bt* 122 |t () [ |1t () | 5
() = —llue |12 + — llue |1 — —/ / (y—dxdy.
2 4 2 Jole e — y|H

Page 10 of 17
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By (2.4) and Lemma 2.4, there exists &; € (0, &1) such that, for ¢ € (0, &),

max y(t) <suph(t) + CeN2 4+ Ce o (3.10)

telt >0

By (3.10), Lemmas 2.3 and 2.5, there exists €3 € (0, &;) such that, for ¢ € (0, ¢3),

P
max 1, (tu;) < sup h(t) - yohe ° (3.11)
q

te[ty ity t>0

1
So sup,.oly (tus) < sup,oh(t) for y = 0. For y > 0, we let ¢ = y ¥-239C-9, Then
> > e

atly 22-9)

MaXyc(s 1) Iy (Ete) < SUP g (L) — . Thus, there exists ;' > 0 independent of ¢ such

that  maxse(s i) 1y (tue) < supoh(t) - noyz-q for y € (0,y). Recall that
SUDyc (0. ]Ulty,s00) Iy (F1te) < 3 sup,oh(z). Then there exists y{ € (0,y) such that

2
SUpo I, (tue) < sup;.q h(t) — noy >-7 for y € (0, 7). O

Since Lemmas 3.1-3.2 hold, by using the Ekeland variational principle and the mountain
pass theorem, we prove that (1.1) has two different nontrivial solutions. Moreover, we

obtain some further properties of solutions.
Proof of Theorem 1.1 By (f1), Lemma 2.1, (2.1), and (3.1), there exists C; > 0 such that

/ H( u(y))H u(x)) dxdy

lx—yl#
2N—p N -t
N N
5c1</ |u|2dx) +C1<f |u|% dx)
Q
2(2N ) 202N-p)
< ZN,L lulle ™+ 7 llullaN o (3.12)
MmN e
By (3.2) and (3.12),
a C 2(2N n) Cl 2(2N—p) y
I, (u) > Ellullﬁ — —n ulle ™ o 14 o2 = — llullZ. (3.13)
)»1 N SLX quz

Let

N N-2a
FN—10) 2N— E TN P 2N-
LO _ min a 2(N-j1) N Z(N—Z) a 2(N—j1+2a) Sm
= _— N 0 — a .
8C1 ! 8Cl

q

wass
Lety € (O,q—s"(L—O)Z‘q).Choose 00 e( ,Lo). Then, by (3.13), we get 1, (u) > &||ul2 > %5

for ||ulle = po. Let y € (0, min{y;, “q—q( 2")2‘q}) with y| given in Lemma 3.2. Choose u, €

2 4
Hg($2)\ {0}. By (5), we have I, (tuo) < “-||uol|2 + 2-||uol|% - VT;" Jg 0|7 dx. Then I, (tuo) <
0 for ¢ > O sufficiently small. So infy,, <, I, (#) < 0. By the Ekeland variational principle, we
derive that there exists a sequence {u,} C H{(£2) such that I, (u,) — infy,, <, I, () <0

Page 11 of 17
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and I;(un) — 0. By Lemma 3.1, there exists u;,, € Hj($2) such that u, — u;,, in Hg($2).
Then I, (11,,) <0, I; (#1,,) = 0. We note that

1
0>1,(u,) - Z(I)/’(ul’y)’ ulyy)
TP R G / a o (1 1Yyl
> — VY g Idx > — VY [ ,
= 4||u1,y||a )/(q 4) 5 |M1,y| X > 4'||l,£1,),||0( y ;3 Sq%

from which we derive that ||u;,, |l — Oas y — 0.

By (f2), we get lim,_, . I, (tuo) — —00. Also, I,,(0) = 0. By the mountain pass theorem in
[2], there exists a sequence {u,} C H(£2) such that I, (u,) — ¢, and I}’, (#,) — 0, where
¢y = infgeg, maxo<,<1 1, (g(?)) with G, = {g € C([0,1], Hy (§2)) : g(0) = 0,1, (g(1)) < 0}. Re-
call that ¢, > ¢ pgz. By the definition of ¢, and Lemma 3.2, we get ¢, < sup,.o7, (fu) <
Sup;-o A(t) — noy >7. By Lemma 3.1, there exists uy, € H($2) such that u, — uy, in
H§(82).So I, () = ¢, = %pg and IJ’/ (u2,) =0.

Lety > 0.Forallg € Go,wehaveg € G,,.. Then ¢, < maxseo,1] 1, (g(£)) < max;ejo11o(g(t))
for all g € Gy, from which we derive that ¢, <cy. Then I, (u3,) = ¢, € [%pg, col, I/y(ug,y) =
0. By (3.3), we know that |luy,, ||, is bounded. Then lim, ¢ lo(uy,) = lim, oI, (42,) €
[%pg, col, limy, 0 Iy(u43,,,) = 0. By Lemma 3.2, we have ¢ < sup,. /4(¢). Then, by Lemma 3.1,

we get uy, — upasy — 0, Ip(up) € [%pg,co] and Ij(uo) = 0. O

4 The case it =4 and b > szi
o,
In this section, we study (1.1) for the case u = 4« and prove Theorem 1.2. Since p = 4«,

we have 27 = iﬁ—;g =2. By (1.6),

2 2
b||u||§—2/9 Qdedyz (b—SQL>IIuII§. (4.1)

|x - |401 o,
We first establish the following compactness result for /,,.

Lemma 4.1 Let § >0, y > 0. Assume that (f;). If {u,} C H§($2) is a sequence such that

I, (uy) — c and I (u,) — O, then {u,} converges strongly in H ($2) up to a subsequence.

Proof By (f1), for all § > 0, there exists Cs > 0 such that |F(x)| < 5|u|2l*l + C5|u|w% for
u € R. Then by (2.1), (3.1), and Lemma 2.1, there exists C, > 0 such that

/ / B2E(u(y))F (u(x)) + 2BF (u(y)) )|
2 J02

o — y|# dxdy‘

< BN, [ B g+ 28CN, i) [FG)] a1

S o
§C2ﬂ2[52(f |u|2§dx> +c§</ |u|2dx) }
2 2

- 2N-—p 2N-p

2N N[
+c2ﬁ[5</g|u|2?idx> N +c5</g|u|2dx> - (/9 |u|23dx> ]
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82 202N-p) 2 2(2N-p)
< Cz,32< o Il + — lulla >
SN 20 )\‘1 N
S 22N—p) 2N—p 2N—;/.
+ C2,3|: N ol ™2 + WHUHN 2t ] (4.2)
N 200 SZ(N —2a) )\' 2N
o
Since u =4, by (3.2) and (4.1)—(4.2)
C2 4(N- 2a)
—||u||2 i Il - C28° —znun‘* s lulle ¥
4 Sz Sz Y N
1
(4.3)

2N 201)
2+ Y
] - lulli.

e
qS

ll2tlo

N-2a

—Czﬂ[s—zllull
&JlN

By choosing 8 > 0 sufficiently small, we get I, (1) — +00 as |ullo — oo. Since I, (1) —
¢, we obtain that ||u,||, is bounded. Assume that u, — u weakly in H§(£2). Let A =

() dxdy,

lim,,, » || 4,]|%. Define the functionals I,,] on H§(£2) by
H(u(y))H (u
| — y|*

Ty ) = S + 2 ——/ ulr s 5
2J02
o)l |

o = S Sz - [ [ FOCEE
By I/ (u,) — 0, we get j;(u,,) — 0. Then I (u) = 0. Let v, = u,, — u. By (4.1) and Lemma 2.6
0u(1) = (7 (), va) = allval + bllvall - / / OEIL 4, g,
2Je lx -yl
> allvallz + (b— Sz—)nvnné. (4.4)
g

So u, — uin H§($2)
Now we use Lemma 4.1 to prove Theorem 1.2
Proof of Theorem 1.2 Choose r > 0 sufficiently small such that B,,(0) C £2. Define w,
& for |x| < r, w(x) > 0 for |x| < 2r, and w,(x) = 0 for
=TI );

(4.5)

C5°(By-(0)) \ {0} such that w,(x)
|| > 2r. Then w, € H§(£2). Moreover, we have F(w,) = F(§) > 0 for |x| <r. By (f
BEw, 0w, I &,
lx — y[#

a b
I,(w,) < Iowy) < =llwe [l + = llwe g —/
2 4 B,(0) JB,(0)
Then there exists By > 0 such that I, (w,) < 0 for 8 > . Let 8 > By. By choosing § > 0

sufficiently small in (4.3), we derive that
2 2 4(1\1 20) C,CsB L 2N= 2a) y
2<N ay lulle ¥ = ——5r llu lo - — llullf. (4.6)
Sad ¥ qS;

1, (u) = —II o -
}‘1
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Let

2N-20) N 2(N-20)

. a)\'l N 2(N-4a) aS )\'1 2N Z(N]YZa)
Ly = min] o, (1) (B2 .
8C,C2B 8C,Cy

Let y € (0, % ”’ (L1 )279). Choose ¢ € (L1 Ly). By (4.6), we get I, (u) > %|\ull? = $0* for
lulle = o- Also, I, (0) = 0. By the mountain pass theorem in [2], there exists a sequence
{u,} C Hy(£2) such that I, (u,) — c; and I;(un) — 0, where c/ = infgegy max0<t<11 (g@®)
with G, = {g € C([0, 1], Hy (£2)) : g(0) = 0,1, (g(1)) < 0}. Moreover, ¢, > § ByLemma4 1,
there exists vy, € Hy(£2) such that U, — Vo, in H{(82). Then I. (Voy) =c, > SQ and

I,(vo,) = 0. By the proof of Theorem 1.1, we get ¢, < ¢;. Similar to (4.2), we can derive
from (f;) that, for all § > 0, there exists Cs > 0 such that, for all u € H (£2),

52F(M(y))f( (®)u() + B2 F(u(y)) +f (()u(y) ()

dxdy
Ix ils
) 22N—) 2(2N-p) 2N [,L+2N/J,
<CB*(5*| IMIIaN = +Collulle ¥ ) + CB(8lullN* + Csllulld™ ). (47)
Since I]’/ (vo,) = 0, by (3.2), (4.1), and (4.7),
2 Y
allvo, 12 + (b - Sz—> o, lla = =7 vy 12
o, qu
0/ . ) 4(N—-2a) L 2(N=20)

< CB*(8*IIvoy lly + Cilvoylla ¥ )+ CB(Sllvo, Il +C6||V0y||ut ). (4.8)

By choosing 8 > 0 sufficiently small, we derive that |lvg, [l is bounded. Then we have
lim, o Io(vo,y) € %Qz,cé)] and lim,_,oIj(vo,) = 0. By Lemma 4.1, we get vy, — Vg as
¥ = 0, 1o(vo) € [§0° ¢h] and Ij(vo) = 0.

Recall that I, (w,) < Ij(w,) < 0 with [w, |l > 0 and I, (#) — +00 as |lully — oc. Then
there exists R > 0 independent of y such that ¢ < ||w,|lo <R and I, (x) > 0 for ||u|, = R.
Let my,, = inf,< |y, <r I, (#). Then my, <I,(w,) < Ij(w,) < 0. By the Ekeland variational
principle, there exists a sequence {u,} C H}(£2) such that o < [[#,l¢ <R, I, (u,) — my,y,
and 17’/(14,,) — 0. By Lemma 4.1, there exists v;,,, € H}(£2) such that u, — vy, in H}(£2).
Then ¢ < [[viylla <R, 1, (v1,y) = m1,, <Io(wy) <0,and [}, (v1,,) = 0.

By (f2), we get
at? , bt oyt
Iy ow) = S w2 + Z Il - 7/Q|wr|qu.

Then there exists small ¢, > 0 such that ||t,w,|l¢ < 0 and I,(¢,w,) < 0. Let m,, =
infy ), <o Iy (). Then my,, < 0. By the Ekeland variational principle, we derive that there
exists a sequence {u,,} C H}(£2) such that [|u,|, < o, I, (u,) = my,, and I}’,(un) — 0. By
Lemma 4.1, there exists v5,, € H}(£2) such that u, — v, in H}(£2). Then |[va, |4 < 0,
I, (vy,,) = my, <0, and I; (v2,,) =0.

Assume that there exists v, € H§(£2) such that ||v,|, is bounded, I,(v,) < 0 and
1)’/(1/1,) =0. Then Io(v,) < 0,(1) and Ij(v,) = 0,(1). By Lemma 4.1, we get v, — v in
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Hy(82) as y — 0. Thus, by 0 < |[vi,y la <R, I, (v1,,) < Io(w,) <0, and I),(v1,,) = 0, we ob-
tain that v;, — v; in H§(£2) as y — 0, Ip(v1) < 0 and [j(v1) = 0. Also, by [|vy, ll¢ < 0,
I, (va,) = my,;, <0, and I (v2,) = 0, we obtain that v5,, — v, in Hj(£2) as y — 0 with

[valle < 0,10(v2) < 0,and Ij(v,) = 0. By (4.6), we get Io(u) > & ||u]|} - L% |ullZ for |lull. < o.
qSq
Then v, = 0. O

5 Thecase u >4«

In this section, we study (1.1) for the case 1 > 4o and prove Theorem 1.3. Since u > 4«
2N
N-2«

we have 2* =
forI,.

< 2. Then 22}, < 4. We first establish the following compactness result

Lemma 5.1 Let b >0, a > a(b), y > 0 with a(b) given in (1.7). Assume that (f1). If {u,} C
H§ (82) is a sequence such that I, (u,) — c and I}’,(un) — 0, then {u,} converges strongly in
H{ (82) up to a subsequence.

Proof In this case, we know that (3.12) holds. By (3.2) and (3.12),

a b C M Cl 22* y
I, (u) = Ellullﬁ + L—Lllulli -y lulle ™ x lulle ™ = — el (5.1)
)\1 N Sa qS;

By (5.1), we get I,,(u) — +00 as |lullq — oo. Then ||u,ll, is bounded. We assume that
u, — u weakly in H(§2). Let A = lim,,_, o ||#,,||2. Define the functionals jyj on H{ (§2) by

_ Hu)H(ux)
e L e R
o aa BAL L[ G )

Joo = S+ Stat? -5 [ [ EOEEO avay

By I (u,) — 0, we get j;(u,,) — 0. Then j;(u) = 0. Together with Lemma 2.6, we have
(J'(v,), V) = 0,(1). Here v,, = u,, — u. Then, by (1.6),

*

. 2 . 4
a lim [v,|I7 + b lim [jv,]|, < lim ||V,,||o, . (5.2)
n— 00 n— 00 — 00

2N 0
N—2a
Soz L

By (5.2) and Young’s inequality,

a lim [|[v ]2 + b lim ||[v,]|2 <a®) lim [|v,]> + b lim ||v,]%. (5.3)
n—00 n—00 n—00 n—0o0
Then u, — u in H§ ($2). O

Now we use Lemma 5.1 to prove Theorem 1.3.

Proof of Theorem 1.3 Let wy € Hi (£2) \ {0}. By (f2),

bt
1(twO><“—||wO||2+—||wO||4——f/ oI o) % dxdy.
RN e — y|H
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Obviously, there exists large ¢y > 0 such that

t2 2% 2*
“_0” / f |Wo(y)| wo(x)| " WORTEIWOROTY. 4 dy < 0.
RN lx — y[#

Choose b, > 0 sufficiently small such that I, (t,2wy) < 0 for b € (0, by). Let b € (0, by) and
a > a(b). Recall that (5.1) holds. Let

2N-p N-2a

2 N
. a)\’l N 2(N-p) ﬂS ”’ 2(N-p+2a)
L = miny [[fowolle 8C 8C .
1 1

q
Let ¥ € (0, @(%)2"7). Choose ¢ € (22,L,). By (5.1), we get I, (u) > lul? = 40 for
llulle = 0. Also, I,,(0) = 0. By the mountain pass theorem in [2], there exists a sequence
{u,} C H§(82) such that I, (u,) — c;ﬁ > 0and 17’, (#,,) = 0. Then, by Lemma 5.1, there exists
wo,, € H§(82) such that u, — wy, in H§(£2), I, (wo,,) = c;; > 0, and IJ’/ (wo,,) = 0. Similar
to the proof of Theorem 1.2, we can derive that wy, — wy in H{(£2) as y — 0, where

wo is a nontrivial solution of (1.1) with y = 0 and Io(wy) > 0. Recall that I, (1) — +00 as
lze]lo = oo. Then there exists R > 0 such that o < [[fowollo < R and I, () > O for |lu|l, = R.
We note that I, () > go 2 for ||ulq = 0, I, (towo) < 0, and I, (¢wp) < O for ¢ > O sufficiently
small. Similar to the proof of Theorem 1.2, we can derive that inf, <, <z 1, (1) is attained
by a function wy,,. Moreover, I,,(w1,) <0, I (wl,y) =0,and w;, — w; in H§(£2)as y — 0,
where w; is a nontrivial solution of (1.1) with y = 0 and Ip(w1) < 0. Also, infy,, <, I, (1) is
attained by a function wy,,. Moreover, I, (wy,,) < 0, I, (w2,,) = 0, and wy, — 0 in Hg (£2) as
y — 0. |

Acknowledgements
The authors wish to thank anonymous referees for their valuable suggestions.

Funding
This research is supported by the National Key Research and Development Project of China(No. 2016YFC1401800) and
the Fundamental Research Funds for the Central Universities (No. T9CX05003A-5, 17CX02060).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
'College of Science, China University of Petroleum, Qingdao, PR. China. ?Department of Mathematics, Shandong
University of Science and Technology, Qingdao, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 19 April 2019 Accepted: 2 July 2019 Published online: 11 July 2019

References
1. Alves, CO, Nobrega, AB, Yang, M.: Multi-bump solutions for Choquard equation with deepening potential well. Calc.
Var. Partial Differ. Equ. 55, 48 (2016)
2. Ambrosetti, A, Rabinowitz, PH.: Dual variational methods in critical point theory and applications. J. Funct. Anal. 14,
349-381(1973)



Wang et al. Boundary Value Problems (2019) 2019:124 Page 17 of 17

14.
15.

16.
17.

20.

21
22.

23.

24.

25.

26.

27.

28.
29.

30.

. Autuori, G, Fiscella, A, Pucci, P: Stationary Kirchhoff problems involving a fractional elliptic operator and a critical

nonlinearity. Nonlinear Anal. 125, 699-714 (2015)

. Bucur, C, Valdinoci, E.: Nonlocal Diffusion and Applications. Lecture Notes of the Unione Matematica Italiana, vol. 20.

Springer, Cham; Unione Matematica Italiana, Bologna (2016)

. Cassani, D,, Zhang, J.J.: Ground states and semiclassical states of nonlinear Choquard equations involving of

Hardy-Littlewood-Sobolev critical growth. arXiv:1611.02919v1

. Chen, C, Kuo, Y, Wu, T.F: The Nehari manifold for a Kirchhoff type problem involving sign-changing weight functions.

J. Differ. Equ. 250, 1876-1908 (2011)

. Cingolani, S., Clapp, M., Secchi, S.: Multiple solutions to a magnetic nonlinear Choquard equation. Z. Angew. Math.

Phys. 63, 233-248 (2012)

. Cotsiolis, A, Tavoularis, N.K.: Best constants for Sobolev inequalities for higher order fractional derivatives. J. Math.

Anal. Appl. 295, 225-236 (2004)

. d’Avenia, P, Siciliano, G., Squassina, M.: Existence results for a doubly nonlocal equation. Sdo Paulo J. Math. Sci. 9,

311-324(2015)

. DiNezza, E, Palatucci, G, Valdinoci, E.: Hitchhiker’s guide to the fractional Sobolev spaces. Bull. Sci. Math. 136,

521-573(2012)

. Fiscella, A.: Infinitely many solutions for a critical Kirchhoff type problem involving a fractional operator. Differ. Integral

Equ. 29,513-530 (2016)

. Fiscella, A, Valdinoci, E.: A critical Kirchhoff type problem involving a nonlocal operator. Nonlinear Anal. 94, 156-170

(2014)

. Gao, F, Yang, M.: On the Brezis—Nirenberg type critical problem for nonlinear Choquard equation. Sci. China Math.

(2017). https://doi.org/10.1007/511425-016-9067-5

Lieb, E, Loss, M.: Analysis. Grad. Stud. Math. Am. Math. Soc., Providence (2001)

Lieb, EH.: Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation. Stud. Appl. Math.
57,93-105 (1976/1977)

Lions, PL: The Choquard equation and related questions. Nonlinear Anal. 4, 1063-1072 (1980)

Liu, Z, Squassina, M., Zhang, J.J.: Ground states for factional Kirchhoff equations with critical nonlinearity in low
dimension. Nonlinear Differ. Equ. Appl. 24, 50 (2017)

. Ma, L, Zhao, L. Classification of positive solitary solutions of the nonlinear Choquard equation. Arch. Ration. Mech.

Anal. 195, 455-467 (2010)

. Moroz, V, Van Schaftingen, J.: Groundstates of nonlinear Choquard equations: existence, qualitative properties and

decay asymptotics. J. Funct. Anal. 265, 153-184 (2013)

Moroz, V., Van Schaftingen, J.: Existence of groundstates for a class of nonlinear Choquard equations. Trans. Am. Math.
Soc. 367, 6557-6579 (2015)

Moroz, V., Van Schaftingen, J.: A guide to the Choquard equation. J. Fixed Point Theory Appl. 19, 773-813 (2017)
Pucci, P, Saldi, S. Critical stationary Kirchhoff equations in R" involving nonlocal operators. Rev. Mat. Iberoam. 32,
1-22 (2016)

Pucci, P, Xiang, M., Zhang, B.: Multiple solutions for nonhomogeneous Schrodinger-Kirchhoff type equations
involving the fractional p-Laplacian in RY. Calc. Var. Partial Differ. Equ. 54, 2785-2806 (2015)

Secchi, S.: On fractional Schrédinger equations in RV without the Ambrosetti-Rabinowitz condition. Topol. Methods
Nonlinear Anal. 47, 19-41 (2016)

Servadei, R, Valdinoci, E.: Mountain pass solutions for non-local elliptic operators. J. Math. Anal. Appl. 389, 887-898
(2012)

Servadei, R, Valdinoci, E.: The Brezis—Nirenberg result for the fractional Laplacian. Trans. Am. Math. Soc. 367, 67-102
(2015)

Shen, Z, Gao, F, Yang, M.: Multiple solutions for nonhomogeneous Choquard equation involving
Hardy-Littlewood-Sobolev critical exponent. Z. Angew. Math. Phys. 68, 61 (2017)

Willem, M.: Minimax Theorems. Birkhaduser, Boston (1996)

Zhang, J, Lou, Z,, Ji, Y, Shao, W.: Ground state of Kirchhoff type fractional Schrodinger equations with critical growth.
J. Math. Anal. Appl. 462, 57-83 (2018)

Zhang, J, LU, W, Lou, Z.: Multiplicity and concentration behavior of solutions of the critical Choquard equation. Appl.
Anal. (2019). https://doi.org/10.1080/00036811.2019.1597058

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://arxiv.org/abs/arXiv:1611.02919v1
https://doi.org/10.1007/s11425-016-9067-5
https://doi.org/10.1080/00036811.2019.1597058

	Multiple solutions to the Kirchhoff fractional equation involving Hardy-Littlewood-Sobolev critical exponent
	Abstract
	Keywords

	Introduction
	Preliminary lemmas
	The case µ< 4alpha
	The case µ=4alpha and b>2/Salpha,µ2
	The case µ> 4 alpha
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


