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1 Introduction and results

In this paper, we consider the following initial boundary value problem:

Lu=A(1-e)uu(x,y) + uy(xy) =f(xy) in$2,
u=0 onds2

(1)

with f(x, ) is a known function, and A, B are constants, A > 0, B > 0, u(x, y) is an unknown
function. Let K(y) = A(1 — e72%), 2 is a bounded, open, and connected subset of R? with
piecewise C! boundary. We assume throughout that

RF=QNRL=0 2)

so that (1) is of mixed elliptic-hyperbolic type. Such an equation is of Tricomi type and it
is important in the problem of transonic fluid flow (see [18]).

Such a boundary value problem will be called closed in the sense that the boundary
condition (2) is imposed on the entire boundary as opposed to an open problem, in which
(2) is imposed on a proper subset I" C 952. Both kinds of problems are interesting for
transonic flow. Much more is known about open problems, beginning with the work of
Tricomi [19].

On the other hand, much less is known about closed problems. Under mild assumptions
on the function K and the geometry of the boundary, one has a uniqueness theorem for
regular solutions to the Tricomi problem. Such uniqueness theorems have been proven
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by a variety of methods, including energy integrals as in [16] and maximum principles as
in [2, 10]. In order to prove well-posedness, one must choose some reasonable function
space that admits a singularity strong enough to allow for existence.

For the interest in closed problems for mixed-type equations, the literature essentially
contains only two results on well-posedness. The first, due to Morawetz [11], concerns
the Dirichlet problem for the Tricomi equation, and the second due to Pilant [15] con-
cerns the natural analogue of the Neumann problem (conormal boundary conditions) for
the Lavrentiev—Bitsadze equation. Inspired by [5-8, 13, 17, 20], we consider the closed
Dirichlet problem in the Tomotika—Tamada model (1).

The existence and uniqueness results of Sect. 2 for the Dirichlet problem do not require
some smoothness assumptions on the boundary, no geometric assumptions on the ge-
ometry of the elliptic boundary an arbitrarily small distance away from the parabolic line
need to be made. Similar considerations have been exploited for the Tricomi problem and
will hold for other problems with an open boundary condition, such as the Frankl prob-
lem. We also note that the arguments used in obtaining the interior regularity results also
apply for problems with open boundary conditions as well. The paper is organized as fol-
lows. In Sect. 1, we investigate the introduction, notions, and results. In Sect. 2, we show
the existence and uniqueness of a weak solution to a problem with Dirichlet conditions.
In Sect. 3, we show the regularity of the weak solution.

We define L2(£2;|K|™!) for the given C'(R?) function K(x, y) in the same way as (see [5])

L*(2;1K[™) = {f € LX(2) : IK[T*f e L*(£2)}

equipped with its norm

172
W ll2e2;k-1y = </ K72 dxdy) (3)
7

which is the dual space to the weighted space L*(£2;|K|) defined as the equivalence classes
of square-integrable functions with respect to the measure |K|dxdy; that is, with finite

norm

1/2
22k = (/ IK|f* dxdy) . (4)
Q
One has the obvious chain of inclusions
L*(2;1K|™Y) c L*(2) € L*($2; K1), (5)

where the inclusion maps are continuous and injective.
We define H} (§2; K) as the closure of C3°(£2) (smooth functions with compact support

in £2 with respect to the weighted Sobolev norm):

1/2
leell 1 2y1)) = (fg(uquﬁ + U+ uz)dxdy> . (6)
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Since u € H'(£2;|K|) vanishes weakly on the entire boundary, one has a Poincaré inequal-
ity: there exists Cp = Cp(£2,K)

llull75) < Cp/ (IK|u; + uy) dxdy;  u e H' ($2;1K]). (7)
2
An equivalent norm on H} (£2; K) is thus given by

1/2
el g3 2310 = (/Q(|K|u§+u§)dxdy) . (8)

We denote by H(£2; K) the dual space to H} (§2; K) equipped with its norm [1]

|(u, @)

lullg-1oxy:==  sup  ——) %)
ozpecs () 101k (25
where (-, -) is the duality bracket and one has the generalized Schwarz inequality
[, )] < lutll 12 10l g3 iy € H (25K, € Hy (825 K). (10)
One clearly has a rigged triple of Hilbert spaces
Hy($2;K) C L*(2) C H'(£2;K), (11)

where the scalar product (on L2, for example) will be denoted by (-, -) 12(2)-
It is routine to check that the second-order operator L in (1) is formally self-adjoint
when acting on distributions D(£2) and gives rise to a unique continuous and self-adjoint

extension
L:H)($2;K) — H ' (2;K). (12)
Now, we give the definition and the main theorem in the paper.

Definition 1 We say £2 is star-shaped with respect to the vector field of a given (Lipschitz)
continuous vector field V = (Vi (x,y), Va(x,y)); that is, for every (xo,70) € £2, (the closure
of £2) one has F;(xo, y0) € 2 for each ¢ € [0, +00] where F;(xo, 7o) represents the time-t
flow of (x¢,¥o) in the direction of V.

If £2 is star-shaped with respect to the flow of V, then £2 is simply connected and will
have a V-starlike boundary in the sense that V(x,y) - v > 0, where v is the unit exterior

normal (see Lemma 2.2 of [6]).

Definition 2 We say that u € H}(£2;K) is a weak solution of the Dirichlet problem (1)
with K(y) = A(1 — e72) if there exists a sequence u,, € C5°($2) such that

|24, — u||Hé(9;K) —0 and |Lu,—fllg1ox — 0 forn— +oo (13)
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or, equivalently,
(Lu, @) = —/ (Kuxpx + uypy) dxdy = {f,0), ¢e H(}(.Q,K), (14)
1?)

where (-,-) is the duality pairing between H1(£2;K) and H}(£2;K), L is the continuous
extension defined in (12), and the relevant norms are defined in (8) and (9).

Theorem 1 Let 2 be a bounded mixed domain with piecewise C* boundary and parabolic
segment CO with O = 0 and 2supq. €*® < 3 + 2infg+ 2B, Assume that $2 is star-shaped
with respect to the vector field V = (byx, —623%) with

b —1+e+2supg. 2 @,

0=, 25y B (15)
S+e+2supg-e 2

for some €. Then, for each f € L*(2;|K|™Y), there exists a unique weak solution u €

H}(2;K) in the sense of Definition 1 to the Dirichlet problem (1).

Theorem 2 Let 2 be a mixed domain and f € L*(2). If u € H'(£2,K) is a weak solution
to the equation Lu = f, then u € Hy. (£2).

In the following sections, we will prove the results on existence, uniqueness, and interior

regularity by the a-b-c integral method in Sobolev spaces with suitable weights.
2 Existence and uniqueness of weak solution
Lemma 1 Under the hypotheses of Theorem 1, one has the a priori estimate. Then 2 is

admissible, that is, there exists a positive constant Cy = C1(82, K) such that

el 2oy < Crlllull g1y © € Cyo(£2). (16)

2B
box, “—-1). We claim that for every

Proof Define Mv = av + bv, + cv,, where (4, b, ¢) = (-1 3

4’
u € C3°(£2), there exists ve C®(£2) N C°(£2\{0,0}) solving

Mv=u in §2,
v=0 on 0§2\{0,0};

(17)

furthermore, |, o(IK [v2 + vﬁ) dxdy < +00. In fact, parameterizing the integral curve of (b, ¢)
by y (8) = (x(£), ¥(£)) = (xpe?, ~ L= U0y for (55, ) € 92 and ¢ € (—00, 0] and by the
assumption that §2 is star-shaped, the method of characteristic gives the unique C*°(£2) N

C%(£2\{0,0}) solution of (17)

v(x(2), (t)) = e””/o e“u(x(s),y(s)) ds (18)

along each flow line. The unique singularity point is (0, 0). Since u is with compact support,
there is a constant ¢ > 0 such that the infimum distance from the points of supp « to the
boundary of §2 is denoted by dist(supp u#, 352) > . Denote by B, (O) the disk with radius ¢
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with center O, then B, (O) Nsupp u = . For each (x,y) € B.(O) N §2, we can re-initialize the
Cauchy problem at time ¢ = T < 0 by starting from points (x7, y7) on 9B, N §2, then v(x,y) =
V(xT,yT)e%“‘T). Since v € C! on £2, the variation in v(x7, y7) is bounded for (x7, y7) on the
initial data surface, v satisfies (18).

We proceed to estimate the expression (v, Lu);2(g).

(v, Lu)j2(q) = /gdiv(v([(ux, uy)) — Vv (Kuty, uy) dx dy

= — / veK(av + by, + vy + vy(av + bvg + cvy), + / W(Kuty, uy) - nds
I?) v

1
=3 / [(-2aK - byK + bK; + (Kc)y)v: + 2(=Kc, — by)v,vy
2
+(-2a+ b, — cy)vjz, + szzz] dxdy

1 N
*+3 / [2v(Kuy, uy) — (KV2 + Vi)(b, ¢) - v*(Kay, ay) |nds, (19)
a0

where 7 is the unit exterior normal vector while ds is the arc length element.
Using the smoothness and compact support of u, the continuity of v, §2 is star-shaped
with V, the boundary integrals vanish. Notice the value of (4, b, ¢).

K 5
~2aK = byK + DK, + (Ke)y = — = boK + 2K + 2e°YK = (5 ~ by + 2e2By>1<, (20)
—Kcy — by =0, (21)
1
—2a+by—c, = 2 + by —2e*. (22)

On the elliptic region £2*, K > 0, and

5 5 1
S obo+2 == (=t e+ 2supe®® ) + 262 =3¢ — 2supe®® + 2628
2 2 2 24 24
=3-€- (3 + 2infe?® —é) +26™ 5 € — € + 26 —2infe??, (23)
where € = 3 + 2infg+ €25 — 2sup . €22
1 gy 1 1 2B 2B
—+by—2e7 == —— +e+2supe”? -2 > €. (24)
2 2 2 2+
On the hyperbolic region £2-, K <0 and
5 5 5
—=4+by—2e" =—Z 4 Z 1 e+ 2supe®® — 26 5 ¢, (25)
2 2 2 o
1 my 1 5 2B 2B
—+by—2e7 ==+ - +e+2supe”” -2V >3 +e. (26)
2 2 2 2

Choose €y > 0 such that € — € + 2¢*® — 2infq, €22 > €. So that

(v, Lu)j2(q) > eo/ (|K|Vﬁ + vﬁ) dxdy = 60||V||H5(_Q;K). (27)
o)
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On the other hand, by the generalized Schwarz inequality,

(v, LM)LZ(.Q) < V”]—[& (§2:K) | Lae| -1 (2;K)* (28)

Using the Cauchy—Schwarz inequality and Poincaré inequality, we have

||u||§2(9;m) = ||Mv||§2mm) = / IK|(av + bvy + cv,)* dx dy
2
< /Q(|K|v§ +v}) dxdy = ClIvll 25 (29)
Combining (27)—(29) gives the desired estimate

el 2k < CllLull g-1(0,x)- (30)
This competes the proof of this lemma. d

Proof of Theorem 1 Define a linear functional J; for ¢ € C§°(£2) by the formula J(Le) =
(f, 9)12(e), and the estimate together with the Cauchy—Schwarz inequality yields

i (Lo)| < I lz@axiy el 2@y < Crllf 2y L@l -1 o:x)- (31)

Hence J; is bounded on the subspace V of H™!(§2;K) of elements of the form Ly with
@ € C°(82). By the Hahn-Banach theorem, J; extends to the closure of V in H™(£2;K) in
a bounded way. Extension by zero on the orthogonal complement of V' gives a bounded
linear functional on all of H~1(£2; K), and so, by the Riesz representation theorem, there
exists u € H}(£2; K) such that

(,Lo) = (f,@) 120y, @ € Hy(2;K);Lgp € H'(2;K), (32)

where L is the self-adjoint extension defined in (12). This distributional solution is a weak

solution in the sense of Definition 2. In fact, given a sequence u,, € C§°(£2) that u, — u in

HY(2,K) .
H}(£2;K), the continuity property (12) shows that f, := Lu, —> f.One also has

(U, L) = (fu, ©)12(02)- (33)

Taking the difference between (32) and (33) and passing to the limit shows that f =f,
and hence (13) holds.

For the uniqueness, we use estimate (16). In fact, for fixed f, let u,v € H}(£2;K) be two
weak solutions which approximate sequences {u,} and {v,} satisfying (13). From the lin-

L2(R2,K)
earity of L and (16), one has that u,, —v, —> 0 by the injectivity of the first inclusion in
(5) and the Poincaré inequality (7). Thus u = v in H} (§2; K). O

3 Regularity of the weak solution
Lemma 2 Assume that u is a weak solution to (1). Define E := f9(|1(|u§ + uﬁ) dxdy < +00,
F:= [, f*dxdy < +00. If u is smooth enough, then for each compact subdomain G C £2,
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there exists a constant C = C(K, G) such that
/ uidxdyﬁ C(E+F). (34)
G
Proof Pick a smooth cutoff function ¢ € C§°(§2) such that 0 <¢ <1land { =1on G. One

merely computes by a sequence of integrations by parts, which will need to be justified

later. Starting from

AB/ e Pruldxdy = / K'(9)¢udxdy = / (K¢)yu2 dxdy — / K¢y dxdy, (35)
o) o) fo) fo)
we find there exists a positive number €, such that
2AB/ ePrutdxdy > € / u?dxdy. (36)
2 G
On the other hand,

/(K{)yuidxdy—/ K¢yu? dxdy
2 2
=—/ Kguidxdy—/ 2K uxthyy dx dy
2 2
< C1E+2/ (K¢ tty) sy dxdy < C2E+2/ K¢ uyeuy dxdy
2 2
= C2E+2/ S(f — uyy)uydxdy < C3(E + F) —2/ Suyyuy dx dy
2 2
:C3(E+F)—/ C(uﬁ)ydxdy
2
< C4(E+F). (37)
Thus

f W2 dxdy < C(E + F). (39)
G

Mollification n € C§°(R) such that 0 <5 < 1, fR n(t)dt = 1 for € > 0, define n.(t) =
e n(£) so that n. € C°(B(0;¢€)) and [, ne(¢)dt = 1. Given any u € L] (£2), measurable

loc
and locally integrable with respect to Lebesgue measure, define

uc(x,9) ::/Rné(x—t)u(t,y)dt:‘/

Tle(t)u(x— t,y) dtr (39)
B(0;¢)

where we extend u by 0 outside of £2. 0
Define I(y) ={x € R| (x,y) € 2}, [.(y) = {x € I(y) | x £ € € I(y)}.

Lemma 3 (see [4]) Let u € L}

1oc(82), then one has, for almost every y € my(82) := {y: dx €
R, (x,y) € $2},
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(i) uc(-,y) € C°((y)) and for each k € N, D];uE (,9) = fl(y) DFn(x — tyu(x, t) dt for
Vx € I (y);

(il) #e(,y) — u(-,y) almost everywhere on I(y) as € — 0;
(i) Ifu(-,y) € C°U(y)), then u.(-,y) — u(-,y) uniformly on compact subsets of 1(y);
(iv) If1<p<ocoandue Lt (I(y)), then uc(-,y) — u(-y) in L}, (I(y)).
Moreover, let u € L*(£2). Then one has:

) ue € L*(2) and u. — u in L*(2);

(vi) D§]€ 1 L2(I(y)) — L2(1(y)) is bounded for every k € N, where J.u := u;

(vii) DXJ. : L2(2) — L*(82) is bounded for every k € N;
(viii) Forevery g € L*(R2), ¢ € C°(£2), one has

(e?Pg), =g, (40)

Dx((Pe) = (Dx(/))e’ Dy(q)e) = (Dy )es (41)

/ g9 dxdy = / gepdxdy. (42)
2 2

Lemma 4 Let u € H'(£2;K) be a weak solution to (1) with f € L*(2). Then u. € H*(2) is

a weak solution to the equation
Lu. =f, (43)
where f. = Jf is the mollification in x of f.

Proof If u € H'($2;K), then u, |[K|"?u, and u, € L*(2), and by Lemma 3, we have u, €
L*(£2) and DXu, € L*(82) for each k > 1. As for D,u, since

/ uDypdxdy = —/ (ue)yp dxdy = —/ (wy)epdxdy Yo e C(R2) (44)
2 2 Q2
and () € L*(82), therefore (uc), = (u,)c € L*(2).

Next we claim that if u € L?(£2) solves (1) in the sense of distributions, then u. solves

(43) in the sense of distributions. Indeed, starting from

/ u((K@x)x + @yy) dxdy = / fdxdy, ¢eCP($2), (45)
2 17

take € > 0 small enough so that the support of ¢, inside £2, apply (44) to ¢, and use
Lemma 3 to find

f fopdrdy= f U(Kger)s + (90)y dxly = ] e (K g+ 0ry) dxdy, (46)
2 2 2

which gives the claim.

Rewriting (46) in the form

/uegoyydxdy:/(ﬂ—l((ue)xx)wdxdy, @ € C°(£2) (47)
o) 2

Page 8 of 10



Haixia and Wei Boundary Value Problems (2019) 2019:127 Page 9 of 10

and noticing f, — K(u.)y, we know that the weak derivative Dfu6 exists and belongs to
L*(£2). Since DyDyu, = Dy(Dyuc) and Dyu, € L*(82), then by Lemma 3, we know D,Du €
L*(£2). Hence we have u € H?(2), which completes the proof. O

Proof of Theorem 2 By Lemma 3, we have
/ §(ue)§ dxdy < C/ (|K|(u6)3¢ + (ué)i +f€2) dxdy, (48)
2 2
where u € L?(£2), then Lemma 3 and applying Fatou’s lemma gives the needed estimate

f cutdxdy < C/ (IK|u2 + w3 + %) dx dy, (49)
Q2 I7)
and the theorem follows. g

We conclude the results on existence, uniqueness, and regularity of weak solutions for
closed Dirichlet problem. One can generalize Theorems 1 and 2 to include more general
type change functions K(y) provided that K is sufficiently smooth.
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