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1 Introduction

We consider a pseudo-parabolic equation with nonlocal reaction term
1
u, —kAu; — Au = |ulf — ] / lulP dx, (x,t) € 2 x (0,£%), (1.1)
2

subject to null Neumann boundary and initial conditions

g—z =0, (x1)edx(0,t%), (1.2)
u(x,0) = up(x), xe€ 82, (1.3)

where 2 C RN (N > 1) is a bounded domain with smooth boundary 82, p > 0, t* is
the maximal existence time of solutions, the initial data uy(x) € H'(£2) N LP*1(£2) satis-
fies uo(x) # 0 and [, uo(x) dx = 0.

Nonlocal pseudo-parabolic equation like (1.1) describes a variety of physical phenom-
ena, such as the seepage of homogeneous fluids through a fissured rock, the unidirectional
propagation of nonlinear, dispersive, long waves, heat conduction problems with ther-
modynamic temperature and conduction temperature, and the analysis of nonstationary
processes in semiconductors in the presence of sources (see [1-5]). In particular, equa-
tion (1.1) is a possible model for populations with the tendency to form groups, where
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u(x, t) represents the density of the species at position x and time ¢, and the reaction term
|ulp — ﬁ fg |u|? dx is considered as the rate of reproduction. Nonlocal term fg udxisa
way to express that the evolution of the species in a point of space depends not only on
nearby density but also on the mean value of the total amount of species due to the effects
of spatial inhomogeneity (see [6—9]). Nonlocal reaction term can also describe Darwinian
evolution of a structured population density or the behaviors of cancer cells with therapy
(see [10-12]).

In this paper, we are interested in studying the qualitative properties of solutions for a
pseudo-parabolic equation (1.1) with nonlocal reaction term |ul? — ﬁ /, o |ul? dx under
the null Neumann boundary condition, which has a typical structure of mass conserva-
tion. Let us recall some backgrounds firstly. When k = 0, (1.1) reduces to a classical heat
equation, and there have been many good results (see [13—21] and the references therein).
For instance, Budd et al. [13] considered the following semilinear heat equation with non-

local reaction term:
1
Uy — gy = U2 —f wdx, (x,t)€(0,1) x (0,),
0

they derived the existence of a trivial steady solution. Moreover, the finite time blow-up
phenomena for sufficiently large initial data were proved by using a comparison principle
in a Fourier space. The above equation is also related to the Navier—Stokes equation on an
infinite slab (see [14]). Hu and Yin [15] studied the nonlocal semilinear parabolic equation

in a higher dimensional space

1
w—Au=ulflu—— | |wPludx, (x,¢t) e x (O,t*),
12| Ja

for the superlinear case (p > 1), they established a result of blow-up with negative initial
energy by using a convexity argument. Later, Gao and Han [16] extended the result to the
case of positive initial energy. Soufi et al. [17] investigated a similar problem and estab-
lished a relation between the finite time blow-up of solutions and the negativity of initial
energy for 1 < p <2 by using gamma-convergence argument. They also conjectured that
the relation might hold for all p > 1, a positive answer to which was given by Jazar in [18].
In addition, Niculescu and Roventa [19] considered a more general initial boundary value

problem of nonlocal semilinear parabolic equation given by

1

ut—Auzf(|u|)—ﬁ

f S(lul)dx,  (x,t) € 2 x (0,£%),

Q

with the null Neumann boundary condition. They established a blow-up result when f(|u|)
belongs to a large class of nonlinearities and the initial energy was non-positive by using
the convexity method. Recently, concerning the research on the blow-up rate and conver-

gence results of solutions for the following reaction-diffusion model in one-dimensional

space

1 2
U — Uy = ulf - —/ lul? dx, (x,t) € (0,27) x (0,£%),
2w 0
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in the sense of suitable norm, one can refer to [20, 21]. Yan and Yang [22] studied the Neu-
mann initial boundary value problem of semilinear parabolic equation with logarithmic

nonlinearity

1
ut—Auzulog|u|—ﬁ ulogluldx, (x,t)€ 2 % (O,t*).
fo)

By using the logarithmic Sobolev inequality and energy estimate methods, they proved
that the solution with negative initial energy blows up at infinity and the solution with
positive initial energy is non-extinct. Besides, for the recent advances in thin-film equation
and quasilinear equation with nonlocal reaction term, we refer to [23-27].

When k # 0, most of the research concentrated on studying qualitative properties to
the Cauchy problem and the Dirichlet initial boundary value problem, but much less ef-
fort has been devoted to the Neumann problem. For the equation with local source terms
u; — kAu; — Au = v, Cao et al. [28] studied its Cauchy problem and got the critical ex-
ponent of global existence and the critical Fujita exponent by the integral representation
and the contraction-mapping principle. They also proved that the appearance of the third
order term Au, has no effect on the critical Fujita exponent for the classical heat equa-
tion. Xu and Su [29] investigated the global existence, blow-up, and asymptotic behavior
of solutions to the Dirichlet initial boundary value problem with arbitrary initial energy
by using the potential well method. Later on, Luo [30] estimated the life span of solutions
with negative initial energy, and the decay estimate of the global solution was established.
Moreover, Xu and Zhou [31] extended the results in [30] to the case of nonnegative initial
energy. For pseudo-parabolic equations with nonlocal source terms, Yang and Liang [32]

discussed a nonlocal semilinear pseudo-parabolic equation
u; — Auy — Au = uP (x, t)/ k(x,y)up*l(y, t)dy, (xt)€ 2 x (O, t*),
2

under null Dirichlet boundary condition, they obtained the upper and lower bounds of the
blow-up time and the exponential decay estimates of the global solution. However, they
did not consider the nonlocal reaction terms of the same mass conservation structure as
our model (1.1).

Motivated by the above works, the study of qualitative properties of solutions for non-
local pseudo-parabolic model (1.1)—(1.3) in the H!(£2)-norm has not been proceeded yet.
Our main difficulties lie in finding the influence of the third order term Au, and nonlocal
reaction term on the qualitative properties, and the solutions may be sign-changing. Us-
ing the method of energy functional and the convexity technique, we establish sufficient
conditions to guarantee the solution with initial energy exists globally or blows up in finite
time under appropriate norms. Moreover, life span of the blow-up solution, decay rate of
the global solution, and growth estimate are derived.

The rest of our paper is organized as follows. In Sect. 2, we introduce some preliminaries
and main results. Then we give the proofs of the main results in Sect. 3.

For simplicity, we take k = 1. All the discussions and results obtained in this paper are

valid for any positive number k.
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2 Preliminaries and main results

In this section, we introduce some notations, functionals, sets, and main results. For con-
. 1

venience, we denote by || - |, and || - ;1 = (|| - 3 + |V - |3)2 the norms of L'(£2) for

1<r<+oo0and H(2), respectively. Meanwhile, we introduce the following space:

X := L®(£2) or C(£2),

0
H:= {ueHl(Q): o
on

:0,/ udx = 0},
902 1?)

and the weak continuous function spaces C%(0, T; L*(£2)) on (0, T).
Note that our model satisfies the conservation of mass, and the initial condition implies
that

/Qu(x, t)dx:/guo(x)dsz,

and hence, there holds Poincaré’s inequality in H'(2)
lllly < Cpll Vel 2.1)
where C, = C,(£2,2) is the Poincaré’s inequality constant in H'(£2).
The local existence of the solutions for sublinear and linear cases (0 < p < 1) can be ob-

tained via the Galerkin approximation method [24] when uy(x) € H, then problem (1.1)—
(1.3) has solutions satisfying

ueLl®(0, T;H)N Cp (0, T;L*($2)),  u, € L*(0, T; H).
For superlinear cases (p > 1), we can obtain the existence and uniqueness of solutions
for problem (1.1)—(1.3) directly according to [8, Theorem 1 and Proposition 3] when

uo(x) € X.
Next, we define two functionals /() and I(x) by

1 1
J(u) :=—/ |Vu|2dx——/ |uludx,
2 Q p+1 Q

1(u) ::/ IVulzdx—/ |ulPudx.
2 2

Furthermore, it is not difficult to obtain the following equality:

/0 e d + 7(u(®)) = T(uo), (2.2)

and then J(u(t)) is nonincreasing with respect to ¢.
Now we state our main results.

Theorem 1 (Superlinear case) Assume that p > 1 and uy(x) € H'(22) N LP*1(2). If one of
the following two conditions holds:
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(i) J(uo) <0,

(ii) 0 < (o) < sgt5cry 1ol
then the solution u(x,t) to problem (1.1)—(1.3) blows up at finite time t* in the sense of
HY(£2)-norm. Moreover, t* can be estimated by (3.8) and (3.22), respectively, i.e.,

. o120
(1 -p2)] (uo)

*

and

5 8(p + 1)(Cyp + Dlluol2,
= (- 12 - Dlluol%, —2(p+ 1)(Cp + VI (o)’

*

Furthermore, if p satisfies

N+2
l<p<+o0, N=12 l<p<——, N=>3,
N-2

then the lower bound of t* can be estimated by (3.24), i.e.,

. 1

4 z +1 -1’
C(p - Dluol?,

where C; = Cy(82, p) is the Sobolev embedding constant from H'(2) to L/*1(£2).

Remark 1 The upper bound of the blow-up time obtained from (3.8) and (3.22) is larger
than the lower bound from (3.24). In fact, due to p > 1, we can easily get the following two
inequalities by Poincaré’s inequality and Sobolev’s inequality:

1 1 1
— | |Vuol*dx + CP M| uo|IP4! = —/ Puq dx,
2_/Q| uo| PSR 0l Z i1 Q|Mo| U

1 (p = 1)||uo)? A4CT T uo P! 1
‘f Ve 27 Dol 4G ol /WOWW
2 Jo 2+ 1(Cy+ 1) p-1 p+lJo

Therefore, the life spans of the blow-up solution are given by

*

- Dluolry =P )

2
1 - lluoll

and

1 e 8(p + 1)(Cp + Dlluoll?,
- Doty = = @ 1P~ DlluolZy —2(p + D(C, + DI o))’

respectively.

Corollary 1 Assume that p > 1 and uy(x) € H'(2) N LP*1(2). Then the solution u(x, t) to
problem (1.1)=(1.3) blows up at finite time t* in the sense of H'($2)-norm with arbitrary

initial energy.
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Theorem 2 (Sublinear case) Assume that 0 < p <1 and uy(x) € H'(2) N LP*1(2). Then

the solution u(x,t) to problem (1.1)—(1.3) is global. Moreover, if J(uo) < 0 and ||u0||?{1 >

(Cp+1)x(e)1£2]
2-Cpe

norm (¥s > 1), respectively, and we have the following estimates:

, then u(x, t) decays and is positive in the sense of H'(2)-norm and W($2)-

’

0 = (ol - GO [ 2G| (G e

2-Cpe C+1 2-Cye
here 0<e < &, x(e) = (2T

where 0 <e < &, x(e) = 57 (%),

Theorem 3 (Linear case) Assume that0 < p <1 and ug(x) € H'(2) NLP*1(2). If ] (uo) < 0,

then the solution u(x,t) to problem (1.1)—(1.3) grows within (0,t*) in the sense of H*(£2)-

norm, and we have

_4](u0)t}

1O = ol exp{ .
lollZ,

3 Proofs of main results

In this section, we prove our main results in detail.

Proof of Theorem 1 (i) For the case of J(uo) < 0, we define the functions

(O =ull, ¥ :=-20p+1)](w).

Firstly, multiplying both sides of equation (1.1) by u(x,t) and using Green’s formula, we

derive
' (t) = -2I(u) = —2/ |Vu|*dx + 2] |u|Pudx. (3.1)
o) 2]

Since p > 1, we have

W(t):—(p+1)/ |Vu|2dx+2/ lulPudx < ¢'(¢). (3.2)
2 2
Secondly, multiplying both sides of equation (1.1) by u,(x,¢) and using Green’s formula,
we obtain
/ | dx + / |V, | dx = —/ Vu-Vudx + / |ul? u; dx. (3.3)
2 2 2 2

Differentiating v (£) and utilizing (3.3), it yields
v'(t) =2(p+1)/ (Iel® + | Vi) doe > 0. (3.4)
fo)

By (3.4), the fact J(uo) < 0, and the definition of v (¢), it follows that ¥ (¢) > 0 for any ¢ €
[0, £%).
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Afterwards, combining (3.2), (3.4), ¥(¢) > 0, and the Cauchy-Schwarz inequality, we
conclude

et (t) = 2(p + 1)[/9(|u|2+ |Vul?) dx} |:/Q(|ut|2+ |V, |?) dx]

2
>2(p+ 1)|:/ (uus + Vu - Vut)dx:|
Q

_p+1

ol wu, 65)

which implies

V') p+1e(t)

> . (3.6)
v 2 )
Integrating (3.6) from O to ¢, one can see that
0 il
t LI)M( n) 7,
(p(0) 2
then by (3.2) we get
/
(t) (0)
0 _, ¥O_ (3.7)
(@) (p(0) 2
Integrating (3.7) from O to ¢, we deduce
Lop-1 9@ ]
_pl - P-
o(0)> [(w(O)) £l —t] ,
(¢(0)) =
which implies that ¢(t) blows up at some finite time ¢*; what is more, we have
lluo 7,1
o —I0 (3.8)
(1 - p*)J(uo)

(ii) For the case of 0 < J(ug) < 2(p+11’+(1cp+1) ||u0||12_11, we may also assume J(u(¢)) > 0 for all

t € [0,t"). In fact, if there exists £y such that J(u(f)) < 0, then the solution of problem
(1.1)—(1.3) will blow up at finite time according to (i) with £, as the initial time.
Now, we suppose that the solution u(x, ) is global. Then we have

t t
/ it 1 dt > f u, de
0 0

Combining (2.2), (3.9), and Holder’s inequality, we obtain

= [u®) - o ;o = |u@®)] 1 = ol - (3.9)
Hl

1

t t 3
1 2
|u@®) |, < ol +/ el dT < lluollp + 22 </ lloee 71 dr)
0 0

= Yol + £ ((uto) T (u(®))) < ol + 22 (o)) 2. (3.10)

Page 7 of 17
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On the other hand, by direct calculation and Poincaré’s inequality (2.1), one can see that

d
& (G101, ) = ~1u0) =~ 1)

dt ”2

L

-+ () + TR T+ 5 1)Hw<t>ui

> (p+ DI(u(®) + ;’ZC DG

~ p—l[ (Co+D(p+1)
_Cp+1 N p-1

3 I+ ||v u@;

2(C

J(ut0) + |t ||,§1]. (3.11)

Smce :J(u(t)) <0, then by (3.11) we easily get
dl (C,+)p+ 1)
e e COR T

-1

1 (Cy+D(p+1) 1
zgp+1[— P;_(i“ ](u(t))+§||u(t)||21:|. (3.12)

Let

G DD ) + 5w

y(t) :=—
then (3.12) implies

p-1
f).
Cp+1y()

¥ (t) >

Calculating the above inequalities directly, we have

2(C,+D(p+1)
1

|u@®)]y = J(u@®)) + 2(0)e ", (3.13)

By condition (ii), we see

(C + 1)(p+ 1)

»(0) = J(uo) + —||M0||H1 > 0.

Recall that J(u(¢)) > 0 and from (3.13), we deduce the inequality

[, > (2(0) 276",

which contradicts with (3.10) for ¢ sufficiently large. Thus u(x, £) blows up at some finite
time £*.

Next, we give an upper bound estimate of t*. For this, we firstly claim that

I(u(t)):/ |Vu|2dx—/ |[ulPudx <0, Vtel0,t"). (3.14)
o) 2

Page 8 of 17
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In fact, employing condition (ii) and Poincaré’s inequality (2.1), we obtain

Hag) = (p + 1)) ~ 22 Vol

p-1 9 p-1 9
—_ -V
< 3ic, 7 1y el — =5 1Vl
p-1 9 Clp-1) )
=— -—— ||V <0.
2(Cp+1)”M0”H1 2(C,,+1)” uplly <

So, if (3.14) does not hold, there must exist ¢; € (0, t*) such that
I(u(tr)) =0, I(u(t)) <0, Vte[0,t).

Then, by %(% lu(®)12,) = —I(u(2), we get ||u(t)|?, is strictly increasing on [0,), so it
follows from condition (ii) that

p-1

2 p-1
10 06, + 1"l < 2 16y v 1)

|u(t) |- (3.15)

On the other hand, since J(u(¢)) is nonincreasing with respect to ¢, we derive

1 -1
p-1
= 55!Vl
_ Gl-1 ) p ,
“ 2061 O g G v T
p-1

2
> ————I\Vu(t s
=2+ (G, + 1) [ Vet
which contradicts with (3.15). Hence I(u(t)) < 0 and ||z(z) ||
[0, £*).

For any T € (0,¢*), we define a functional by

2. is strictly increasing on ¢ €

H(t) := /:”u(r)H]z_[l dr + (¢ = 0)lluol’y +at+ B>, Veelo,T], (3.16)
where «, 8 are two positive constants which will be determined later. Then

H(0) = t*|luo I}, + B> > 0. (3.17)
Since [|u(t) ||,2{1 is strictly increasing, we can write

H'(®) = [u@)]} — luolZp +2e(t + B)

td 2
:/0 w5 dr + 20t + )

> 2a(t+ B)>0. (3.18)
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Thus H(t) > H(0) and H(¢) is strictly increasing on [0, T]. Furthermore, applying (3.18)
and (2.1), we deduce

H'(t) = % |u@®| 7 + 20 = —20(u(2)) + 20

= (- D|Vu® | -2 + 1 () +2a

p-1
C,+1

=

t
ol —2(p + 1) (uio) + 2(p + 1) / it |2 dir. (3.19)
0

By using the Cauchy—Schwarz inequality, H6lder’s and Young’s inequalities, we can derive

E(t) = (fo |u(@)|| 0 dT +alt + ,8)2) (/0 e |2, de +a>

t 2
- (%/ % Hu(r)“f{1 dr +a(t + ﬁ)) >0, Vielo,T]. (3.20)
0

For any constant u > 0, by (3.18)—(3.20), we have
H(H"() - u(H' (1)

t d 2
:H(t)H”(t)—ém(%/o d—f”u(r)”i,1 dr+oz(t+,3)>

- H@OH'(t) + 4u[</tHu(r)”21 dr+a(t+ 5)2) (ft e d + aﬂ
0 0
—zm[H(t)—(t*—t)nuonz,l](/o nuznzldm)

= H(t)H" (¢) + 4p&(t) — 4n[H(E) - (£ = t) lluoll 7, ] ( /0 12,1 dT + a)

> HOH () - 4H ) ( [ ity dr + a)

p-1
Cy+1

> H(t)[ ol 2 = 2(p + DI (uo) + (2(p + 1) — 4p1) /0 |2, dT — 4ua].

Taking pu = ‘%1 and restricting o to satisfy

p_

1
O<a<—>"r —
R TR (AN ))

lluoll3,1 — T (0)

yields

HoH' O -2

H'(£))” > 0. (321)
Let W(¢t) = (H(t))l%r7 for t € [0, T], then by H(t) > 0, H'(t) > 0, p > 1, and (3.21), we obtain

W(0) = 1%’7(11@))"%11{(:) <0, Vielo,T],

Page 10 of 17
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and
1- _prl_ 1 -
W () = T”(H(z)) “ I[H(t)H”(t)—l%(H/(t))z} <0, Vvrelo,T).
Then it follows from W”(¢) < 0 that

— T —
wW(T)- W(0) = / W) dt < W' (0)T.
0

Since W(0) = (H(0))'Z > 0, it follows that

W(O)_ ||u0||?{1 ., B
W) (p-Lep  p-1

N

E_

Hence, let T — t* and B be large enough such that

then we obtain

< ap’
T (p-1ap - ||M0||f{1

Consider the function

x2

fx,y):=

b
luoll?,

(p—l)x T

where

ol -1 i
© (m,+oo), ye (0’ mﬂuoﬂm —](Mo):|.

For fixed x, we easily know f(x, y) achieves its minimum at

. p-
Y=Y

o p-l
= 2 DG+ 1) Mol ~ /(o)

Through simple calculation, one can see that

xy0((p — D)acyo = 2| uoll2,1) xe( lluo 1?0 )

f/(x,yo) = ) —,+00
((p = Dxyo — lluoll?1)? (- 1yo
o 2lluollyy .
and f(x,y0) achieves its minimum at x = xg := (p——l)];) Hence, it holds

) 8(p + 1)(Cy + Dlluo%,
= (- D2(p- DlluolZy —2(p + D(Cp + DJ o)

*

(3.22)
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In addition, if we make a further assumption for p as follows:
N +2
l<p<+oo, N=1,2 1<p§m, N >3,

then, by (3.1) and Sobolev’s embedding inequality from H'($2) to LP*1(£2), we obtain

+1

2
¢'(t) < 2/ |[ulPudx < 2Cf+1(/ |Vu|2dx) < 2Cf+1(<p(t))
o) o)

p+l
2
’

(3.23)

where C; = C4(£2, p) is the optimal embedding constant. Integrating (3.23) from 0 to ¢, we
derive

p-1 2
2

o(t) <[(p(0) 2 —CP*(p-1)t] 71,

Therefore, we have

N 1

> —— —. (3.24)
' p - Dlluol,

This completes the proof. d

Proof of Corollary 1 Let §21, §2; be such that
21,8, C 82, $21N$H=0,

and let v € Cy(£21) N H be an arbitrary nonzero function. Suppose /(1) = R > 0, then there

exists ry sufficiently large to satisfy

2p+1)(C, + I)R

2 _ 2 2
”er”Hé(.Q)_rIHV”Hé(.Ql) > p—l

We claim that there exist & € H and r > r; such that J(£2) = R — J(rv). By the similar ar-
gument in [33, Theorem 1.1], we know there exists a sequence {w} C Cp(£22) N H such
that

1 1
—/ |Va)k|2dx——/ |wk|Pwr dx — +00, ask — oo.
2 Q p+1 Q

On the other hand, since p > 1, it holds

rp+1

2
R—](rv):R—r—/ IVv|®dx + /|v|pvdx—> +00, ask— oo.
2 Ja 2

p+1

So, there exist k € N and r > r; both sufficiently large such that

1 1
R—](rv):E/ |Va)k|2dx——/ |k |P wy dx.
2 r+ljo

Page 12 of 17
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Now, we choose

Wi, X € §29,

0, x€Q\2.

5):

Then, for ug := rv + ®, we have

p_

_ 1
J(ug) =J(rv) + J(@) =R < m|

2
5

p-1

P S e S R
2(p +1)(C,p + 1) HA2)

1
S 2+ (G, + 1)

=112
||I”1V+a)||H1(Q)

According to Theorem 1, the solution u(x, £) of problem (1.1)—(1.3) with initial data ug
blows up at finite time. This completes the proof. d

For the proof of Theorem 2, we first state a critical lemma.

Lemma 1 ([34]) Suppose that y,0,n > 0 and ¢(t) is a nonnegative and absolutely contin-
uous function satisfying

W +y’®)=n 0<t<oo,

then

0 zmin{g(O),G)g}.
Y

Proof of Theorem 2 Set
- p
Zl(x) t) = M(xr t) - (HMOHLOO(.Q) + t||u||L°°(.Q><(0,t*)))'
A direct computation shows

Z1t — Ath - Azl = 01 (x; t) €82 x (Or t*)»
%120, (xt)€dR x (0,9,
z1(x,0) <0, x€ 8.

By the weak maximum principle [35], we have z;(x, £) < 0, namely

u(x,£) < lluollzoo(2) + Elul oo (0,00 (3.25)
Similarly, set

2o(x,2) = —u(x, 2) = (llolloo(2) + Ll oo (2 (0.0)
we can obtain the boundedness from below

u(x, ) = —(loll () + et Boe e 0y)- (3.26)
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Thus, it follows from (3.25) and (3.26) that

SUP Hu(t)”Loc =< lluollzoo(2) + t”””iﬁx’(ﬂx(o,t*))’
te(0,t

which implies that the solution u(x, t) of problem (1.1)—(1.3) is global whenever p < 1.

Furthermore, we impose the condition ||M0||2 %éwm, where 0 < ¢ < clp and
x(e) = B2 =3 Firstly, since p < 1, we can derive the following inequality by virtue
of Holder s and Young’s inequalities:
prl
2 ’ Lr
2/ |u|pudx§2</ |u| dx) [£2| 2
2 2
< 8/ lu|?dx + x(£)|82]. (3.27)
2
Then, by (2.1), we obtain
C,(2 2-C,
—2/ |Vul*dx = —M/ |Vu|* dx - —pg/ |Vu|? dx
o C,+1 Cp +1 Q
2 -C
<_Zre / ud ad f Vil dx. (3.28)
C +1 Co+1 Jg
Afterwards, substituting (3.27) and (3.28) into (3.1), we deduce
, 2-Cpe
00 =0l + 221, (329)
P

Integrating (3.29) from 0 to ¢, it yields

(G + Dx (@121 -C2re (G + Dx(e)If2]
ot = (o)~ 2T T o DT T

Hence, it is easy to see that the solution u(x, ) of problem (1.1)—(1.3) decays in the sense

of H'(£2)-norm when ¢(0) > GprDx(ENg|

7Ce and we have

(Cp+1)x(e)|£2] 2-Cpe (C,+1)x(e)|R2]
lu@) 2y < (lluol?y - 22— Jexp}———L2-t ¢ + —=& .
2-Cpe Cy+1 2-Cue

Finally, we claim that the solution u(x, £) is positive in the sense of W*(£2)-norm for any

s> 1 under J(up) < 0. To this end, applying (2.2) and (3.1), we get

Lo

_ l1-p
5 ~I(u(t)) = -2J (u(t)) - Tip ,/s; |l udx

t 1_
(o) +2 / gl dr — 22 f P
0 1+pJg

4](»@-% /Q \ulPudx. (3.30)
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Since p < 1, utilizing Holder’s inequality yields

1%1 1—17
/|u|pudx§(/ |u|2dx> Fellea
2 2

p+1

2 2 z 1p
< |u)|” + |Vul|” dx |2]72
2

p+l

= (p0) T 1217 (3.31)

Substituting (3.31) into (3.30), we deduce

p+l

06 = ~A(p®) T ~ (o),

where A = 2(117’;) |£2] l;zp. By Lemma 1 and the fact J(u) < O, there holds

o(t) > min{co(O), (_éﬁu‘)))w1 } £>0.

Since ¢(0) = ””0”1%11 >0,A>0,]J(up) <0, we get () >0, Vt > 0. For any s > 1, by the inter-
polation inequality, we obtain

2 2
llaelly < lleellslloellss Vully < IVullsVallss

where % +1=

7=L Then we can deduce that

2
lollzpy < lluellslally + I VallslIValls

=

1 ’ 7
< 2(lull; + 1Vall) < (llaelly + 1Vl <

= 2llullwrs |l v

which combined with ||u||1%{1 > 0 implies that, for every s > 1, there does not exist 7% > 0
such that

tliIITl* llll wa.s = 0.
This completes the proof. O
Proof of Theorem 3 Let p = 1 in the proof of Theorem 1(i), we have

V() =¢'(t), te(0,t%).

According to (3.7), we get

¢'t) v
o)~ 90’

te (0,£%). (3.32)
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Integrating (3.32) from O to ¢, it follows that
v,
9(t) = 9(0)ev®", te (0,).

Thus, the solution u(x, £) to problem (1.1)—(1.3) grows within (0, ¢*) in the sense of H!(£2)-
norm, and we have

—4/(140))5}'

O = ol exp{ -
lollZ,

This completes the proof. d
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